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Preface

This volume contains the papers presented at the 13th Annual Conference on
Algorithmic Learning Theory (ALT 2002), which was held in Lübeck (Germany)
during November 24–26, 2002. The main objective of the conference was to pro-
vide an interdisciplinary forum discussing the theoretical foundations of machine
learning as well as their relevance to practical applications. The conference was
colocated with the Fifth International Conference on Discovery Science (DS
2002).

The volume includes 26 technical contributions which were selected by the
program committee from 49 submissions. It also contains the ALT 2002 invited
talks presented by Susumu Hayashi (Kobe University, Japan) on “Mathematics
Based on Learning”, by John Shawe-Taylor (Royal Holloway University of Lon-
don, UK) on “On the Eigenspectrum of the Gram Matrix and Its Relationship
to the Operator Eigenspectrum”, and by Ian H. Witten (University of Waikato,
New Zealand) on “Learning Structure from Sequences, with Applications in a
Digital Library” (joint invited talk with DS 2002). Furthermore, this volume in-
cludes abstracts of the invited talks for DS 2002 presented by Gerhard Widmer
(Austrian Research Institute for Artificial Intelligence, Vienna) on “In Search
of the Horowitz Factor: Interim Report on a Musical Discovery Project” and
by Rudolf Kruse (University of Magdeburg, Germany) on “Data Mining with
Graphical Models”. The complete versions of these papers are published in the
DS 2002 proceedings (Lecture Notes in Artificial Intelligence, Vol. 2534).

ALT has been awarding the E. Mark Gold Award for the most outstanding
paper by a student author since 1999. This year the award was given to Daniel
Reidenbach for his paper “A Negative Result on Inductive Inference of Extended
Pattern Languages.”

This conference was the 13th in a series of annual conferences established
in 1990. Continuation of the ALT series is supervised by its steering committee
consisting of: Thomas Zeugmann (Univ. Lübeck, Germany) Chair, Arun Sharma
(Univ. of New South Wales, Australia) Co-chair, Naoki Abe (IBM T.J. Watson
Research Center, USA), Peter Bartlett (Australian National Univ., Australia),
Klaus Peter Jantke (DFKI, Germany), Roni Khardon (Tufts Univ., USA), Phil
Long (National Univ. of Singapore), Heikki Mannila (Nokia Research Center),
Akira Maruoka (Tohoku Univ., Japan), Luc De Raedt (Albert-Ludwigs-Univ.,
Germany), Takeshi Shinohara (Kyushu Institute of Technology, Japan), and
Osamu Watanabe (Tokyo Institute of Technology, Japan).

We would like to thank all individuals and institutions who contributed to the
success of the conference: the authors for submitting papers, the invited speakers
for accepting our invitation and lending us their insight into recent developments
in their research areas and the sponsors for their generous financial support. We
are particularly grateful to Mrs. Lisa Dräger for funding the E. Mark Gold Award
this year.
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Furthermore, we would like to express our gratitude to all program committee
members for their hard work in reviewing the submitted papers and participating
in on-line discussions. We are also grateful to the external referees whose reviews
made a considerable contribution to this process.

We are also grateful to DS 2002 chairs Steffen Lange (DFKI GmbH, Ger-
many) and Ken Satoh (National Institute of Informatics, Japan) for their effort
in coordinating with ALT 2002, and to Andreas Jakoby and Thomas Zeugmann
for their excellent work as the local arrangements chairs. Last, but not least,
Springer-Verlag provided excellent support in preparing this volume.

September 2002 Nicolò Cesa-Bianchi
Masayuki Numao
Rüdiger Reischuk
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Editors’ Introduction

Learning theory is a research area involved in the study, design, and analysis
of computer programs that are able to learn from past experiences. Over the
last years the idea of learning system has independently emerged in a variety of
fields: pattern recognition, theory of repeated games, machine learning, universal
prediction and data compression, inductive inference, adaptive optimal control,
computational psychology, and others. This is not surprising: on the one hand,
the notion of adaptivity is an extremely attractive and powerful tool; on the other
hand, the abstract phenomenon of learning is so complex that it is unlikely that
a single theory will ever be able to explain it in a fully satisfactory way. Despite
their apparent diversity, these learning models present deep connections whose
study is an active research area in learning theory.
Another important aspect is the increasingly tight interaction between the

theoretical analysis and the practical application of learning. The sharpening of
the theoretical tools for designing and analyzing learning techniques, the large
amounts of real-world data freely available in digital form, and the growing
demand of adaptive techniques for e-commerce, computational biology, and other
applications, have stimulated the development of new learning algorithms, some
of which are successfully used in commercial and scientific applications.
The papers collected in this volume offer a broad view on the current research

in the field, including studies on the most important learning models (inductive
inference, statistical learning, large-margin learning techniques, learning with
queries, reinforcement learning). The scope of this research is not limited to
theory. It also includes algorithm design and analysis, experimental studies of
learning heuristics, and application of learning to engineering problems. More-
over, there is an increasing need to learn from semi-structured data that are
typically available within the world-wide-web.

The invited lecture for ALT 2002 and DS 2002 by Ian H. Witten presents a
solution to the problem of automatically extracting metadata for text documents
stored in digital libraries. Given that such libraries are usually huge and rapidly
expanding, assigning meaningful metadata to the documents stored is crucial
for the usability of digital libraries. In his paper, Witten describes a learning
paradigm that creates a model from marked-up training text. Then, this model
is applied to insert markup into plain text. As a result a plausible hierarchical
structure of metadata can be created automatically. Surprisingly, his algorithm
works in time linear in the size of the input.
In his invited lecture, Susumi Hayashi develops a mathematics that is based

on learning. Traditionally, learning theory is mainly concerned with the learnabil-
ity of mathematical and logical objects from a finite amount of data. Thus, the
main goal is to achieve a better understanding of learning. In contrast, Susumi
Hayashi proposes a mathematics that is founded on learning theoretical notions.
This research started and is ultimately aimed at testing and debugging formal

N. Cesa-Bianchi et al. (Eds.): ALT 2002, LNAI 2533, pp. 1–6, 2002.
c© Springer-Verlag Berlin Heidelberg 2002



2 N. Cesa-Bianchi, M. Numao, and R. Reischuk

proofs. Interestingly, when the investigations started, learning theory was not
involved at all and at the current stage of investigations it is indispensable.
The next invited lecture, given by John Shawe-Taylor and co-authored by

Chris Williams, Nello Christianini, and Jaz Kandola, studies the eigenspectrum
of the Gram matrix and its relationship to the operator eigenspectrum. It is
shown that the difference between the two spectra can be bounded. Moreover,
a performance bound on kernel principal component analysis is provided. These
results are fundamental for a number of learning algorithms. These algorithms
project data into a low dimensional subspace that hopefully will catch most of
the variance in the data. Experiments are presented that confirm the theoretical
predictions on a real world data set for small projection dimensions.
Data mining with graphical models is presented in the invited lecture for

DS 2002 by Rudolf Kruse (co-authored by Christion Borgelt). Graphical models
are an important technique for classifier construction and dependency analysis.
The paper discusses the main ideas of learning graphical models from datasets
of sample cases with an emphasis on probabilistic networks.
The invited lecture for DS 2002 by Gerhard Widmer deals with the complex

phenomenon of expressive music performance. It is a big challenge to capture
this phenomenon by using machine learning techniques and automated discovery
methods. The lecture reports the results achieved and identifies a number of
important research problems.

Next, we turn our attention to the regular contributions contained in this
volume. The first group of papers is concerned with inductive inference. This
line of research was pioneered by Gold who introduced his model of learning in
the limit [3]. In this model the learner receives a stream of examples of a certain
target function and is required to output a sequence of hypotheses converging
to this target. The paper by Jain, Menzel, and Stephan investigates whether
target classes that are learnable in the limit contain non-trivial subclasses that
can be learned in a harder learning model. A related important question, also
investigated in this paper, is whether for such target classes there are learners
for the full class that are able to learn targets in the subclass under the harder
model, too.
The paper by Grieser develops the notion of reflective inductive inference.

Reflective learners are able to detect the fact that the sequence of examples
contains inconsistent information, but occasionally they may also make detection
mistakes. The results determine how learners obeying to different notions of
reflection behave in different learning models. It turns out that for some learning
models changes in the notion of reflection do not change the learning power,
whereas in others the learning power is greatly affected by these changes.
The work by Martin, Sharma, and Stephan goes towards providing a unified

view over logic, learning, and topology. The outcome is a notion of parameter-
ized logic, based on topology, that makes use of learning-theoretic notions for
its interpretation and application. The framework is also seen to provide a nice
interpolation between applications based on induction and deduction. Finally,
the paper by Harizanov and Stephan establishes a number of fundamental re-
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sults relating the learnability properties and algebraic properties of recursive
vector spaces. The main result states that for identification in the limit from
positive examples only, the learnability properties can be characterized by alge-
braic properties, whereas for learning from positive and negative examples this
is not true anymore.

The second group of papers is concerned with the computationally efficient
statistical learning of Boolean functions, a field initiated in theoretical computer
science by Valiant who introduced the PAC learning model [4]. In this model
examples of the target Boolean function are drawn from an unknown probability
distribution, and the learner is required to approximate the target function to
within a given accuracy. The paper by Amano and Maruoka deals with the im-
portant class of monotone boolean functions. They propose a learning algorithm
for weakly PAC learning under the uniform distribution obtaining a lower bound
on the accuracy of the weak hypotheses generated.
The paper by Servedio studies the PAC learnability of another important

class of Boolean functions: those representable by constant-depth, polynomial-
size circuits of unbounded fan-in (the ACC class). A first result relates the ef-
ficient learnability of ACC to that of a different class: the embedded midbit
functions. Several positive and negative results on the efficient learnability of
this latter class, providing important insights on the learnability of ACC, are
shown for the PAC model and some of its restrictions.
The last paper in this group is by Bshouty and Burroughs. The main theme

is the proof of impossibility results for efficient learning of several subclasses
of Boolean functions in an extension of PAC learning called co-agnostic learn-
ing. The key proof technique is the construction of reductions between learning
problems and well-studied approximability problems for which there exist known
hardness results.

The third group of papers applies learning to the problem of information
extraction. Information extraction is a rapidly growing applied research area
whose goal is the design of systems able to extract meaningful information from
structured, semi-structured, and unstructured data sources. Important subareas
of information extraction are database mining, web mining, and text analysis.
The paper by Grieser, Jantke, and Lange applies theoretical results from

inductive inference to perform wrapper induction; i.e., selecting interesting frag-
ment of web pages (originated from a given source) on the basis of a few learning
examples. The paper describes the theoretical framework together with a func-
tioning system called LExIKON.
Suzuki, Shoudai, Uchida, and Miyahara consider algorithms for the efficient

learning of ordered tree structures. This rich class of structures is well suited
for modeling the parse trees of semi-structured data such as HTML or XML
documents.

A further set of paper is concerned with a model where the learning algo-
rithm is allowed to ask certain queries to a teacher. The learning performance
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is measured by the number and type of queries needed by the learner to iden-
tify the target concept. This model of learning with queries was introduced by
Angluin [1].
Two papers by Köbler and Lindner present results that characterize the com-

putational complexity of query learning for concept classes satisfying certain
structural requirements based on the notion of general dimension. The main
focus of the first paper is to understand when learning with a few queries (of
a given type) implies learning in a reasonable amount of time. The second pa-
per uses the general dimension to characterize the complexity of learning using
queries whose response is a random variable and when the goal is relaxed to the
approximate identification of the target concept.
The last paper in this group is by Kalnishkan and Vyugin and investigates

the notion of predictive complexity. This quantity is an extension of the Kol-
mogorov complexity of individual sequences and may be viewed as a measure
of learnability of a given data sequence abstracted from any specific learning
strategy. Predictive complexity is parameterized by the loss function used to
measure the success of learning. The main result of the paper characterizes the
set of losses admitting the existence of predictive complexity.

The next group contains five papers belonging to the area of statistical learn-
ing. This is a very active research field that has started with the seminal works
of Vapnik and others in the seventies on the theory of pattern recognition [5,
6]. Statistical learning may be viewed as an extension of PAC learning where,
however, computational complexity issues are disregarded.
The work by Schmitt applies ideas derived from the Descartes’ rule of signs

to derive upper and lower bounds on the Vapnik-Chervonenkis dimension and
pseudodimension of radial basis function networks (a popular family of neural
networks) with one input variable.
In the next paper, Vovk studies region predictors. These are on-line learn-

ing algorithms for pattern classification parameterized by a confidence value.
Whereas usual pattern classification algorithms output a single label as predic-
tion, region predictors output a subset of the possible labels, and the size of the
subset may increase as the confidence parameter approaches 1.
The paper by Dasgupta, Pavlov, and Singer investigates provably correct

and efficient algorithms for reconstructing images. They define a noisy sampling
model for images consisting only of lines in the plane and present an algorithm
that reconstructs these lines with high probability.
A method for transforming any multi-class, multi-label, or ranking learning

problem into a binary classification problem with linear hypotheses is proposed
in the paper by Har-Peled, Roth, and Zimak.
The last paper in this group, by Braess, Forster, Sauer, and Simon, has an

information-theoretic flavor: it analyzes the problem of learning a probability
distribution over a finite domain of fixed size using the Kullback-Leibler diver-
gence as cost function.
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The papers in the next group are concerned with inductive logic program-
ming. In this framework, the goal is to learn concepts using logical formulae
(propositional or first-order) as hypotheses. In many cases this is a difficult
problem, but the payoff is that logical formulae provide solutions that are gener-
ally more understandable than those provided by other classes of functions (like
neural networks).
In the first paper, Fürnkranz considers the problem of rule learning using a

covering approach; i.e., finding a small set of simple rules that explains (covers)
all the positive examples and none of the negative examples. In particular, his
work points out a problem in covering strategies that proceed bottom-up (i.e.,
by generalizing a rule that initially covers a single example) and proposes some
techniques to alleviate this problem.
In the second and last paper of this group, Fronhöfer and Yamamoto study

the notion of relevant logic. A relevant logic is a logic where a formula may be
derived as conclusion only if it is deductively related to all the premises. The
main idea of the paper is to use relevance as a notion of appropriateness for
hypotheses in inductive logic.

Large-margin learning algorithms, like support vector machines, boosting
and their variants, build on results from statistical learning theory to generate
linear hypotheses with good generalization abilities. Algorithms of this kind are
studied in the next group of papers.
The first one is by Gavinsky who proposes a new boosting method. Boost-

ing [2] is a general technique for obtaining a highly accurate hypothesis by com-
bining hypotheses generated on different reweightings of the training set. Good
boosting algorithms are adaptive as they work without need to know any a pri-
ori lower bound on the accuracy of the individual hypotheses to combine. The
price of adaptivity is lack of robustness: traditional boosting is likely to work
not so well on noisy data. On the other hand, this new boosting method is the
first one able to provide adaptivity together with a certain noise robustness.
The second paper in this group is by Kivinen, Smola, and Williamson and

investigates two incremental variants of the support vector machine algorithm.
The main result shows that these variants are robust with respect to drift of the
target. The performance of both algorithms is shown to degrade in proportion
to the amount of drift in the considered time interval and also in proportion to
the amount of nonlinearity in the data sequence.
The third paper, by Forster and Simon, is concerned with some fundamen-

tal questions about the use of linear-threshold hypotheses. Statistical learning
theory ensures that a good generalization error is achieved whenever the sample
can be embedded in a space where some linear hypothesis can be found that
separates positive examples from negative ones with large margin. The paper
proves bounds relating the spectrum of a matrix derived from the sample to the
margin which can be obtained via the embedding technique.

The last group of papers is devoted to heuristics and applications of learning
to concrete problems. Lindgren and Boström propose an alternative approach
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to rule-based learning techniques where it may happen that many contradicting
rules are applicable to a single example. In these cases, one may weigh each rule
by the number of examples covered in the sample or, alternatively, assume rule
independence in a näıve Bayes fashion. The solution proposed in this paper is
to improve näıve Bayes by taking into account the examples in the intersecting
regions of the overlapping rules. The paper also provides experimental validation
of the approach proposed.
The last paper in this group is by Coulom and applies neural networks to the

solution of a motor control problem. The control problem is modeled using rein-
forcement learning, a very general framework formalizing the learning of plans
and complex strategies. The proposed approach is based on the temporal dif-
ference learning algorithm coupled with feedforward neural networks. Empirical
convergence of the resulting algorithm is shown via simulation of a mechanical
system consisting of five articulated segments.

References
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Mathematics Based on Learning

Susumu Hayashi

Kobe University, Rokko-dai, Nada, Kobe 657-8501, Japan,
shayashi@kobe-u.ac.jp, http://www.shayashi.jp

Abstract. Learning theoretic aspects of mathematics and logic have
been studied by many authors. They study how mathematical and logi-
cal objects are algorithmically “learned” (inferred) from finite data. Al-
though the subjects of studies are mathematical objects, the objective
of the studies are learning. In this paper, a mathematics of which foun-
dation itself is learning theoretic will be introduced. It is called Limit-
Computable Mathematics. It was originally introduced as a means for
“Proof Animation,” which is expected to make interactive formal proof
development easier. Although the original objective was not learning the-
oretic at all, learning theory is indispensable for our research.

1 Mathematics Based on Learning?

Learning theory of mathematical or logical concepts seem to be one of the main
research targets of learning theory and its applications. Shapiro [18] investigated
how axioms systems are inductively inferred by ideas of learning theory. We
may say that Shapiro studied how logical systems (axiom systems) are learned.
Stephan and Ventsov [19] investigated how algebraic structures are learned and
have given some interesting learning theoretic characterizations of fundamental
algebraic notions.

We may say that they investigated learnability of the mathematical concepts.
Contrary to them, we are now developing a mathematics of which semantics and
reasoning systems are influenced by ideas from computational learning theory.
Let us compare these two lines of research.

In Shaprio’s work, the concept of validity and models were the standard ones
from Tarski semantics, and learning of axiom systems in Horn-logic from models
are investigated. On the other hand, we give semantics of the first order formulas
by means of computation in the limit. For example, ∃y.A(x, y), which reads as
“there exists y satisfying A(x, y)”, is interpreted as “the value of y satisfying
A(x, y) is computable in the limit from the value of x”. We also study proof
rules representing the semantics.

Stephan and Ventsov showed that the class of enumerable ideals of a recursive
ring is BC-learnable iff every such ideal is finitely generated. They proved it in
the standard set theoretical mathematics. We investigate, for example, if the
statement “the ideal generated by any sequence of n-variable polynomials with
rational coefficients is finitely generated” is valid under our learning-theoretic
semantics and is provable by learning-theoretic proof rules.

N. Cesa-Bianchi et al. (Eds.): ALT 2002, LNAI 2533, pp. 7–21, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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Shapiro, Stephan and Ventsov explored learning theoretic aspects of Horn-
logic and algebra. In a sense, we study learning theoretic aspects of logical rea-
sonings based on learning theoretic semantics of mathematics. Since the large
part of contemporary mathematics is “reasoning”, it would be fair to say that
we are developing mathematics based on learning. The mathematics based on
learning is called Limit-Computable Mathematics, abbreviated to LCM [16,11].
In this largely expository paper, we will give an introductory account to LCM
and raise some open problems.

2 Objectives and Backgrounds

Although the researches are tending very mathematical at this moment, the
original objective of my research on LCM was technological and it is still kept as
the ultimate goal. The real goal is a methodology of testing and debugging formal
proofs. Since the subject of the talk would be foreign to most of ALT audiences
and I am completely new to the community, let me explain the background of
the research. A more technically detailed accounts of objectives and backgrounds
can be found in [11].

Our mathematics was found through an investigation of interactive formal
proof developments. The area is mainly known by the names of proof checkers
such as NQTHM, HOL PVS, COQ,. . . . It may be regarded as a branch of the
broad area of formal methods, which aims to utilize formal languages, formal
semantics, and formal proofs for developments of software and hardware systems.
Formal verification, formal specifications, model checking are all branches of the
formal methods and formal proof development is a basic technology for the entire
area.

In the mid 80’s formal methods community realized importance of validation
of formal specifications. In the formal verification project of 8-bits Viper chip
for military and other safety-critical uses, it was found that errors in large scale
specifications are much more serious than expected and the ultimate way to
detect them must be somehow informal. Ultimate requirements of systems are
in human minds. They are often unclear and even unstable. We will never be able
to verify formal things correct with respect to informal things. Thus, informal
things must be translated into formal things. However, the errors may be in
the translation of informal things into formal things. It is now clear that such
errors were underestimated too much. Informal and empirical methodologies are
important even in formal methods.

I found similar difficulties in formal proof developments in my own project.
In experiments, goals and subgoals (lemmas), and definitions of concepts could
be formalized in wrong ways. There was no formal way to detect the wrong
formalizations. However, I found that testing formal proofs under development
is an extremely efficient way to detect such errors on translation of informal
things to formal things. My PX proof system [10] designed to extract “certified”
functional programs from formal proofs could extract programs finely represent-
ing computational contents of intuitionistic proofs. By testing such programs
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in the usual sense, errors in definitions and lemmas (subgoals) in the formal
proofs were quickly detected. Since the technique is similar to a formal method
technique “specification animation” testing specification on examples, I called it
proof animation, abbreviated to PA.

I proposed to use proof animation to make formal proof developments less
costly in [12]. Since the method was applicable only to intuitionistic proofs, I had
to find a method applicable to classical proofs. Berardi’s semantics [3] approxi-
mating classical proofs by finitely restricted version of the proofs was a possible
candidate. Just by chance, I found that Berardi’s examples are very similar to
Hilbert’s original reasoning of his famous finite basis theorem proved in the late
19th century (see [11] for details). Akihiro Yamamoto pointed out to me that
both are the same as Gold’s computation in the limit. After Yamamoto’s sugges-
tion, I found that “computation in the limit” or “limiting recursion” correspond
to restricted forms of classical principles such as the law of excluded middle
applied to an arithmetical formula with a single quantifier, e.g., Σ0

1-formulas.
I will refer these restricted principles as “semi-classical principles”. Logicians

including me tend to think that the limit-recursive functions and semi-classical
principles would not make a good logic. They look so fragmentary. At first, I
doubted even its closure under the usual inference rules.

To my surprise, the logic defined by limiting recursion was very natural,
and a remarkably wide realms of mathematical proofs were found to use only
these weak classical principles instead of the full power of classical principles.
Thus, it seemed possible to develop most formal proofs only with semi-classical
principles and animate them by computation in the limit. Since it is based on
limit, I named such a mathematics Limit-Computable Mathematics, LCM.

To built LCM-tools for formal proof developments, there are some theoret-
ical questions to be solved. The standard limit notations are not adequate to
represent limit-structures of proofs, and so a concurrent calculus of limit pro-
cesses must be defined and implemented as a kind of programming language.
It is not known if impredicative reasonings have LCM-interpretations. Is it pos-
sible to extend the proof animation by limit beyond LCM?1 There are some
important and interesting theoretical questions to be solved to build realistic
LCM-environments.

LCM is also interesting as a branch of pure mathematics. It seems related to
recursion theory, to reverse mathematics [20] and even to computation theories
over real numbers [16,22].

Many of mathematical problems of LCM we face seem related to learning
theory. Techniques and knowledge of learning theory seem very useful even for
implementation of environments. For example, RichProlog [14] seems a correct
tool to built a prototype LCM-environment. Thus, we are seeking collaborations
from ALT community. On the other hand, our research might be able to pro-
vide new insights for learning theory. An open problem which I am eager to

1 Berardi is extending his limit-semantics [4] to ∆0
n-reasonings. His results suggest

that there might be a way to animate proofs by the law of excluded middle applied
to any arithmetical formula.
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understand and might be interesting for ALT community will be presented in
4.4.

3 Semantics

In this section, we explain LCM by giving its semi-informal semantics. The se-
mantics of LCM given below is a variant of Brouwer-Heyting-Kolmogorov inter-
pretation (BHK interpretation) of intuitionistic mathematics. In the early 20th
century, a famed mathematician L.E.J. Brouwer attacked usage of the tradi-
tional Aristotelian logic in mathematics. He attacked especially the law of the
excluded middle A∨¬A. Since he interpreted “A or B” as “there is an algorithm
deciding A or B”, the law was the same to him as saying “all mathematical prob-
lems are decidable by a universal algorithm”. Thus, he rejected it and created
a mathematics which did not employ such principles. He called his mathemat-
ics intuitionistic mathematics and the usual mathematics was called classical
mathematics.2

Morphologically, intuitionistic mathematics is a subset of classical mathe-
matics in which the law of excluded middle and its equivalents are forbidden.
Brouwer had a philosophical reason to reject the law, and to guarantee correct-
ness of other rules. However, his philosophical principle was rather subjective,
mysterious and unclear for the rational minds of most mathematicians and lo-
gicians.

Later, Heyting and Kolmogorov gave a much clearer and objective interpre-
tation for Brouwer’s mathematics without Brouwer’s philosophy. The interpreta-
tion is now called BHK-interpretation. Although BHK-interpretation was much
clearer, it was still somehow unclear since the undefined notion of “construc-
tion” was employed and the semantics was explained in informal languages. To
make it ultimately clear, Kleene replaced “constructions” with partial recursive
functions and gave a translation of a formula into a formula representing his
version of BHK-interpretation. Kleene named it “realizability interpretation”.
Introductory accounts of BHK-interpretation and realizabilities are found in [2,
5,21].

Our semantics of LCM given below is obtained from BHK-interpretation by
replacing constructions with limiting recursive functions. It will be called limit-
BHK-interpretation. Since BHK-interpretation is rather informal, there are many
different ways to make it formal. Formal versions can be different to each other
in some essential ways. The informal semantics (limit-BHK-interpretation) may
be regarded as a guideline or a framework such as object oriented modeling
paradigm. Thus, it does not specify the details of the semantics. Details must be
given by a formal semantics like realizability interpretations, which correspond
to actual object oriented programming languages such as Java, C++.

Now we give limit-BHK interpretation of mathematics. We will describe what
first order logical formulas of the forms, ∃x.A(x), ∀x.A(x), A∨B, A∧B, A ⇒ B

2 Intuitionistic mathematics have many variants. They are called as constructive math-
ematics including Brouwer’s mathematics [5].
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mean in limit-BHK interpretation for each case. The crucial cases are A ∨ B
and ∃x.A(x). Brouwer regarded correctness of A ∨ B as the ability to decide
which of A and B is correct and to prove the correct one. For example, if we say
“ZF-set theory is consistent or not”, we must know which side of the disjunction
is correct and must give its proof actually. Since consistency is Π0

1-statement,
there is no general algorithm to decide it and Gödel’s incompleteness theorem
tells us that it is impossible to assert one of them by a reasonable method, even
if we believe in the consistency.

In limit-BHK interpretation, the obligation to “decide” A or B is relaxed to
“learn” A or B. We say A∨B is correct in the sense of limit-BHK interpretation
iff we have a computable guessing function g(t) such that

1. g(t) converges to 0 or 1,
2. if limt g(t) = 0 then, A is correct in limit-BHK-sense,
3. if limt g(t) = 1 then, B is correct in limit-BHK-sense.

Let g(t) be

g(t) =
{

1 if a proof of a code smaller than t derives a contradiction
0 otherwise

Obviously g satisfies the three conditions above. Thus, the law of the excluded
middle applied to the consistency of ZF-set theory is correct in the sense of
limit-BHK-interpretation.

Remark 1. What is this guessing function g of? A guessing function of n-ary
function is n + 1-ary. However, g has only one argument. Thus, it’s a guessing
function of 0-ary function h such that h() = x. Although a guessing function of
a 0-ary functions seems rare in learning theory, it is quite useful for LCM.

Note that we need the law of excluded middle to prove the convergence of
g. Thus, this does not help to decide if the system is consistent or not at all.3

“ZF-set theory is consistent or not in limit-BHK-interpretation” means that
consistency of ZF-set theory is computable in the limit in Gold’s sense. Since
we cannot compute the limit in Turing’s sense, this does not help to understand
consistency of formal systems anyway.

However, limit-BHK-interpretation gives a systematic way to approximate
a non-computable truth by a guessing function. The approximation given by a
guessing function helps to understand computational contents of a class of non-
computational or non-constructive proofs. It was the original aim of my Proof
Animation technique to give a method by which classical proofs in mathematics
are computationally analyzable through actual execution. Although LCM-proofs
cannot be executed in Turing’s sense, they are approximately executable by
guessing functions. And, such approximate executions are adequate for Proof
Animation (see [11]).
3 Berardi[3] has given a limit-semantics without this kind of classical reasoning at

meta-level. Since the condition of convergence is replaced with a computationally
weak one in his semantics, it does not give the limit value either.
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The interpretation of A ∨ B above has a defect. We have to assert A is
correct in limit-BHK-sense, if limt g(t) is 0. Just as the guessing function g
approximates the truth of the outermost disjunction of A∨B, a guessing function
approximating the truth of A must be given. Technically, it is better to give such
a guessing function for A together the guessing function g for the disjunction.
The corrected definition of a guessing function of A ∨ B is as follows:

1. g(t) is a pair (g1(t), g2(t)) and g(t) converges as t → ∞,
2. if limt g1(t) = 0 then, g2 is a guessing function of A,
3. if limt g1(t) 	= 0 then, g2 is a guessing function of B.

Similarly, asserting the existential statement “∃x.A(x)” is interpreted to give
its guessing function g(t) with the following conditions:

1. g(t) is a pair (g1(t), g2(t)) and g(t) converges as t → ∞,
2. g2 is a guessing function of A(m), where m = limt g1(t).

Asserting an existential or disjunctive formula means giving a guessing func-
tion by which we can compute in the limit the information on the existential
quantifier “x of ∃x.A(x) and information for A(x)” or on disjunction “the correct
disjunct of A∨B and information for the disjunct”. Such a guessing function will
be called a guessing function of the statement. In general, giving a limit-BHK-
interpretation to a formula is defining the conditions of the guessing functions
for the formula. When a guessing function satisfying the conditions exists, the
formula is valid or correct in limit-BHK-interpretation. Such a formula will be
said to be limit-BHK-correct for short.

The conditions on a guessing function g of a conjunctive statement A ∧ B is
given as follows:

1. g(t) is a pair (g1(t), g2(t)),
2. g1 is a guessing function of A and g2 is a guessing function of B.

The condition of a guessing function g(x, t) of a universal statement ∀x.A(x)
is

– g(x, t) converges to a guessing function of A(x) for all x.

Similarly the condition of a guessing function g(x, t) of A ⇒ B is

– if f is a guessing function of A, then g(f, t) converges to a guessing function
of B.

The conditions for the universal quantifier and the implication are some-
how problematic, since limits of guessing functions are again guessing functions.
There are two major different approaches on functions incidentally correspond-
ing to the approaches to functions in EX-learnability and BC-learnability.

In his original interpretation, Kleene treated functions as “programs” or “in-
dices” as EX-learnability. This approach is called intensional. Kreisel’s modified
realizability interpretation can treat functions as their extensions as in the usual
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set theoretical mathematics, i.e., two functions are equal iff their graphs are
equal. This approach is called extensional and apparently corresponds to BC-
learnability by Case and Smith. Kleene-style intensional interpretation is given
in the appendix. A realizability using extensional approach is possible by the
construction in [1]

Finally, we give interpretation of non-logical formulas such as equations and
⊥. A non-logical atomic formula F is considered limit-BHK-correct iff it is cor-
rect in the ordinary sense. Since asserting a statement means giving a guessing
function, we have to define guessing functions for F . Since guessing functions
are meaningless for this case, we may take any guessing function converging as
far as F is correct in the sense of Tarski semantics. The condition on a guessing
function g(t) of an atomic non-logical formula F is

– g(t) converges and F holds.

The convergence condition is not very important. We may drop it.
Note that an interpretation of negation ¬A has not been given. It is un-

derstood to be an abbreviation of A ⇒ ⊥, and its semantics is given by this
formula. ⊥ is the atomic formula representing a contradiction such as 0 = 1.
By the definition for atomic formulas, there is no guessing function of the for-
mula ⊥, which never holds. If A and A ⇒ ⊥ both have guessing functions, then
it yields a contradiction. Thus if A ⇒ ⊥ has a guessing function, A does not.
If A does not have any guessing function, then any function g(t) is a guessing
function A ⇒ ⊥ since the condition becomes vacuously true. Namely, A ⇒ ⊥ is
limit-BHK-correct iff A cannot have any guessing function.

It would be worth noting that if guessing functions g(x, t) are all trivial,
i.e. g(x, t) = g(x, 0), then limit-BHK-interpretation becomes the usual BHK-
interpretation of intuitionistic mathematics.

4 Semi-classical Principles

In this section, semi-classical principles of LCM are introduced. A Π0
n-formula

is a formula of the form ∀x1∃x2 · · ·Qxn.A, where A is a formula for a recursive
relation. Σ0

n-formula is defined similarly.

– Σ0
n-LEM is A∨ ¬A for any Σ0

n-formula A. LEM stands for Law of Excluded
Middle.

– Π0
n-LEM is defined similarly.

– Σ0
n-DNE is ¬¬A ⇒ A for any Σ0

n-formula A. DNE stands for Double Nega-
tion Elimination.

4.1 Validity of Semi-classical Principles

By the same argument for the consistency of ZF-set theory, Π0
1-LEM ∀x.A(x) ∨

¬∀x.A(x) is limit-BHK-correct. Since x is recursively computable when ∃x.A(x)
holds, Σ0

1-LEM ∃x.A(x)∨¬∃x.A(x) is also limit-BHK-correct. Take T (e, e, x) as
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A(x), where T is Kleene’s T-predicate. Then giving a realizer for Π0
1-LEM or

Σ0
1-LEM means giving a function answering to Turing’s halting problem.
Next we consider Σ0

2-DNE. Assume ¬¬∃x.∀y.P (x, y) is limit-BHK-correct for
a recursive predicate P . Then ∃x.∀y.P (x, y) holds classically and we can define
a guessing function g converging to such an x as follows:

g(t) = π0(h(t)),
h(0) = (0, 0),

h(n + 1) =
{

(π0(h(n)), π1(h(n)) + 1) if P (π0(h(n)), π1(h(n)))
(π0(h(n)) + 1, 0) if ¬P (π0(h(n)), π1(h(n)))

π0 and π1 are projection functions such that π0(x, y) = x and π1(x, y) = y. Since
a trivial guessing function of ∀y.P (x, y) is given if ∀y.P (x, y) is classically true,
it is easy to define a guessing function k(t) for ∃x.∀y.P (x, y). Thus, Σ0

2-DNE is
limit-BHK-correct with the guessing function l(x, t) defined by l(x, t) = k.

4.2 Mind Change Hierarchy of Propositions

In the realizations of semi-classical principles given above, realizers for Σ0
1- and

Π0
1-LEM are apparently simpler than the realizers for ∆0

2-DNE. The first guess
of the realizer given for Π0

1-LEM is fixed to ∀-side (¬∃-side) and a mind change
happens if a counterexample is found. Thus realizers of Π0

1-LEM belong to Π−1
1

class of Ershov’s boolean hierarchy [7,8,9]. On the other hand, the realizers for
Σ0
2-DNE need the full Ershov hierarchy. In this sense, ∆0

2-DNE is stronger than
Σ0
1- and Π0

1-LEM, and Σ0
1- and Π0

1-LEM have the same strength.
Some mathematical propositions have intermediate strengths. Assume f is

a function from the natural numbers to the natural numbers. The minimum
number principle(MNP) “there is m such that for all n f(m) ≤ f(n) holds” is
formalized as follows:

∃m.∀n.f(m) ≤ f(n).

Its natural realizer does at most f(0)-time mind changes. (We guess m = 0. If
we find a smaller f(i) then we change mind to m = i and repeat the process.)

We will define a realizability interpretation of arithmetical formula in the
appendix. These examples show that formulas realizable by recursive guessing
functions would be classified finely by Ershov’s mind change hierarchy or some-
thing like that.4

4.3 A Hierarchy by Formal Provability

In the previous subsection, we considered the strengths of semi-classical princi-
ples via interpretations (semantical hierarchy). There is another kind of hierar-
chy via derivability (syntactical hierarchy). Hierarchy via derivability is the one
4 Note that our guessing functions are not always converging for all natural numbers.

This might make difference from the original Ershov hierarchy, since limiting partial
functions of partical recursive functions may be beyond ∆0

2 (see Yamazaki’s example
in [16]).
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used in proof theoretic studies such as reverse mathematics. Some base systems
are fixed and logical principles are compared their strength via these systems.
Proof checkers are formal systems implemented on computers. Thus this kind
of research is quite important for proof animation. It would show which kind
of theorems can be animated by PA/LCM-technology, and which kind of semi-
classical principles are appropriate to animate a particular theorem. A team of
several researchers including me is now developing such a hierarchy theory.5

We call it calibration of classical principles. Some calibration results have
been already known. MNP and Σ0

2-LEM are provably equivalent in the standard
formal system of first order intuitionistic arithmetic augmented with a free func-
tion variable. Hilbert’s original form of finite basis theorem for polynomial rings
is equivalent to Σ0

1-LEM. A formulation of existence of step functions such as
y = |x| over real numbers is equivalent to Σ0

2-LEM. Etc. etc.
The standard intuitionistic formal systems are too weak to derive Σ0

1-LEM
from Π0

1-LEM by the lack of ability to prove Σ0
1-DNE (Markov’s principle). Σ0

1-
DNE is realized even by the original Kleene realizability. Thus some intuitionistic
systems contain it. However, most systems do not contain it. For example, stan-
dard logics of constructive proof checkers as COQ does not include it. Similarly,
∆0

2-DNE is not derivable from Σ0
1-LEM. Thus, this hierarchy is not the same as

expected in the standard recursion theory. There is a weaker but still natural
form of existence statement of Gauss function which is equivalent to Π0

1-LEM
but not to Σ0

1-LEM. Since the difference actually affects mathematical theory to
be formalized, the syntactical hierarchy should be analyzed.

To analyze this hierarchy, proof theoretic techniques are useful [13]. However,
recursion theoretic analysis is also important. For example, the unprovability
of Π0

1-LEM from LCM-WKL is shown by a recursion theoretic argument as
explained below.

In the syntactical hierarchy in the previsous subsection, MNP and Σ0
1-LEM

are equivalent, since MNP is derivable from Σ0
1-LEM by mathematical induction

[11]. Mathematical induction enables to use Σ0
1-LEM repeatedly and so mixes

up all finite mind changes.
Then a natural question arises. Is it possbile to make the syntactical hierarchy

finer according to mind change hierarchy? Linear logic is sensible to the number
of applications of axioms or assumptions. A finer interpretation we should seek
may be an interpretation of linear logic or something like that. A fine hierarchy
might be obtained by restricting induction principle as reverse mathematics [20].

4.4 Problem of Weak König Lemma

In the syntactic hierarchy of LCM principles, Weak König Lemma, abbreviated
to WKL, is especially interesting. WKL is a theorem for binary tree:

– Any binary-branching tree with infinite many nodes has an infinite path.

5 Current members are Berardi, Hayashi, Ishihara, Kohlenbach, Yamazaki, and Yasugi.
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Harvey Friedman found that this principle is logically as weak as Hilbert’s
finite standpoint, but mathematically strong enough. It is enough to prove many
important mathematical theorems such as the completeness theorem of first
order predicate logic. On this unexpected finding, Simpson and his colleagues
developed an interesting theory of “reverse mathematics” [20]. They calibrated
mathematical theorems by means of WKL or related. For example, they identify
which theorem is proved by WKL and WKL is necessary to prove it.

The syntactical hierarchy of LCM is very similar to the one of reverse math-
ematics. Although our hierarchy is finer than the one of reverse mathematics,
many techniques developed in reverse mathematics are quite useful to investigate
our syntactical hierarchy.6

Upon results of reverse mathematics, Kohlenbach and Ishihara found that
WKL is important in LCM as well. LCM version of WKL, LCM-WKL is formu-
lated as follows:

– Any computable binary-branching tree with infinite many nodes has an in-
finite path.

Computable means that recursive or recursive relative to an oracle, which is
regarded as an input stream α. To state the principle properly, we need an
appropriate second order language in which function variables represent limiting
computable functions whose guessing functions are recursive in α. The infinite
path is understood as a limiting computable function.

LCM-WKL is intuitionistically equivalent to “Π0
1-LLPO+Π0

1-b-AC00”, where
Π0
1-LLPO is

∀x.¬(∃y.A(x, y) ∧ ∃y.B(x, y)) ⇒ ∀y.¬A(x, y) ∨ ∀y.¬B(x, y)

and Π0
1-b-AC00 is a very weak axiom of choice

∀x.(∀y.A(x, y) ∨ ∀y.B(x, y)) ⇒
∃f.∀x.(f(x) = 0 ⇒ ∀y.A(x, y)) ∧ (f(x) = 1 ⇒ ∀y.B(x, y))]

In these schemes, A and B are predicates with computable characteristic func-
tions.

Π0
1-LLPO is an LCM version of an intuitionistic principle “Lesser Limited

Principles of Omniscience” [5]. LLPO may be regarded as a very weak law of
excluded middle. Π0

1-LEM implies it. Π0
1-b-AC00 is also derivable from Π0

1-LEM
with a help of very weak function principle.

This ultra weak law of excluded middle is still enough to prove many impor-
tant theorems, e.g., the completeness theorem of predicate logic. Furthermore,
these theorems can be used to prove Π0

1-LLPO and Π0
1-b-AC00 modulo intuition-

istic logic. This fact remarkably resembles reverse mathematics [20]. Actually,
6 The axiom of ACA0 of reverse mathematics represents the entire arithmetical hier-

archy, i.e. the union of 0(n) for all n. On the other hand, Π0
n-LEM represents only

0(n).
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proofs of corresponding results in reverse mathematics go through in LCM with-
out almost any changes.

We can define a realizability interpretation of second order language, in which
interpretation of LCM-WKL coincides with Kreisel’s basis theorem (Proposition
V.5.31, [17]), which maintains the leftmost infinite branch is a limiting recursive
function. However, LCM-WKL can be realized with a degree weaker than 0′ by
the low basis theorem (Theorem V.5.32, [17]). The low basis theorem maintains
that there is an infinite path of which the degree is low. A degree a is called low
iff a′ = 0′. Using partial functions with such a degree a instead of the limiting
recursive functions, we can give a realizability interpretation for LCM-WKL in
which Π0

1-LEM is not realizable. Thus, LCM-WKL is strictly weaker than Π0
1-

LEM.
Upon these results which will appear in a joint paper by the calibration

team, a question arises. LCM-WKL or Π0
1-LLPO may be considered as an ultra

weak but meaningful form of the law of excluded middle. It is actually weaker
than Π0

1-LEM corresponding to 1-mind change learning. What kind of learning
is used in LCM-WKL or Π0

1-LLPO? Is it possible to explain why these principle
are weaker than Π0

1-LEM learning theoretically?
To learn the disjunction in the conclusion of Π0

1-LLPO, we guess that two
formulas ∀y.¬A(x, y) and ∀y.¬B(x, y) are both correct. If we restrict the univer-
sal quantifiers to a finite subset as ∀y < t.¬A(x, y) and ∀y < t.¬B(x, y), both
conjectures are correct for t = 0. We start with t = 0 and successively increase
the value of t to verify our guesses. However, one of two formulas may turn false.
Then, we simply drop it and keep the other. It never happens both turn false by
the assumption of the principle. In this learning process, we never change our
mind completely in a sense. At least one conjecture remains, and it was guessed
already at the beginning and is kept forever. We only cut down wrong ones.
Is it possible to explain the weakness of Π0

1-LLPO to Π0
1-LEM by this kind of

learning theoretic considerations?

5 Conclusion

In this paper, we gave an expository account of the foundations of Limit-Comput-
able Mathematics LCM. A semi-formal interpretation of LCM was given by
means of guessing functions, and a formal interpretation was given in the ap-
pendix. Some relationships to learning theory, open problems likely related to
learning theory were discussed.

Researches of LCM has begun recently. The notion was conceived two years
ago and there are still plenty of problems to be solved. LCM is a mathemat-
ics of approximation in a very wide sense including identification in the limit.
In practical mathematics, some kinds of approximations are inevitable. We are
trying to relate LCM to practical mathematics like numerical analysis and com-
puter algebra. Theories and techniques developed in learning theory must be
very useful and indispensable in these researches.
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Investigations of links between learning theory, reverse mathematics and
LCM must be fruitful to understand the relationship between learning theory
and LCM. There are some interesting resemblances between these three. It has
been shown that the ideals of the polynomial ring over the rationals in n variables
is EX-learnable with mind change bound ωn but not less than ωn [19]. In reverse
mathematics, Hilbert finite basis theorem for the same polynomial rings for all
n is equivalent to transfinite induction up to ωω [20]. In LCM, the same theorem
is equivalent to Σ0

1-LEM. Are there any good reason for this resemblance?
More information on LCM can be found at http://www.shayashi.jp/PALCM/
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A Realizabilities

In this appendix, a Kleene style realizability for first order LCM and a modified
realizability for LCM are given. A realizability similar to the Kleene style realiz-
ability has been given in [16]. The one given here is designed in a little bit more
learning theoretic way and closer to Berardi’s limit-semantic [4].

It should be noted that if guessing functions g(x, t) are all trivial, i.e. g(x, t) =
g(x, 0), then the realizabilities given below turn to realizability of intuitionistic
logic. Then realizers are computable (partial) functions.

A.1 Kleene Style Limit-Realizability

We give a Kleene style limit-realizability interpretation. In this approach, we
regard guessing functions as their indices. Thus we assume φ an acceptable pro-
gramming system or an acceptable system of indices of partial recursive functions
(see [17]). We assume a standard coding of finite sequences of numbers and write,
e.g., (a1, ..., an) for the code of the sequences a1, ..., an. A pair is regarded as a
sequence with two elements. πi is a computable function retrieving i-th element
of sequence as a code. An index of n-ary function f(x1, ..., xn) is regarded as
an index of 1-ary function f ′ such as f ′((x1, ..., xn)) = f(x1, ..., xn). We fix an
algorithm to compute p from q, r so that φp(x) = (φq(x), φr(x)). p is called the
standard paring index of the indices q and r. Although it is not necessary, it
make things easier to assume q and r are computable from p. We assume it here.

Let A1, ..., An, B be formulas of first order arithmetic and let x1, ..., xm be
a finite sequence of variables including all free variables of the n + 1 formulas.
Furthermore, r1, ..., rn is a sequence of fresh n-variables. A tuple

[x1, ..., xm, A1, ..., An, r1, ..., rn, B]

is called a formula with context. [x1, ..., xm, A1, ..., An, r1, ..., rn] is called context
and B is called body. We denote the context by Γ and a formula with context
as [Γ,B]. These notions are borrowed from type theory. They are not really
necessary for our definition but make things much clearer.
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We define a first order condition “r r [Γ,B]” for each formula with context
[Γ,B]. (r is a new free variable.) Although we will define it in English, it can be
formalized by a first order arithmetical formula including function symbol for φ
of the index system.

The condition “r r [Γ,B]” is called the realization or realizability interpre-
tation of [Γ,B]. If x1, ..., xn is an enumeration of free variables of B, then the
realization of [x1, ..., xn, B] is called the realization of B and we write r r B.
The conditions are defined so that if r r B holds, then r is an index of a total
recursive functions. Such functions are called guessing functions or guessing real-
izers of the formula with context. It should be noted that the standard concept of
“realizers” do not correspond to guessing realizers but correspond to their limits
limt g.

The definition of realization is done by cases on B using an induction over
the complexity defined as the sum of the logical signs in A1, · · · , An and B. In
the definition, we intend r to be index of m+ n+ 1-ary total recursive guessing
function g(x1, ..., xm, r1, ..., rn, t) of B. Thus, we may regard it as a condition
defining “guessing function of B”. We will list the definition of realization below.
We say context is realized when ri r [x1, · · · , xm, Ai] holds for (i = 1, ..., n).

Case 1: B is an atomic formula: r is an index of a total recursive function
and φr(x1, ..., xm, r1, ..., rn, t) converges whenever the context is realized.

Case 2: B is B1 ∧ B2: r is the standard pairing index of indices s1 and s2. If
the context is realized, then s1 r [Γ,B1] and s2 r [Γ,B2].

Case 3: B is B1 ∨ B2: r is the standard pairing index of indices s1 and s2.
If the context is realized, then φs1(x1, ..., xm, r1, ..., rn, t) converges. Let p be the
limit value. If p = 0 then s2 r [Γ,B1]. If p 	= 0 then s2 r [Γ,B2].

Case 4: B is B1 ⇒ B2: r is an index of a total recursive function. We consider
a new context Γ0:

[x1, ..., xm, A1, ..., An, B1, r1, ..., rn, rn+1].

If Γ0 is realized, then φr(x1, ..., xm, r1, ..., rn, rn+1, t) converges to a value b and
b r B2.

Case 5: B is ∀x.C: r is an index of a total recursive function. We consider a
new context Γ1:

[x1, ..., xm, x, A1, ..., An, r1, ..., rn].

If Γ1 is realized, then φr(x1, ..., xm, x, r1, ..., rn, t) converges to a value b and
b r [Γ1, C].
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Case 6: B is ∃x.C: r is the standard pairing index of indices s1 and s2.
φr(x1, ..., xm, r1, ..., rn, t) converges whenever the context is realized. That is,

s2 r [Γ,C[t/x]],

where t is the numeral representing limt φs1(x1, ..., xm, r1, ..., rn, t).

It is easy to see that a guessing realizer is always a total recursive function.
Similarly to the theorem 7 of [16], the soundness theorem holds, i.e., if A is
provable in HA+Σ0

2-DNE, then a number p is effectively computable and p r A.
The partial recursive function φp represents a formal version of guessing function
of A in limit-BHK-interpretation.

Without loss of generality, we may assume guessing functions of ∀x.A(x)
and A ⇒ B are trivial. Namely, g(x, 0) = g(x, t) for all t. Let us assume g be
a guessing function of ∀x.A(x). limt g(x, t) converges to an index of guessing
function for A(x). To realize A, we compute two nested limits limt φlimt g(x,t)(t).
It is equivalent to a single limit limt φg(x,t)(t). Let h be a recursive function such
that φh(x)(t) = φg(x,t)(t). Then g′ defined by g′(x, t) = h(x) can replace g.

The realizability given here is different from the one given in [16] in two
respects. The realizability in [16] is based on an axiomatic recursion theory
BRFT. Here, acceptable programming systems are used instead. Since acceptable
programming systems may have dynamic complexity measures, the problem of
limits of partial guessing functions in [16] does not arise. A limit BRFT system
whose guessing functions are restricted to total functions can be defined for any
BRFT with Blum’s dynamic complexity measure (c.f. Lemma 1.1, [6]). Thus, we
assumed guessing functions are total as usual.

The other difference is the points where limit are evaluated. As noted above,
guessing functions for implication and universal formulas could be trivial. This
is not so in [16]. On the other hand, guessing realizer of ∃x.A was defined so that
it includes the value of x. A guessing realizer g of ∀x.∃y.A(x, y) in this paper,
may return in the limit an index of a guessing function h of ∃y.A(x, y) for input
x. Thus evaluation of limit to retrieve y could be postponed till the limit of h is
evaluated. On the other hand, in [16], g was assumed to return a natural number
y itself instead of its guessing function h. Thus, g could not avoid evaluation of
limit and g could not be trivial in general.

Berardi introduced a semantics based on limit-natural numbers [4]. Limit-
natural numbers N∗ are 0-ary guessing functions converging to natural numbers.
From classical point of view, N∗ is isomorphic to the standard natural numbers
N . However there is no recursive isomorphism form N∗ to N . In this sense, they
differ. Berardi has developed constructive theory of non-constructive functions
using this trick. The guessing functions of formulas with empty context can be
regard his limit-natural numbers. In this respect, ours interpretation may be
thought a non-standard semantics of number theory with limit-numbers.
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Abstract. In this paper we analyze the relationships between the eigen-
values of the m × m Gram matrix K for a kernel k(·, ·) corresponding
to a sample x1, . . . ,xm drawn from a density p(x) and the eigenvalues
of the corresponding continuous eigenproblem. We bound the differences
between the two spectra and provide a performance bound on kernel
PCA.

1 Introduction

Over recent years there has been a considerable amount of interest in kernel
methods such as Support Vector Machines [5], Gaussian Processes etc in the
machine learning area. In these methods the Gram matrix plays an important
rôle. The m × m Gram matrix K has entries k(xi,xj), i, j = 1, . . . ,m, where
{xi: i = 1, . . . ,m} is a given dataset and k(·, ·) is a kernel function. For Mercer
kernels K is symmetric positive semi-definite. We denote its eigenvalues λ̂1 ≥
λ̂2 . . . ≥ λ̂m ≥ 0 and write its eigendecomposition as K = V Λ̂V ′ where Λ̂ is a
diagonal matrix of the eigenvalues and V ′ denotes the transpose of matrix V .
The eigenvalues are also referred to as the spectrum of the Gram matrix.
A number of learning algorithms rely on estimating spectral data on a sample
of training points and using this data as input to further analyses. For example
in Principal Component Analysis (PCA) the subspace spanned by the first k
eigenvectors is used to give a k dimensional model of the data with minimal
residual, hence forming a low dimensional representation of the data for analysis
or clustering. Recently the approach has been applied in kernel defined feature
spaces in what has become known as kernel-PCA [13]. This representation has
also been related to an Information Retrieval algorithm known as latent semantic
indexing, again with kernel defined feature spaces [6].
Furthermore eigenvectors have been used in the HITS [9] and Google’s PageRank
[4] algorithms. In both cases the entries in the eigenvector corresponding to the
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maximal eigenvalue are interpreted as authority weightings for individual articles
or web pages.
The use of these techniques raises the question of how reliably these quantities
can be estimated from a random sample of data, or phrased differently, how much
data is required to obtain an accurate empirical estimate with high confidence.
[14] have undertaken a study of the sensitivity of the estimate of the first eigen-
vector to perturbations of the connection matrix. They have also highlighted the
potential instability that can arise when two eigenvalues are very close in value,
so that their eigenspaces become very difficult to distinguish empirically.
In this paper we shift the emphasis towards studying the reliability of the esti-
mates gained from a finite sample. In particular if we perform (kernel-) PCA on
a random sample and project new data into the k-dimensional space spanned by
the first k eigenvectors, how much of the data will be captured or in other words
how large will the residuals be. It turns out that this accuracy is not sensitive
to the eigenvalue separation, while at the same time being the quantity that is
relevant in a practical application of dimensionality reduction.
The second question that motivated the research reported in this paper is the
relation between the eigenvalues of the Gram matrix and those of the underlying
process. For a given kernel function and density p(x) on a space X , we can also
write down the eigenfunction problem∫

X
k(x,y)p(x)φi(x) dx = λiφi(y). (1)

Note that the eigenfunctions are orthonormal with respect to p(x), i.e.∫
X
φi(x)p(x)φj(x)dx = δij .

Let the eigenvalues of the underlying process be ordered so that λ1 ≥ λ2 ≥ . . ..
This continuous eigenproblem can be approximated in the following way. Let
{xi: i = 1, . . . ,m} be a sample drawn according to p(x). Then

∫
X
k(x,y)p(x)φi(x)dx � 1

m

m∑
k=1

k(xk,y)φi(xk) (2)

As pointed out in [17], the standard numerical method (see, e.g., [3], chapter 3)
for approximating the eigenfunctions and eigenvalues of equation (1) is to use a
numerical approximation such as equation (2) to estimate the integral, and then
plug in y = xj for j = 1, . . . ,m to obtain a matrix eigenproblem

1
m

m∑
k=1

k(xk,xj)φi(xk) = λ̂iφi(xj).

Thus we see that µi
def
= 1

m λ̂i is an obvious estimator for the ith eigenvalue of the
continuous problem. The theory of the numerical solution of eigenvalue problems
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Fig. 1. A plot of the log eigenvalue against the index of the eigenvalue. The straight
line is the theoretical relationship. The centre point (marked with a star) in the “error
bar” is the log of the average value of µk. The upper and lower ends of the error bars are
the maximum and minimum values of log(µk) respectively taken over ten repetitions.

([3], Theorem 3.4) shows that for a fixed k, µk will converge to λk in the limit
as m → ∞.
For the case that X is one dimensional and p(x) is Gaussian and k(x, y) =
exp−b(x − y)2 (the RBF kernel with lengthscale b−1/2), there are analytic re-
sults for the eigenvalues and eigenfunctions of equation (1) as given in section
4 of [18]. For this example we can therefore compare the values of µi with the
corresponding λi, as shown in Figure 1. Here m = 500 points were used, with
parameters b = 3 and p(x) ∼ N(0, 1/4). As the result depends upon the random
points chosen for the sample, this process was repeated ten times. We observe
good agreement of the process and matrix eigenvalues for small k, but that for
larger k the matrix eigenvalues underestimate the process eigenvalues. One of
the by-products of this paper will be bounds on the degree of underestimation
for this estimation problem in a fully general setting.
[10] discuss a number of results including rates of convergence of the µ-spectrum
to the λ-spectrum. The measure they use compares the whole spectrum rather
than individual eigenvalues or subsets of eigenvalues. They also do not deal with
the estimation problem for PCA residuals.
In an earlier paper [15] we discussed the concentration of spectral properties
of Gram matrices and of the residuals of fixed projections. However, we note
that these results gave deviation bounds on the sampling variability of µi with
respect to E[µi], but did not address the relationship of µi to λi or the estimation
problem of the residual of PCA on new data.
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The paper is organised as follows. In section 2 we give the background results
and develop the basic techniques that are required to derive the main results
in section 3. We provide experimental verification of the theoretical findings in
section 4, before drawing our conclusions.

2 Background and Techniques

We will make use of the following results due to McDiarmid.

Theorem 1. ([12]) Let X1, . . . , Xn be independent random variables taking val-
ues in a set A, and assume that f : An → R, and fi : An−1 → R satisfy for
1 ≤ i ≤ n

sup
x1,...,xn

|f(x1, . . . , xn)− fi(x1, . . . , xi−1, xi+1, . . . , xn)| ≤ ci,

then for all ε > 0,

P{|f(X1, . . . , Xn)− Ef(X1, . . . , Xn)| > ε} ≤ 2 exp
( −2ε2∑n

i=1 c
2
i

)

Theorem 2. ([12]) Let X1, . . . , Xn be independent random variables taking val-
ues in a set A, and assume that f : An → R, for 1 ≤ i ≤ n

sup
x1,...,xn,x̂i

|f(x1, . . . , xn)− f(x1, . . . , xi−1, x̂i, xi+1, . . . , xn)| ≤ ci,

then for all ε > 0,

P{|f(X1, . . . , Xn)− Ef(X1, . . . , Xn)| > ε} ≤ 2 exp
( −2ε2∑n

i=1 c
2
i

)

We will also make use of the following theorem characterising the eigenvectors
of a symmetric matrix.

Theorem 3 (Courant-Fischer Minimax Theorem). If M ∈ R
m×m is sym-

metric, then for k = 1, . . . ,m,

λk(M) = max
dim(T )=k

min
0 �=v∈T

v′Mv
v′v

= min
dim(T )=m−k+1

max
0 �=v∈T

v′Mv
v′v

,

with the extrema achieved by the corresponding eigenvector.

The approach adopted in the proofs of the next section is to view the eigenvalues
as the sums of squares of residuals. This is applicable when the matrix is positive
semi-definite and hence can be written as an inner product matrix M = X ′X,
where X ′ is the transpose of the matrix X containing the m vectors x1, . . . ,xm

as columns. This is the finite dimensional version of Mercer’s theorem, and fol-
lows immediately if we take X = V

√
Λ, where M = V ΛV ′ is the eigenvalue



On the Eigenspectrum of the Gram Matrix 27

decomposition of M . There may be more succinct ways of representing X, but
we will assume for simplicity (but without loss of generality) that X is a square
matrix with the same dimensions asM . To set the scene, we now present a short
description of the residuals viewpoint.
The starting point is the singular value decomposition of X = UΣV ′, where
U and V are orthonormal matrices and Σ is a diagonal matrix containing the
singular values (in descending order). We can now reconstruct the eigenvalue
decomposition of M = X ′X = V ΣU ′UΣV ′ = V ΛV ′, where Λ = Σ2. But
equally we can construct a matrix N = XX ′ = UΣV ′V ΣU ′ = UΛU ′, with the
same eigenvalues as M .
As a simple example consider now the first eigenvalue, which by Theorem 3 and
the above observations is given by

λ1(M) = max
0 �=v∈Rm

v′Nv
v′v

= max
0 �=v∈Rm

v′XX ′v
v′v

= max
0 �=v∈Rm

‖v′X‖2
v′v

= max
0 �=v∈Rm

m∑
j=1

‖Pv(xj)‖2 =
m∑

j=1

‖xj‖2 − min
0 �=v∈Rm

m∑
j=1

‖P⊥
v (xj)‖2

where Pv(x) (P⊥
v (x)) is the projection of x onto the space spanned by v (space

perpendicular to v), since ‖x‖2 = ‖Pv(x)‖2+ ‖P⊥
v (x)‖2. It follows that the first

eigenvector is characterised as the direction for which sum of the squares of the
residuals is minimal.
Applying the same line of reasoning to the first equality of Theorem 3, delivers
the following equality

λk(M) = max
dim(V )=k

min
0 �=v∈V

m∑
j=1

‖Pv(xj)‖2. (3)

Notice that this characterisation implies that if vk is the k-th eigenvector of N ,
then

λk(M) =
m∑

j=1

‖Pvk(xj)‖2, (4)

which in turn implies that if Vk is the space spanned by the first k eigenvectors,
then

k∑
i=1

λi(M) =
m∑

j=1

‖PVk
(xj)‖2 =

m∑
j=1

‖xj‖2 −
m∑

j=1

‖P⊥
Vk
(xj)‖2. (5)
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It readily follows by induction over the dimension of V that we can equally
characterise the sum of the first k and last m− k eigenvalues by

k∑
i=1

λi(M) = max
dim(V )=k

m∑
j=1

‖PV (xj)‖2 =
m∑

j=1

‖xj‖2 − min
dim(V )=k

m∑
j=1

‖P⊥
V (xj)‖2,

m∑
i=k+1

λi(M) =
m∑

j=1

‖xj‖2 −
k∑

i=1

λi(M) = min
dim(V )=k

m∑
j=1

‖P⊥
V (xj)‖2. (6)

Hence, as for the case when k = 1, the subspace spanned by the first k eigenvalues
is characterised as that for which the sum of the squares of the residuals is
minimal.
Frequently, we consider all of the above as occurring in a kernel defined feature
space, so that wherever we have written a vector x we should have put ψ(x),
where ψ is the corresponding feature map

ψ : x ∈ X �−→ ψ(x) ∈ F

to a feature space F . Hence, the matrix M has entries Mij = 〈ψ(xi),ψ(xj)〉.
The kernel function computes the composition of the inner product with the
feature maps,

k(x, z) = 〈ψ(x),ψ(z)〉 = ψ(x)′ψ(z),
which can in many cases be computed without explicitly evaluating the map-
ping ψ. We would also like to evaluate the projections into eigenspaces without
explicitly computing the feature mapping ψ.
This can be done as follows. Let ui be the i-th singular vector in the feature
space, that is the i-th eigenvector of the matrix N , with the corresponding
singular value being σi =

√
λi and the corresponding eigenvector of M being vi.

The projection of an input x onto ui is given by

ψ(x)′ui = (ψ(x)′U)i
= (ψ(x)′XV )iσ−1

i

= k′viσ
−1
i ,

where we have used the fact that X = UΣV ′ and kj = ψ(x)′ψ(xj) = k(x,xj).
Our final background observation concerns the kernel operator and its eigen-
spaces. The operator in question is

K(f)(x) =
∫

X
k(x, z)f(z)p(z)dz,

where p(x) is the underlying probability density function that governs the oc-
currence of different examples. Note that we have moved away from a finite set
of examples to a potentially uncountably infinite space X .
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Provided the operator is positive semi-definite, by Mercer’s theorem we can
decompose k(x, z) as a sum of eigenfunctions,

k(x, z) =
∞∑

i=1

λiφi(x)φi(z) = 〈ψ(x),ψ(z)〉,

where λi = λi(K(f)) the functions (φi(x))∞i=1 form a complete orthonormal basis
with respect to the inner product 〈f, g〉p =

∫
X f(x)g(x)p(x)dx and ψ(x) is the

feature space mapping

ψ : x −→ (ψi(x))
∞
i=1 =

(√
λiφi(x)

)∞

i=1
∈ F.

Note that φi(x) has norm 1 and satisfies

φi(x) = λi

∫
X
k(x, z)φi(z)p(z)dz ,

so that ∫
X 2
k(x, z)φi(x)φi(z)p(z)p(z)dydz = λi.

If we let φ(x) = (φi(x))
∞
i=1 ∈ F , we can define the unit vector ui ∈ F corre-

sponding to λi by

ui =
∫

X
φi(x)φ(x)p(x)dx = ei.

For a general function f(x) we can similarly define the vector

f =
∫

X
f(x)φ(x)p(x)dx.

Now the expected square of the norm of the projection Pf (ψ(x)) onto the vector
f (assumed to be of norm 1) of an input ψ(x) drawn according to p(x) is given
by

E
[‖Pf (ψ(x))‖2

]
=
∫

X
‖Pf (ψ(x))‖2p(x)dx =

∫
X
(f ′ψ(x))2 p(x)dx

=
∫

X

∫
X

∫
X
f(y)φ(y)′ψ(x)p(y)dyf(z)φ(z)′ψ(x)p(z)dzp(x)dx

=
∫

X 3
f(y)f(z)

∞∑
j=1

√
λjφj(y)φj(x)p(y)dy

∞∑
�=1

√
λ�φ�(z)φ�(x)p(z)dzp(x)dx

=
∫

X 2
f(y)f(z)

∞∑
j,�=1

√
λjφj(y)p(y)dy

√
λ�φ�(z)p(z)dz

∫
X
φj(x)φ�(x)p(x)dx

=
∫

X 2
f(y)f(z)

∞∑
j=1

λjφj(y)φj(z)p(y)dyp(z)dz

=
∫

X 2
f(y)f(z)k(y, z)p(y)p(z)dydz.



30 J. Shawe-Taylor et al.

Since all vectors f in the subspace spanned by the image of the input space in
F can be expressed in this fashion, it follows that the sum of the finite case
characterisation of eigenvalues and eigenvectors is replaced by an expectation

λk(K(f)) = max
dim(V )=k

min
0 �=v∈V

E[‖Pv(ψ(x))‖2], (7)

where V is a linear subspace of the feature space F . Similarly,

k∑
i=1

λi(K(f)) = max
dim(V )=k

E
[‖PV (ψ(x))‖2

]
= E

[‖ψ(x)‖2]− min
dim(V )=k

E
[‖P⊥

V (ψ(x))‖2] ,
∞∑

i=k+1

λi(K(f)) = E
[‖ψ(x)‖2]−

k∑
i=1

λi(K(f)) = min
dim(V )=k

E
[‖P⊥

V (ψ(x))‖2] .(8)
where PV (ψ(x)) (P⊥

V (ψ(x))) is the projection of ψ(x) into the subspace V (the
projection of ψ(x) into the space orthogonal to V ).
We are now in a position to motivate the main results of the paper. We con-
sider the general case of a kernel defined feature space with input space X and
probability density p(x). We fix a sample size m and a draw of m examples
S = (x1,x2, . . . ,xm) according to p. We fix the feature space determined by
the kernel as given by the mapping ψ using the process eigenfunctions. We can
therefore view the eigenvectors of correlation matrices corresponding to finite
Gram matrices as lying in this space. Further we fix a feature dimension k. Let
V̂k be the space spanned by the first k eigenvectors of the correlation matrix
corresponding to the sample kernel matrix K with corresponding eigenvalues
λ̂1, λ̂2, . . . , λ̂k, while Vk is the space spanned by the first k process eigenvec-
tors with corresponding eigenvalues λ1, λ2, . . . , λk. Similarly, let Ê[f(x)] denote
expectation with respect to the sample,

Ê[f(x)] =
1
m

m∑
i=1

f(xi),

while as before E[·] denotes expectation with respect to p.
We are interested in the relationships between the following quantities:

Ê

[
‖PV̂k

(ψ(x))‖2
]

=
1
m

k∑
i=1

λ̂i =
k∑

i=1

µi

E
[‖PVk

(ψ(x))‖2] =
k∑

i=1

λi

E

[
‖PV̂k

(ψ(x))‖2
]
and Ê

[‖PVk
(ψ(x))‖2] .

Bounding the difference between the first and second will relate the process
eigenvalues to the sample eigenvalues, while the difference between the first and
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third will bound the expected performance of the space identified by kernel PCA
when used on new data.
Our first two observations follow simply from equation (8),

Ê

[
‖PV̂k

(ψ(x))‖2
]
=

1
m

k∑
i=1

λ̂i ≥ Ê
[‖PVk

(ψ(x))‖2] , (9)

and E
[‖PVk

(ψ(x))‖2] = k∑
i=1

λi ≥ E

[
‖PV̂k

(ψ(x))‖2
]

(10)

Our strategy will be to show that the right hand side of inequality (9) and the
left hand side of inequality (10) are close in value making the two inequalities
approximately a chain of inequalities. We then bound the difference between the
first and last entries in the chain.
First, however, in the next section we will examine averages over random m
samples. We will use the notation Em[·] to denote this type of average.

3 Averaging over Samples and Population Eigenvalues

Consider a zero-mean random variable X ∈ R
p. Let m samples drawn from p(X)

be stored in the p×m data matrix X. The the sample estimate for the covariance
matrix is SX = 1

mXX
′. Let the eigenvalues of SX be µ1 ≥ µ2 . . . ≥ µp. By the

results above these are the same as the eigenvalues of the matrix 1
mX

′X. Note
that in the notation of the previous section µi = (1/m)λ̂i. The corresponding
population covariance be denoted Σ, with eigenvalues λ1 ≥ λ2 . . . ≥ λp and
eigenvectors u1, . . . ,up. Again by the observations above these are the process
eigenvalues.
Statisticians have been interested in the sampling distribution of the eigenvalues
of SX for some time. There are two main approaches to studying this problem,
as discussed in section 6 of [7]. In the case that p(X) has a multivariate normal
distribution, the exact sampling distribution of µ1, . . . , µp can be given [8]. Al-
ternatively, the “delta method” can be used, expanding the sample roots about
the population roots. For normal populations this has been carried out by [11]
(if there are no repeated roots of the population covariance) and [1] (for the
general case), and extended by [16] to the non-Gaussian case.
The following proposition describes how Em[µ1] is related to λ1 and Em[µp] is
related to λp. It requires no assumption of Gaussianity.

Proposition 1 (Anderson, 1963, pp 145-146). Em[µ1] ≥ λ1 and Em[µp] ≤
λp.

Proof : By the results of the previous section we have

µ1 = max
0 �=c

m∑
i=1

1
m

‖Pc(xi)‖2 ≥ 1
m

m∑
i=1

‖Pu1(xi)‖2 = Ê
[‖Pu1(x)‖2

]
.
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We now apply the expectation operator Em to both sides. On the RHS we get

EmÊ
[‖Pu1(x)‖2

]
= E

[‖Pu1(x)‖2
]
= λ1

by equation (8), which completes the proof. Correspondingly µp is characterized
by µp = min0 �=c Ê

[‖Pc(xi)‖2
]
(minor components analysis).

Interpreting this result, we see that Em[µ1] overestimates λ1, while Em[µp] un-
derestimates λp.
Proposition 1 can be generalized to give the following result where we have also
allowed for a kernel defined feature space of dimension NF ≤ ∞.

Proposition 2. Using the above notation, for any k, 1 ≤ k ≤ m,
Em[

∑k
i=1 µi] ≥∑k

i=1 λi and Em[
∑m

i=k+1 µi] ≤∑NF

i=k+1 λi.

Proof : Let Vk be the space spanned by the first k process eigenvectors. Then
from the derivations above we have

k∑
i=1

µi = max
V : dimV =k

Ê
[‖PV (ψ(x))‖2

] ≥ Ê
[‖PVk

(ψ(x))‖2] .
Again, applying the expectation operator Em to both sides of this equation
and taking equation (8) into account, the first inequality follows. To prove the
second we turn max into min, P into P⊥ and reverse the inequality. Again taking
expectations of both sides proves the second part.
Furthermore, [11] (section 4) gives the asymptotic relationship

Em[µi] = λi +
1
m

p∑
j=1,j �=i

λiλj

λi − λj
+O(m−2). (11)

Note that this is consistent with Proposition 2.
Proposition 2 also implies that

ENF

[
NF∑
i=1

µi

]
=

NF∑
i=1

λi

if we sample NF points.
We can tighten this relation and obtain another relationship from the trace of
the matrix when the support of p satisfies k(x,x) = C, a constant. For example
if the kernel is stationary, this holds since k(x,x) = k(x−x) = k(0) = C. Thus

trace
(
1
m
K

)
= C =

m∑
i=1

µi.

Also we have for the continuous eigenproblem
∫

X k(x,x)p(x)dx = C. Using the
feature expansion representation of the kernel k(x,y) =

∑NF

i=1 λiφi(x)φi(y) and
the orthonormality of the eigenfunctions we obtain the following result
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m∑
i=1

µi =
NF∑
i=1

λi.

Applying the results obtained in this section, it follows that Em[µ1] will overes-
timate λ1, and the cumulative sum

∑k
i=1 Em[µi] will overestimate

∑k
i=1 λi. At

the other end, clearly for NF ≥ k > m, µk ≡ 0 is an underestimate of λk.

4 Concentration of Eigenvalues

Section 2 outlined the relatively well-known perspective that we now apply to
obtain the concentration results for the eigenvalues of positive semi-definite ma-
trices. The key to the results is the characterisation in terms of the sums of
residuals given in equations (3) and (6). Note that these results (Theorems 4 to
6) are reproduced from [15].

Theorem 4. Let k(x, z) be a positive semi-definite kernel function on a space
X, and let p be a probability density function on X. Fix natural numbers m and
1 ≤ k < m and let S = (x1, . . . ,xm) ∈ Xm be a sample of m points drawn
according to p. Then for all ε > 0,

P

{∣∣∣∣ 1mλ̂k(S)− Em

[
1
m
λ̂k(S)

]∣∣∣∣ ≥ ε

}
≤ 2 exp

(−2ε2m
R4

)
,

where λ̂k(S) is the k-th eigenvalue of the matrix K(S) with entries K(S)ij =
k(xi,xj) and R2 = maxx∈X k(x,x).

Proof : The result follows from an application of Theorem 1 provided

sup
S

∣∣∣∣ 1mλ̂k(S)− 1
m
λ̂k(S \ {xi})

∣∣∣∣ ≤ R2/m.

Let Ŝ = S \ {xi} and let V (V̂ ) be the k dimensional subspace spanned by the
first k eigenvectors of K(S) (K(Ŝ)). Let k correspond to the feature mapping
ψ. Using equation (3) we have

λ̂k(S) ≥ min
v∈V̂

m∑
j=1

‖Pv(ψ(xj))‖2 ≥ min
v∈V̂

∑
j �=i

‖Pv(ψ(xj))‖2 = λ̂k(Ŝ)

λ̂k(Ŝ) ≥ min
v∈V

∑
j �=i

‖Pv(ψ(xj))‖2 ≥ min
v∈V

m∑
j=1

‖Pv(ψ(xj))‖2 −R2 = λ̂k(S)−R2.

Surprisingly a very similar result holds when we consider the sum of the last
m− k eigenvalues or the first k eigenvalues.

Theorem 5. Let k(x, z) be a positive semi-definite kernel function on a space
X, and let p be a probability density function on X. Fix natural numbers m and
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1 ≤ k < m and let S = (x1, . . . ,xm) ∈ Xm be a sample of m points drawn
according to p. Then for all ε > 0,

P

{∣∣∣∣ 1mλ̂>k(S)− Em

[
1
m
λ̂>k(S)

]∣∣∣∣ ≥ ε

}
≤ 2 exp

(−2ε2m
R4

)
,

and P

{∣∣∣∣ 1mλ̂≤k(S)− Em

[
1
m
λ̂≤k(S)

]∣∣∣∣ ≥ ε

}
≤ 2 exp

(−2ε2m
R4

)
,

where λ̂≤k(S) (λ̂>k(S)) is the sum of (all but) the largest k eigenvalues of the
matrix K(S) with entries K(S)ij = k(xi,xj) and R2 = maxx∈X k(x,x).

Proof : The result follows from an application of Theorem 1 provided

sup
S

∣∣∣∣ 1mλ̂>k(S)− 1
m
λ̂>k(S \ {xi})

∣∣∣∣ ≤ R2/m.

Let Ŝ = S \ {xi} and let V (V̂ ) be the k dimensional subspace spanned by the
first k eigenvectors of K(S) (K(Ŝ)). Let k correspond to the feature mapping
ψ. Using equation (6) we have

λ̂>k(S) ≤
m∑

j=1

‖P⊥
V̂
(ψ(xj))‖2 ≤

∑
j �=i

‖P⊥
V̂
(ψ(xj))‖2 +R2 = λ̂>k(Ŝ) +R2

λ>k(Ŝ) ≤
∑
j �=i

‖P⊥
V (ψ(xj))‖2 =

m∑
j=1

‖P⊥
V (ψ(xj))‖2 − ‖P⊥

V (ψ(xi))‖2 ≤ λ>k(S).

A similar derivation proves the second inequality.
Our next result concerns the concentration of the residuals with respect to a
fixed subspace. For a subspace V and training set S, we introduce the notation

P̄V (S) = Ê
[‖PV (ψ(x))‖2

]
.

Theorem 6. Let p be a probability density function on X. Fix natural numbers
m and a subspace V and let S = (x1, . . . ,xm) ∈ Xm be a sample of m points
drawn according to a probability density function p. Then for all ε > 0,

P{P̄V (S)− Em[P̄V (S)]| ≥ ε} ≤ 2 exp
(−ε2m

2R4

)
.

Proof : The result follows from an application of Theorem 2 provided

sup
S,x̂i

|P̄V (S)− P̄ (S \ {xi} ∪ {x̂i)| ≤ R2/m.

Clearly the largest change will occur if one of the points ψ(xi) and ψ(x̂i) is lies
in the subspace V and the other does not. In this case the change will be at
most R2/m.
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The concentration results of this section are very tight. In the notation of the
earlier sections they show that with high probability

Ê

[
‖PV̂k

(ψ(x))‖2
]
=

1
m

k∑
i=1

λ̂i ≈ Em

[
Ê

[
‖PV̂k

(ψ(x))‖2
]]

= Em

[
1
m

k∑
i=1

λ̂i

]

and E
[‖PVk

(ψ(x))‖2] = k∑
i=1

λi ≈ Ê
[‖PVk

(ψ(x))‖2] , (12)

where we have used Theorem 5 to obtain the first approximate equality and
Theorem 6 with V = Vk to obtain the second approximate equality.
This gives the sought relationship to create an approximate chain of inequalities

Ê

[
‖PV̂k

(ψ(x))‖2
]
=

1
m

k∑
i=1

λ̂i ≥ Ê
[‖PVk

(ψ(x))‖2]

≈ E
[‖PVk

(ψ(x))‖2] = k∑
i=1

λi ≥ E

[
‖PV̂k

(ψ(x))‖2
]
. (13)

Notice that using Proposition 2 we also obtain the following diagram of approx-
imate relationships

Ê

[
‖PV̂k

(ψ(x))‖2
]
= 1

m

∑k
i=1 λ̂i ≥ Ê

[‖PVk
(ψ(x))‖2]

≈ ≈
Em

[
1
m

∑k
i=1 λ̂i

]
≥ E

[‖PVk
(ψ(x))‖2] =∑k

i=1 λi.

Hence, the approximate chain could have been obtained in two ways. It remains
to bound the difference between the first and last entries in this chain. This
together with the concentration results of this section will deliver the required
bounds on the differences between empirical and process eigenvalues, as well as
providing a performance bound on kernel PCA.

5 Learning a Projection Matrix

The key observation that enables the analysis bounding the difference between

Ê

[
‖PV̂k

(ψ(x))‖2
]
=

1
m

k∑
i=1

λ̂i

and E

[
‖PV̂k

(ψ(x))‖2
]
is that we can view the projection norm ‖PV̂k

(ψ(x))‖2 as
a linear function of pairs of features from the feature space F .

Proposition 3. The projection norm ‖PV̂k
(ψ(x))‖2 as a linear function f̂ in a

feature space F̂ for which the kernel function is given by

k̂(x, z) = k(x, z)2.

Furthermore the 2-norm of the function f̂ is
√
k.
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Proof : LetX = UΣV ′ be the singular value decomposition of the sample matrix
X in the feature space. The projection norm is then given by

f̂(x) = ‖PV̂k
(ψ(x))‖2 = ψ(x)′UkU

′
kψ(x),

where Uk is the matrix containing the first k columns of U . Hence we can write

‖PV̂k
(ψ(x))‖2 =

NF∑
ij=1

αijψ(x)iψ(x)j =
NF∑
ij=1

αijψ̂(x)ij ,

where ψ̂ is the projection mapping into the feature space F̂ consisting of all
pairs of F features and αij = (UkU

′
k)ij . The standard polynomial construction

gives

k̂(x, z) = k(x, z)2 =

(
NF∑
i=1

ψ(x)iψ(z)i

)2

=
NF∑

i,j=1

ψ(x)iψ(z)iψ(x)jψ(z)j =
NF∑

i,j=1

(ψ(x)iψ(x)j)(ψ(z)iψ(z)j)

=
〈
ψ̂(x), ψ̂(z)

〉
F̂
.

It remains to show that the norm of the linear function is k. The norm satisfies
(note that ‖ · ‖F denotes the Frobenius norm and ui the columns of U)

‖f̂‖2 =
NF∑

i,j=1

α2ij = ‖UkU
′
k‖2F =

〈
k∑

i=1

uiu′
i,

k∑
j=1

uju′
j

〉
F

=
k∑

i,j=1

(u′
iuj)2 = k

as required.
We are now in a position to apply a learning theory bound where we consider a
regression problem for which the target output is the square of the norm of the
sample point ‖ψ(x)‖2. We restrict the linear function in the space F̂ to have
norm

√
k. The loss function is then the shortfall between the output of f̂ and

the squared norm. If we scale this with a factor 1/R2 the output is in the range
[0, 1] and we can apply Theorem 17.7 of [2].
Due to space limitations we will not quote a detailed result of this type here.
The expected squared residual of a random test point is with probability 1 − δ
bounded by

O

(
R2ε+

1
m

m∑
i=k+1

λ̂i

)
,

where ε is chosen so that

ε2 =
c

m

[
k

ε2
log

1
ε
log

m

ε
+ log

1
δ

]
,
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where c is a constant, R2 = maxi k(xi,xi), k is the projection dimension. The
second factor is the average residue after the projection of the training set or in
other words the sum of the remaining eigenvalues divided by the sample size.
The size of the difference between the expected 2-norm residual and the training
set estimate depends on the dimension of the projection space and the number
of training examples. For a non-trivial bound the number of examples must be
much larger than the projection dimension.

6 Experiments

In order to test the concentration results we performed experiments with the
Breast cancer data using a cubic polynomial kernel. The kernel was chosen to
ensure that the spectrum did not decay too fast.
We randomly selected 50% of the data as a ‘training’ set and kept the remaining
50% as a ‘test’ set. We centered the whole data set so that the origin of the feature
space is placed at the centre of gravity of the training set. We then performed an
eigenvalue decomposition of the training set. The sum of the eigenvalues greater
than the k-th gives the sum of the residual squared norms of the training points
when we project onto the space spanned by the first k eigenvectors. Dividing
this by the average of all the eigenvalues (which measures the average square
norm of the training points in the transformed space) gives a fraction residual
not captured in the k dimensional projection. This quantity was averaged over
5 random splits and plotted against dimension in Figure 2 as the continuous
line. The error bars give one standard deviation. The Figure 2a shows the full
spectrum, while Figure 2b shows a zoomed in subwindow. The very tight error
bars show clearly the very tight concentration of the sums of tail of eigenvalues
as predicted by Theorem 5.
In order to test the concentration results for subsets we measured the residuals
of the test points when they are projected into the subspace spanned by the first
k eigenvectors generated above for the training set. The dashed lines in Figure 2
show the ratio of the average squares of these residuals to the average squared
norm of the test points. We see the two curves tracking each other very closely,
indicating that the subspace identified as optimal for the training set is indeed
capturing almost the same amount of information in the test points.

7 Conclusions

The paper has shown that the eigenvalues of a positive semi-definite matrix
generated from a random sample is concentrated. Furthermore the sum of the
last m− k eigenvalues is similarly concentrated as is the residual when the data
is projected into a fixed subspace.
Furthermore, we have shown that estimating the projection subspace on a ran-
dom sample can give a good model for future data provided the number of ex-
amples is much larger than the dimension of the subspace. The results provide
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Fig. 2. Plots of the fraction of the average squared norm captured in the subspace
spanned by the first k eigenvectors for different values of k. Continuous line is fraction
for training set, while the dashed line is for the test set. (a) shows the full spectrum,
while (b) zooms in on an interesting portion.
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a basis for performing PCA or kernel-PCA from a randomly generated sample,
as they confirm that the subset identified by the sample will indeed ‘generalise’
in the sense that it will capture most of the information in a test sample.
Experiments are presented that confirm the theoretical predictions on a real
world data-set for small projection dimensions. For larger projection dimensions
the theory is unable to make confident predictions, though in practice the resid-
uals became very small in the examples tested. This phenomenon suggests that
the theory is unable to accurately model the case when the residuals are very
small but the dimension approaches the training set size.
Further research should look at the question of how the space identified by a
subsample relates to the eigenspace of the underlying kernel operator since this
is not guaranteed by the bounds obtained.

Acknowledgements. CW thank Matthias Seeger for comments on an earlier
version of the paper. We would like to acknowledge the financial support of
EPSRC Grant No. GR/N08575, EU Project KerMIT, No. IST-2000-25341 and
the Neurocolt working group No. 27150.

References

[1] T. W. Anderson. Asymptotic Theory for Principal Component Analysis. Annals
of Mathematical Statistics, 34(1):122–148, 1963.

[2] M. Anthony and P. Bartlett. Learning in Neural Networks: Theoretical Founda-
tions. Cambridge, England: Cambridge University Press, 1999.

[3] C. T. H. Baker. The numerical treatment of integral equations. Clarendon Press,
Oxford, 1977.

[4] S. Brin and L. Page. The anatomy of a large-scale hypertextual (web) search
engine. In Proceedings of the Seventh International World Wide Web Conference,
1998.

[5] N. Cristianini and J. Shawe-Taylor. An Introduction to Support Vector Machines.
Cambridge University Press, 2000.

[6] Nello Cristianini, Huma Lodhi, and John Shawe-Taylor. Latent semantic ker-
nels for feature selection. Technical Report NC-TR-00-080, NeuroCOLT Working
Group, http://www.neurocolt.org, 2000.

[7] M. L. Eaton and D. E. Tyler. On Wielandt’s Inequality and Its Application to
the Asymptotic Distribution of the Eigenvalues of a Random Symmetric Matrix.
Annals of Statistics, 19(1):260–271, 1991.

[8] A. T. James. The distribution of the latent roots of the covariance matrix. Annals
of Math. Stat., 31:151–158, 1960.

[9] J. Kleinberg. Authoritative sources in a hyperlinked environment. In Proceedings
of 9th ACM-SIAM Symposium on Discrete Algorithms, 1998.

[10] V. Koltchinskii and E. Gine. Random matrix approximation of spectra of integral
operators. Bernoulli, 6(1):113–167, 2000.

[11] D. N. Lawley. Tests of Significance for the Latent Roots of Covariance and Cor-
relation Matrices. Biometrika, 43(1/2):128–136, 1956.

[12] C. McDiarmid. On the method of bounded differences. In Surveys in Combina-
torics 1989, pages 148–188. Cambridge University Press, 1989.



40 J. Shawe-Taylor et al.

[13] S. Mika, B. Schölkopf, A. Smola, K.-R. Müller, M. Scholz, and G. Rätsch. Ker-
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Abstract. The services that digital libraries provide to users can be
greatly enhanced by automatically gleaning certain kinds of information
from the full text of the documents they contain. This paper reviews some
recent work that applies novel techniques of machine learning (broadly
interpreted) to extract information from plain text, and puts it in the
context of digital library applications. We describe three areas: hierar-
chical phrase browsing, including efficient methods for inferring a phrase
hierarchy from a large corpus of text; text mining using adaptive com-
pression techniques, giving a new approach to generic entity extraction,
word segmentation, and acronym extraction; and keyphrase extraction.

1 Introduction

Digital libraries are focused collections of digital objects (text, audio, video etc.—
though we focus here on text) along with methods for access and retrieval of
the information in the collection, and methods for selecting, organizing, and
maintaining it. The gateway to the contents of a bricks-and-mortar library is
metadata—the bibliographic information in the library catalog. Manual cata-
loging takes one to two hours of expert time per document, well beyond the
resources of most digital libraries. All the techniques we discuss here are ways
of automatically extracting metadata, broadly defined, from the full text of a
document collection.

A hierarchy of the phrases that recur in the text allows readers to browse
comfortably through a large digital library. A plausible, easily-understood, hier-
archical structure can be created automatically from full text on a purely lexical
basis. We describe a simple algorithm for inferring a structural hierarchy of
phrases, that operates in time linear in the size of the input—an important con-
sideration for multi-gigabyte collections. Not only is this technique practically
useful for browsing large information collections, but different formulations lead
to alternative methods that raise interesting open questions.

Adaptive compression is a powerful tool for eliciting structure from sequences.
We describe a learning paradigm that creates a model from marked-up training
text and applies it to insert markup into plain text. Viterbi-style search is used
to “correct” the text by inserting markup in a way that maximizes compression.

N. Cesa-Bianchi et al. (Eds.): ALT 2002, LNAI 2533, pp. 42–56, 2002.
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This strategy yields excellent results on the word segmentation problem—an
important practical problem in digital libraries of Chinese text. It has also proved
successful for generic entity extraction. Used in a simpler way, a compression-
based evaluation metric works well for recognizing acronyms, and users of our
digital collections can now browse automatically-extracted lists of acronyms and
their definitions.

The third area is keyphrase extraction. Elementary machine learning tech-
niques (supervised discretization, naive Bayes), with a simple two- or three-
attribute set, perform well for both domain-independent and domain-dependent
extraction of keyphrases. The results, evaluated in an experiment with human
judges, are excellent. Interfaces that use keyphrases for browsing provide a new
and absorbing environment for reading and writing within a digital library.

2 Digital Libraries

Digital libraries, whose history spans a mere handful of years, will surely figure
amongst the most important and influential institutions of this new century. The
information revolution not only supplies the technological horsepower that drives
digital libraries, but fuels an unprecedented demand for storing, organizing, and
accessing information. If information is the currency of the knowledge economy,
digital libraries will be the banks where it is invested. And unlike most tech-
nological progress the benefits will accrue not just to technically sophisticated
nations. In developing countries digital libraries will prove to be a “killer app”
for computers, because traditional publishing and distribution mechanisms have
tragically failed the developing world and people there face a desperate scarcity
of high-quality, reliable, practical information. Even those from oral cultures
who lack basic literacy skills, and are completely disenfranchised by traditional
libraries, will enjoy a new-found abundance of knowledge sources, for non-textual
documents will gradually achieve first-class status in the digital library and the
provocative notion of libraries for the illiterate will eventually take wing [13].

Digital libraries have the potential to be far more flexible than conventional
ones. Of course, they are portable: they will be with you whenever you want
them to be: in the home, in the plane, at the beach, in a Ugandan village, on
the street when you want to play your friends that new song. They will be
large, giving access to your personal book collection, your town’s public library,
your university library. Not only this, but they will ultimately be seamlessly
integrated with national and international sources of information—inter-library
loan at your fingertips.

But flexibility will extend well beyond matters of physical convenience. Fu-
ture libraries will surround you with information in ways that we can yet only
dimly perceive. When Karl Marx wrote Das Kapital , he worked in the reading
room of the British Museum library. Not only will tomorrow’s writers use their
laptop instead of Marx’s pen and paper, and sit in the garden, they will work
“inside” their digital libraries in a stronger and more visceral sense. Although
digital libraries are libraries without walls, they do have boundaries—the very
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Fig. 1. (a) Browsing for information about locusts, (b) Expanding on desert locust

notion of a “collection” implies a boundary. Paradoxically, perhaps, in the future
we will work inside the digital library with a new sense of “in”-ness that we can
barely glimpse today. The library will be an environment that surrounds you in
an intellectual, not a physical, sense. But virtual reality means that intellectual
experiences can easily be translated into physical ones. More or less immersive
(you can choose), the library will be an environment that reacts and responds
to what you are doing, making the right kind of information available to you as
and when you need it, and in an appropriate form.

3 Generating Phrase Hierarchies

Hierarchical phrase structures, extracted from the full text of a large document
collection, suggest a new way of approaching the problem of familiarizing oneself
with the contents of a large collection of electronic text [9].

3.1 Browsing a Phrase Hierarchy

Figure 1 shows an interactive interface to a phrase hierarchy that has been
extracted automatically from the full text of a document collection, in this case
the United Nations Food and Agriculture Organization web site. This interface
is designed to resemble a paper-based subject index or thesaurus.

In Figure 1a, the user enters an initial word in the search box at the top—in
this case the word locust . On pressing the Search button the upper of the two
panels appears. This shows the phrases at the top level in the hierarchy that
contain the search term. The list is sorted by phrase frequency; on the right is
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the number of times the phrase appears in the entire document collection, and
beside that is the number of documents in which the phrase appears.

Only the first ten phrases are shown, because it is impractical with a web
interface to download a large number of phrases, and many of these phrase lists
are huge. Clicking the item at the end of the list that reads Get more phrases
(displayed in a distinctive color) will download another ten phrases, and so on.
The interface accumulates the phrases: a scroll bar appears to the right for use
when more than ten phrases are displayed. The number of phrases appears above
the list: in this case there are 102 top-level phrases that contain the term locust .

The lower panel in Figure 1a appears as soon as the user clicks one of the
phrases in the upper list. In this case the user has clicked Desert locust (which
is why the upper panel’s first line is highlighted), causing phrases containing the
string Desert locust to be displayed below.

If you continue to descend through the phrase hierarchy, eventually the leaves
will be reached. In this system, any sequence of words is a “phrase” if it appears
more than once in the entire document collection. Thus a leaf corresponds to a
phrase that occurs in a unique context somewhere in the collection (though the
document that contains that contextually unique occurrence may include several
other occurrences too). In Figure 1, the text above the lower panel shows that
the phrase Desert locust appears in 82 longer phrases, and also in 719 documents.
These 719 documents each contain the phrase in some unique context. The first
few documents are visible when the list is scrolled down, as is shown in Figure 1b.

In effect, both panels show a phrase list followed by a document list. Either
list may be empty: in fact, the document list is empty in the upper panel because
every context in which the word locust occurs appears more than once in the
collection. The document list displays the titles of the documents. Just as you
can click Get more phrases to increase the number of phrases that are shown in
the list, you can, in the lower panels, also click Get more documents (again it is
displayed at the end of the list in a distinctive color, but to see that entry you
must scroll the panel down a little more) to increase the number of documents
that are shown.

Clicking on a phrase expands that phrase. The page holds only two panels,
and if a phrase in the lower one is clicked the contents of that panel move up
to the top to make space for the phrase’s expansion. Alternatively, clicking on
a document opens that document in a new window. If the user were to click
on Desert Locust Information Service of FAO: Locust FAQs in Figure 1b, that
would bring up a web page with that title. As Figure 1b indicates, that document
contains 38 occurrences of the phrase Desert locust .

3.2 Generating Phrase Hierarchies

The phrase hierarchies exemplified in Figure 1 reflect the repetition of sequences
of words in the document collection. So-called “dictionary” methods of compres-
sion also capitalize on repetitions: they represent structure in terms of a set of
substrings of the text, and achieve compression by replacing fragments of text
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by an index into a dictionary. “Hierarchical” dictionary methods extend the dic-
tionary to a non-trivial hierarchical structure which is inferred from the input
sequence [7]. As well as fulfilling their original purpose of forming an excellent
basis for compression, such hierarchies expose interesting structure in the text
that is very useful for supporting information-browsing interfaces.

We describe three algorithms for generating phrase hierarchies that operate
in time linear in the length of the input sequence and hence are practical on large
volumes of text. This is a severe restriction: apart from standard compression
algorithms that produce non-hierarchical structure and tail-recursive hierarchi-
cal structure, no linear-time algorithms for detecting hierarchical repetition in
sequences were known until recently. These methods form a grammar for a text
by replacing each repeated string with a production rule.

3.3 Sequitur: An Online Technique

“Online” algorithms are ones that process the input stream in a single pass,
and begin to emit compressed output long before they have seen all the input.
This severely restricts the opportunities for detecting repetitions, for there is no
alternative to proceeding in a greedy left-to-right manner. It may be possible to
postpone decision-making by retaining a buffer of recent history and using this
to improve the quality of the rules generated, but at some point the input must
be processed greedily and a commitment made to a particular decomposition.

Sequitur is an algorithm that creates a hierarchical dictionary for a given
string in a greedy left-to-right fashion [7]. It builds a hierarchy of phrases by
forming a new rule out of existing pairs of symbols, including non-terminal sym-
bols. Rules that become non-productive—in that they do not yield a net space
saving—can be deleted, and their head replaced by the symbols that comprise
the right-hand side of the deleted rules. This allows rules that concatenate more
than two symbols to be formed. For example, the string abcdbcabcdbc gives rise
to the grammar

S → AA
A → aBdB
B → bc
Surprisingly, Sequitur operates in time that is linear in the size of the

input [8]. The proof sketched here also contains an explanation of how the algo-
rithm works. It operates by reading a new symbol and processing it by appending
it to the top-level string and then examining the last two symbols of that string.
Zero or more of the three transformations described below are applied, until
none applies anywhere in the grammar. Finally, the cycle is repeated by reading
in a new symbol.

At any given point in time, the algorithm has reached a particular point in
the input string, and has generated a certain set of rules. Let r be one less than
the number of rules, and s the sum of the number of symbols on the right-hand
side of all these rules. Recall that the top-level string S, which represents the
input read so far, forms one of the rules in the grammar; it begins with a null
right-hand side. Initially, r and s are zero.
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Here are the three transformations. Only the first two can occur when a new
symbol is first processed; the third can only fire if one or more of the others has
already been applied in this cycle.

1. The digram comprising the last two symbols matches an existing rule in the
grammar. Substitute the head of that rule for the digram. s decreases by
one; r remains the same.

2. The digram comprising the last two symbols occurs elsewhere on the right-
hand side of a rule. Create a new rule for it and substitute the head for
both its occurrences. r increases by one; s remains the same (it increases by
two on account of the new rule, and decreases by two on account of the two
substitutions).

3. A rule exists whose head occurs only once in the right-hand sides of all
rules. Eliminate this rule, substituting its body for the head. r decreases by
one; s decreases by one too (because the single occurrence of the rule’s head
disappears).

To show that this operates in linear time, we demonstrate that the total num-
ber of rules applied cannot exceed 2n where n is the number of input symbols.
Consider the quantity q = s − r/2. Initially 0, it can never be negative because
r ≤ s. It increases by 1 for each input symbol processed, and it is easy to see
that it must decrease by at least 1/2 for each rule applied. Hence the number of
rules applied is at most twice the number of input symbols.

3.4 Most Frequent First

Sequitur processes symbols in the order in which they appear. The first-
occurring repetition is replaced by a rule, then the second-occurring repetition,
and so on. If online operation is not required, this policy can be relaxed. This
raises the question of whether there exist heuristics for selecting substrings for
replacement that yield better compression performance. One obvious possibility
is to replace the most frequent digram first.

The idea of forming a rule for the most frequently-occurring digram, substi-
tuting the head of the rule for that digram in the input string, and continuing
until some terminating condition is met, was proposed over a quarter century
ago by Wolff [14] and has been reinvented many times since then. The most
common repeated digram is replaced first, and the process continues until no
digram appears more than once. This algorithm operates offline because it must
scan the entire string before making the first replacement.

Wolff’s algorithm is inefficient: it takes O(n2) time because it makes multiple
passes over the string, recalculating digram frequencies from scratch every time
a new rule is created. However, Larsson and Moffat [6] recently devised a clever
algorithm, dubbed Re-pair, whose time is linear in the length of the input
string, which creates just this structure of rules: a hierarchy generated by giving
preference to digrams on the basis of their frequency. They reduce execution
time to linear by incrementally updating digram counts as substitutions are
made, and using a priority queue to keep track of the most common digrams.
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3.5 Longest First

A second heuristic for choosing the order of replacements is to process the longest
repetition first. Bentley and McIlroy [1] explored the longest-first heuristic for
very long repetitions, and removed them using an LZ77 pointer-style approach
before invoking gzip to compress shorter repetitions. This is not a linear-time
solution.

Suffix trees provide an efficient mechanism for identifying longest repetitions.
The longest repetition corresponds to the deepest internal node, measured in
symbols from the root. The deepest non-terminal can be found by traversing
the tree, which takes time linear in the length of the input because there is a
one-to-one correspondence between leaf nodes and symbols in the string.

We are left with two problems: how to find all longest repetitions, and how to
update the tree after creating a rule. Farach-Colton and Nevill-Manning (private
communication) have shown that it is possible to build the tree, and update it
after each replacement, in time which is linear overall. The tree can be updated
in linear amortized time by making a preliminary pass through it and sorting
the depths of the internal nodes. Sorting can be done in linear time using a radix
sort, because no repetition will be longer than n/2 symbols. The algorithm relies
on the fact that the deepest node is modified at each point.

3.6 Discussion

It is interesting to compare the performance of the three algorithms we have de-
scribed: Sequitur, most frequent first, and longest first. It is not hard to devise
short strings on which any of the three outperforms the other two. In practice,
however, longest-first is significantly inferior to the other techniques; indeed, sim-
ple artificial sequences can be found on which the number of rules it produces
grows linearly with sequence length whereas the number of rules produced by
frequent-first grows only logarithmically. Experiments on natural language text
indicate that in terms of the total number of symbols in the resulting grammar,
which is a crude measure of compression, frequent-first outperforms Sequitur,
with longest-first lagging well behind [10].

4 Mining for Metadata

Text mining is about inferring structure from sequences representing natural
language text, and may be defined as the process of analyzing text to extract
information that is useful for particular purposes—“metadata”. Compared with
the data stored in databases, text is unstructured, amorphous, and contains
information at many different levels. Nevertheless, the motivation for trying to
extract information from it is compelling—even if success is only partial. Despite
the fact that the problems are difficult to define clearly, interest in text mining is
burgeoning because it is perceived to have enormous potential practical utility.

Hand-crafted heuristics are a common practical approach for extracting in-
formation from text. However, a general, and generalizable, approach requires
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adaptive techniques. Compression forms a sound unifying principle that allows
many text mining problems to be tackled adaptively, and here we look at how
the techniques used in adaptive text compression can be applied to text mining.
We develop several examples: locating proper names and quantities of interest
in a piece of text, word segmentation, and acronym extraction.

4.1 Compression as a Basis for Text Mining

Character-based compression methods predict each upcoming character based
on its preceding context, and use the predictions to compress the text effectively.
Accurate predictions mean good compression. These techniques open the door
to new ways of mining text adaptively.

For example, character-based language models provide a way of recogniz-
ing lexical tokens. Business and professional documents are packed with loosely
structured information: phone and fax numbers, street addresses, email addresses
and signatures, tables of contents, lists of references, tables, figures, captions,
meeting announcements, URLs. In addition, there are countless domain-specific
structures—ISBN numbers, stock symbols, chemical structures, and mathemat-
ical equations, to name a few. These items of interest in a piece of text are
sometimes called “named entities” [2]. The standard approach to extracting
them from text is manual: tokenizers and grammars are hand-crafted for the
particular data being extracted.

Instead, the tokens can be compressed using models derived from different
training data, and classified according to which model supports the most eco-
nomical representation. We use the well-known PPM text compression scheme
[3]. However, the methods and results are not particularly sensitive to the com-
pression scheme used, although character-based prediction is assumed.

4.2 Identifying Tokens in Isolation

In order to indicate the potential of PPM to locate and identify useful tokens,
we describe an experiment that was conducted with information items extracted
from twenty issues of a 4-page, 1500-word, weekly electronic newsletter. Items
of the kind that readers might wish to take action on were classified into ten
generic types: people’s names; dates and time periods; locations; sources, jour-
nals, and book series; organizations; URLs; email addresses; phone numbers; fax
numbers; and sums of money. These types are subjective: dates and time periods
are lumped together, whereas for some purposes they should be distinguished;
personal and organizational names are separated, whereas for some purposes
they should be amalgamated. The methodology we describe accommodates all
these options: there is no commitment to any particular ontology.

The first question is whether language models can discriminate between dif-
ferent token types when the tokens are taken in isolation. Lists of names, dates,
locations, etc. in twenty issues of the newsletter were input to PPM separately, to
form ten compression models. Each issue contained about 150 tokens, unevenly
distributed over token types. In addition, a plain text model was formed from
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the full text of all these issues. These eleven models were used to identify each
of the tokens in a newsletter that did not form part of the training data, on the
basis of which model compresses them the most. Although the plain text model
could in principle be assigned to a token, in fact this never occurred.

Of the 200 tokens in the test data, 40% appeared in the training data (with
the same label) and the remainder were new. 91% of the total were identified
correctly and the remaining 9% incorrectly; all errors were on new symbols.
Identifying “old” symbols correctly is not completely trivial; for example some of
them contain line breaks that do not appear in the training data. Of course, line
breaks could be mapped to white space as a preprocessing step, but this would
prevent learning certain kinds of token that depended on the configuration of
line breaks. Our intention was to learn how far we could go without making any
assumptions whatsoever about the nature of the tokens.

The individual errors on new symbols are easily explained; some do not
seem like errors at all. For example, place names are often the same as peo-
ple’s names—only the context can discriminate—and many apparently correct
identifications were counted as incorrect.

4.3 Identifying Tokens in Context

When tokens appear in text, contextual information provides additional cues for
disambiguating them—e.g., email addresses in this particular corpus are always
flanked by angle brackets. Conversely, identification may be foiled by misleading
context: e.g., some names are preceded by titles that end in a period (Dr., Prof.),
which reduces the weight of the capitalization evidence for the following word
because capitalization routinely follows a period.

To assess the effect of context we assume that all tokens have been located,
and the task is to identify their types in situ. If a stretch of text is identified
as a token of the appropriate type it will compress better using the specialized
model; however, begin- and end-token markers must be coded to indicate this
fact. To investigate this, all tokens in the data were replaced by a surrogate
symbol that was treated by PPM as a single character (different from all the
ASCII characters). A different surrogate was used for each token type. A new
model was generated from the modified training data, and the test article was
compressed by this model to give a baseline entropy of e0 bits. Then each token
in turn, taken individually, was restored into the test article as plain text and the
result recompressed to give entropy e bits. This will be greater than e0 because
the information required to represent the token itself (almost certainly) exceeds
that required to represent its type. Suppose em is the token’s entropy with
respect to model m. The net space saved by recognizing this token as belonging
to model m is e − (e0 + em) bits. This quantity was evaluated for each model
to determine which one classified the token best, or whether it was best left as
plain text. The procedure was repeated for each token.

When context is taken into account the error rate actually increases! However,
almost all the errors are caused by failure to recognize a token as different from
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plain text, and the rate of actual mis-recognitions is very low—only two, in fact,
both of which are easily understandable.

To mark up a string as a token two extra symbols, begin-token and end-
token, are inserted, and it is this additional overhead that causes the above-noted
recognition failures. However, the tradeoff between actual errors and failures to
identify can be adjusted by using a threshold when comparing the compression
for a particular token with the compression when its characters are interpreted
as plain text. This allows a small increase in the number of errors to be sacrificed
for a larger decrease in identification failures.

4.4 Locating Tokens in Context

Tokens can be located by considering the input as an interleaved sequence of
information from different sources. Every token is to be bracketed by begin-
token and end-token markers; the problem is to “correct” text by inserting such
markers appropriately. The markers also identify the type of token in question—
thus we have begin-name-token, end-name-token, etc. Whenever a begin-token
is encountered, the encoder switches to the compression model appropriate to
that token type, initialized to a null prior context. Whenever end-token is en-
countered, the encoder reverts to the plain text model that was in effect before,
replacing the token by a single symbol representing that token type.

The algorithm takes a string of text and determines the optimal sequence
of models that would produce it, along with their placement. It works Viterbi-
style, processing the input characters to build a tree in which each path from root
to leaf represents a string of characters that is a possible interpretation of the
input. The paths are alternative output strings, and begin-token and end-token
symbols appear on them. The entropy of a path can be calculated by starting
at the root and coding each symbol along the path according to the model that
is in force when that symbol is reached. The context is re-initialized to a unique
starting token whenever begin-token is encountered, and the appropriate model
is entered. On encountering end-token, it is encoded and the context reverts to
what it was before.

What causes the tree to branch is the insertion of begin-token symbols for
every possible token type, and the end-token symbol—which must be for the
currently active token type so that nesting is properly respected. To expand the
tree, a list of open leaves is maintained, each recording the point in the input
string that has been reached and the entropy value up to that point. The lowest-
entropy leaf is chosen for expansion at each stage. Unless the tree and the list
of open leaves are pruned, they grow very large very quickly. A beam search is
used, and pruning operations are applied that remove leaves from the list and
therefore prevent the corresponding paths from growing further.

To evaluate the procedure for locating tokens in context, we used the training
data from the same issues of the newsletter as before, and the same single issue
for testing. The errors and mis-recognitions noted above when identifying tokens
in context also occur when locating tokens. Inevitably there were a few incorrect
positive identifications, where a segment of plain text was erroneously deemed to
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Fig. 2. (a) Chinese digital library collection; (b) browsing based on acronyms

be a token. In addition, some tokens suffered from slightly incorrect boundary
placement. Finally, several discrepancies were caused by inadvertent errors in
the manual markup.

4.5 Segmentation into Words

Most text mining schemes presuppose that the input has been divided into lexi-
cal items, usually words—the methods described above are unique in that they
make no such assumption. Although “words” delimited by non-alphanumeric
characters provide a natural tokenization for many items in ordinary text, this
assumption fails in particular cases. For example, generic tokenization would not
allow many date structures to be parsed (e.g. 30Jul98 , which is used through-
out the electronic newsletters used as an example above). In general, any prior
segmentation into tokens runs the risk of obscuring information.

A special case of the scheme for compression-based entity extraction can be
used to segment text into words, based on hand-segmented training data. An
excellent application is the problem of segmenting Chinese text, which is written
without using spaces. Although Chinese readers are accustomed to inferring the
corresponding sequence of words as they read, they must in the process resolve
considerable ambiguity in the placement of boundaries. Interpreting a text as a
sequence of words is necessary for many information retrieval and storage tasks.
For example, Figure 2a illustrates a digital library collection of classic Chinese
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literature. For effective querying, word segmentation should be performed on the
query itself and on all documents in the collection.

Inserting spaces into text can be viewed as a hidden Markov modeling prob-
lem. Between every pair of characters lies a potential space. Segmentation can
be achieved by training a character-based compression model on pre-segmented
text, and using a Viterbi-style algorithm to interpolate spaces in a way that
maximizes the overall probability of the text.

Existing techniques for Chinese text segmentation are either word-based,
or rely on hand-crafted segmentation rules. In contrast, the compression-based
methodology uses character-level models formed adaptively from training text.
Such models do not rely on a dictionary and fall back on general properties of
language statistics to process novel words. Excellent results have been obtained
with the new scheme [11].

4.6 Extracting Acronyms

Identifying acronyms in documents poses a rather different kind of problem.
Acronyms are often defined by preceding or following their first use with a tex-
tual explanation. Finding all acronyms, along with their definitions, in a par-
ticular technical document is a problem that has previously been tackled using
ad hoc heuristics. The information desired—acronyms and their definitions—is
relational, which distinguishes it from the text mining problems discussed above.

We have experimented with coding potential acronyms with respect to the
initial letters of neighboring words, and using the compression achieved to signal
the occurrence of an acronym and its definition [15]. Our criterion is whether a
candidate acronym could be coded more efficiently using a special model than
using a regular text compression scheme. A phrase is declared to be an acronym
definition if the difference between the number of bits required to code it using a
general-purpose compressor and the acronym model exceeds a certain threshold.

Figure 2b shows a list of acronyms automatically extracted from a document
collection, along with their definitions. When an acronym is defined in more
than one document, a bookshelf is shown, with the number of documents in
parentheses. Clicking on the bookshelf brings up the list of documents.

5 Keyphrases

Keyphrases are an important kind of metadata for many documents. They are
often used for topic search, or to summarize or cluster documents. Figure 3a
shows a hierarchical phrase browser just like that in Figure 1—except that here
the phrases are author-assigned keyphrases. Figure 3b shows a different style of
interface to a document collection, also based on keyphrases. At the very top
the user has typed the word query . Underneath are three large panels. The left-
hand one displays all keyphrases in the document collection that contain the
word query . Unlike the earlier displays, this is not hierarchical. The user has
selected one of these phrases, dynamic query ; the number beside it indicates
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Fig. 3. Browsing interfaces based on keyphrases: (a) hierarchical browser; (b) document
explorer

that it has been identified as a keyphrase for eight documents. Clicking on a
document icon displays that document.

It is desirable to automate the keyphrase extraction process, for only a small
minority of documents have author-assigned keyphrases, and manual assignment
of keyphrases to existing documents is very laborious. There are two fundamen-
tally different approaches: keyphrase assignment and keyphrase extraction. Both
use machine learning methods, and require for training purposes a set of doc-
uments with keyphrases already identified. In keyphrase assignment, for each
keyphrase the training data provides a set of documents associated with it, and
a classifier is created from all training documents using the ones associated with
it as positive examples and the remainder as negative examples. A new docu-
ment is processed by each classifier, and is assigned the keyphrases associated
with those classifiers that classify it positively [4].

In contrast, keyphrase extraction is treated as a rather different classification
task. Each phrase in a document is either a keyphrase or not, and the problem
is to correctly classify phrases into one of these two categories. The phrases in a
document are “examples” and the learning problem is to find a mapping from the
examples to the classes “keyphrase” and “not-keyphrase”. Learning techniques
generate this mapping automatically from a set of training examples, that is,
phrases that have been identified as either being keyphrases or not.

Not all phrases in a document are equally likely to be keyphrases a priori ,
and many phrases can be filtered out before invoking the learning scheme. We
have experimented with many ways of doing this, most involving the hierarchical
phrase extraction algorithms described above. Following this process, all words
are case-folded and stemmed. The final step in preparing the phrases for the
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learning scheme is to remove all stemmed phrases that occur only once in the
document.

Once candidate phrases have been generated from the text, it is necessary
to derive selected attributes from them to be used in learning. Several potential
attributes immediately spring to mind: the number of words in a phrase, the
number of characters, the position of the phrase in the document, etc. However,
in our experiments, only two attributes turned out to be useful in discriminating
between keyphrases and non-keyphrases: the TF×IDF score of a phrase [12], and
the distance into the document of the phrase’s first appearance.

Both these attributes are real numbers. We use naive Bayes because it is
simple, quick, and effective: it conditions class probabilities on each attribute,
and assumes that the attributes are statistically independent. In order to com-
pute conditional probabilities, the attributes are discretized prior to applying
the learning scheme. Naive Bayes assumes that the attributes are independent
given the class. The probability that a phrase is a keyphrase given that it has dis-
cretized TF×IDF value T and discretized distance D is computed from the prob-
ability that a keyphrase has TF×IDF score T , the probability that a keyphrase
has distance D, the prior probability that a phrase is a keyphrase, and a suit-
able normalization factor. These probabilities are easily estimated by counting
the number of times the corresponding event occurs in the training data.

This procedure generates a Bayes model from a set of training documents for
which keyphrases are known (for example, because the author provided them).
The resulting model can then be applied in a straightforward way to new docu-
ments from which keyphrases are to be extracted [5].

6 Conclusions

Digital libraries will become socially important institutions in a variety of con-
texts, many of which we can barely envisage. They are focused, organized col-
lections of information, and creative designers will invent new ways of organiz-
ing, browsing, and displaying information that transcend our imagination to-
day. Browsing techniques will capitalize on information about the documents—
metadata—that is, by and large, extracted automatically from the document text
itself, or from related resources. We will see a rich interplay between informa-
tion extraction by text mining and information display through novel interaction
techniques.

Text mining is a burgeoning new area that will underpin these developments.
This paper has argued, through examples, that compression forms a sound uni-
fying principle that allows many text mining problems to be tacked adaptively.
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Abstract. In this paper, we prove two general theorems on monotone
Boolean functions which are useful for constructing an learning algorithm
for monotone Boolean functions under the uniform distribution.
A monotone Boolean function is called fair if it takes the value 1 on
exactly half of its inputs. The first result proved in this paper is that
the single variable function f(x) = xi has the minimum correlation with
the majority function among all fair monotone functions (Theorem 1).
This proves the conjecture by Blum, Burch and Langford (FOCS ’98)
and improves the performance guarantee of the best known learning al-
gorithm for monotone Boolean functions under the uniform distribution
proposed by them.
Our second result is on the relationship between the influences and the
average sensitivity of a monotone Boolean function. The influence of
variable xi on f is defined as the probability that f(x) differs from f(x⊕
ei) where x is chosen uniformly from {0, 1}n and x⊕ ei means x with its
i-th bit flipped. The average sensitivity of f is defined as the sum of the
influences over all variables xi. We prove that a somewhat unintuitive
result which says if the influence of every variable on a monotone Boolean
function is small, i.e., O(1/nc) for some constant c > 0, then the average
sensitivity of the function must be large, i.e., Ω(log n) (Theorem 11).
We also discuss how to apply this result to construct a new learning
algorithm for monotone Boolean functions.

1 Introduction

A monotone Boolean function f maps {0, 1}n to {0, 1} in such a way that f(x) ≤
f(y) whenever x ≤ y. The problem of learning monotone Boolean functions has
been widely investigated because they contain a very broad class of Boolean
expressions.

For a target function f and a hypothesis function h, we define the error of h
for f , denoted by err(f, h), as the fraction of points x such that f(x) �= h(x); that
is Pr[f(x) �= h(x)] where x is chosen uniformly from {0, 1}n. We sometimes use
the closely related concept of correlation, which is defined to be 1− 2Pr[f(x) �=
h(x)].

The algorithms we discuss in this paper are for learning monotone Boolean
functions under the uniform distribution : The algorithm is assumed to have an
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c© Springer-Verlag Berlin Heidelberg 2002



58 K. Amano and A. Maruoka

example oracle EXAMPLE for an unknown target function f . When the oracle
EXAMPLE is invoked, it produces an example (x, f(x)) for a vector x chosen
uniformly from {0, 1}n. The goal of a learning algorithm is to produce a good
approximation to the target f in polynomial time by calling oracle EXAMPLE
a polynomial number of times.

The first algorithm for learning monotone Boolean functions under the uni-
form distribution was proposed by Kearns et al[7]. Their algorithm produces
one of the constant-zero, the constant-one or single variable functions that has
the highest correlation on the data obtained by calling oracle EXAMPLE. The
output produced guarantees error at most 1/2−Ω(1/n). Subsequently, Bshouty
and Tamon[3] gave another algorithm which outputs linear threshold functions
as a hypothesis and guarantees error at most 1/2 − Ω((log n)2/n). Recently,
Blum, Burch and Langford[2] improved on this guarantee. They gave an espe-
cially simple algorithm that can achieve error at most 1/2 − Ω(1/

√
n) : Draw

O(n) examples labeled by a target f . If at least a 1/2 + 0.05/
√

n fraction of
samples are labeled by 1 then the algorithm outputs the constant-one function.
Likewise if at least a 1/2+0.05/

√
n fraction of samples are labeled by 0 then the

algorithm outputs the constant-zero function. Otherwise the algorithm blindly
outputs as hypothesis the majority function over all the variables. Remarkably,
their simple algorithm is nearly the best possible even if the algorithm is allowed
to access to a more powerful oracle than EXAMPLE. The membership oracle
MEMBER allows the algorithm to query f at arbitrary points of its choosing.
They proved that no algorithm can guarantee error 1/2−ω(log n/

√
n) provided

that the algorithm is allowed to access to oracle MEMBER only a polynomial
number of times.

The key of their algorithm is the fact that for every fair monotone Boolean
function f , the error of the majority function for f is at most 1/2 − Ω(1/

√
n).

Here a Boolean function is called fair if it takes the value 1 on exactly half of its
inputs. In [2], they conjectured that the single variable function has the minimum
correlation with the majority function among all fair monotone functions. The
first result proved in this paper is that the conjecture is true, i.e., the single
variable function is the “farthest” from the majority function among all fair
monotone functions. Although our improvement on the error only affects the
hidden constant in the Ω notation, we believe that the result is interesting in its
own right.

If we apply this result to the learning algorithm described above, it can be
seen that the “worst” case occurs when a target function is a single variable func-
tion. But we can easily determine whether the target function is well correlated
with a single variable. This consideration leads to a new algorithm that out-
puts the function in {0, 1, x1, . . . , xn,majority} which has the highest observed
correlation on examples.

In the second part of the paper, we analyze the performance of this algorithm
by applying the ideas from Harmonic analysis and obtain a general theorem on
the relationship between the influences and the average sensitivity of a monotone
Boolean function. The influence of variable xi on a Boolean function f is defined
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as the probability that f(x) differs from f(x ⊕ ei) where x is chosen uniformly
from {0, 1}n and x⊕ ei means x with its i-th bit flipped. The average sensitivity
of f is defined as the sum of the influences of all the variables. The analysis of the
influences and the average sensitivity of Boolean functions and their application
to learning have been widely investigated (e.g. [6,3]).

For every monotone Boolean function f , the influence of xi on f is identical
to the correlation between f and xi. If a single variable function xi has high
correlation with a target function f on examples then xi is a good approximation
to f , so we are done. We can therefore assume that the target function has small
influence for every variable.

The second result we establish in this paper is somewhat unintuitive state-
ment on the relationship between the influences and the average sensitivity of a
monotone Boolean function. Our theorem says that if the influence of xi on a
monotone Boolean function f is small, i.e., O(1/nc) for some constant c > 0, for
every variable xi then the average sensitivity of f must be large, i.e.,Ω(log n). We
also observe that a monotone Boolean function having large average sensitivity
is likely to be a good approximation to the majority function. We conjecture that
the error of the majority function approximating a fair monotone Boolean func-
tion with average sensitivity s(f) is at most 1/2−Ω(s(f)/

√
n). If this conjecture

were true, then the new algorithm, proposed in this paper, to learn monotone
Boolean functions would achieve the optimal error 1/2− Ω(log n/

√
n).

2 Distance between Fair Monotone Function and
Majority Function

For x ∈ {0, 1}n, ||x|| represents the number of 1’s in x, i.e., ||x|| = ∑
i xi where

xi denotes the i-th bit of x. For a set S, �S denotes the cardinality of S. For
a set of vectors S ⊆ {0, 1}n and an integer 0 ≤ k ≤ n, we use Sk to represent
the set of vectors that contains k 1’s, i.e., Sk = {x ∈ S | ||x|| = k}. For a
natural number n, [n] stands for the set {1, 2, . . . , n}. For a Boolean function
f , we define If = {x | f(x) = 1} and Of = {x | f(x) = 0}. For simplicity, we
abbreviate (If )k and (Of )k as If

k and Of
k , respectively. A Boolean function f is

called fair if �If = �Of holds. A Boolean function f on n variables is monotone
if f(x1, . . . , xn) ≤ f(y1, . . . , yn) whenever xi ≤ yi for all i.

The majority function on n variables, denoted by MAJn, is a function that
outputs 1 if and only if the number of 1’s in its input is exceed n/2, i.e.,

MAJn(x) =
{
1 if ||x|| ≥ �n/2
 + 1,
0 if ||x|| ≤ �n/2
.

In [2], Blum et al conjectured that any single variable function has the mini-
mum correlation with the majority function among all fair monotone functions.
In this section, we prove that their conjecture is true.
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Theorem 1 For any fair monotone Boolean function f on n variables,

�{x | MAJn(x) �= f(x)} ≤ �{x | MAJn(x) �= x1} = 2n−1 −
(

n − 1
�n/2


)
.

��

The single variable function disagrees with the majority function on

2n−1 −
(

n − 1
�n/2


)
∼

(
1
2

− 1√
2πn

)
2n ∼

(
1
2

− 0.4√
n

)
2n

points. Blum et al proved slightly weaker result to guarantee the performance
of the learning algorithm for monotone Boolean functions under the uniform
distribution described in Section 1.

Theorem 2 (Blum, Burch, Langford[2]) For any fair monotone Boolean
function f on n variables,

�{x | MAJn(x) �= f(x)} ≤
(
1
2

− 0.1√
n

)
2n.

��
To prove Theorem 2, they analyzed the quantities pk, which is defined as

pk = �If
k /

(
n
k

)
. The key of the proof of the theorem is to apply the Kruskal-

Katona Theorem (e.g., [5,4]) that says the pk must be increasing with k at a
reasonable rate. More specifically, they insisted that, for every monotone Boolean
function and for every 0 ≤ i < j ≤ n, (pi)i ≤ (pj)j holds ([2, Lemma 2]) as a
corollary to the Kruskal-Katona theorem, and applied this to prove the theorem.

Remark : Unfortunately, the above proposition ([2, Lemma 2]) does not hold
for some range of i and j. For i ≥ 2, define the Boolean function f as

f = x1


 ∨

k2,k3,...,ki∈{2,...,n}
xk2xk3 · · ·xki


 .

It is easy to check that pj =
(
n−1
j−1

)
/
(
n
j

)
= j/n for every i ≤ j ≤ n. If we set

i = 0.3n and j = 0.4n, then we have (pi)i = (3/10)0.3n ∼ (0.697)n > (0.693)n ∼
(4/10)0.4n = (pj)j holds and this contradicts the above proposition. Generally,
the above proposition holds when the values of i and j are sufficiently close to
n/2 (This can be proved by Corollary 4 stated below and a simple calculation)
and may not hold for other cases. In the proof of Theorem 2 they applied the
above lemma for i = n/2− c

√
n and j = n/2+ c

√
n where c is a small constant.

So this error does not affect the correctness of the proof of Theorem 2 in [2].

To prove Theorem 1, we use another version of the Kruskal-Katona Theorem
which was introduced by Lovász’s([8, Excecises 13.31], [5, Theorem 2]). This
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is the slightly weaker but much handier form of the Kruskal-Katona Theorem.
Intuitively this theorem says that for every monotone Boolean function and for
every 1 ≤ k ≤ n− 1, if pk ≥ k/n then pk+1 ≥ (k+1)/n holds. This is a stronger
statement than the proposition used by Blum et al when k is close to n/2.

Now we state the Lovász’s version of the Kruskal-Katona Theorem. For F ⊆
2[n], define ∆(F) = {E ⊆ [n] | ∃F ∈ F E ⊆ F, |F − E| = 1}.

Lemma 3 (Lovász[8]) Let l and k be two integers such that l ≥ k ≥ 1. If
F ⊆ 2[n]k and �F =

(
l
k

)
, then �∆(F) ≥ (

l
k−1

)
. ��

An elegant proof of the lemma using so called the shifting technique appears
in [5].

Corollary 4 For any monotone Boolean function f on n variables and for any
1 ≤ k ≤ n − 1, if �If

k ≥ (
n−1
k−1

)
then �If

k+1 ≥ (
n−1

k

)
.

Proof. Set Sx = {i ∈ [n] | xi = 0} for x ∈ {0, 1}n and set Fn−k = {Sx | x ∈ If
k }

for 0 ≤ k ≤ n. Then there is one to one correspondence between If
k and Fn−k

and so �If
k = �Fn−k. By the monotonicity of f , ∆(Fn−k) ⊆ Fn−k−1. Hence if

�If
k ≥ (

n−1
k−1

)
=

(
n−1
n−k

)
, then we have

�If
k+1 = �Fn−k−1 ≥ �∆(Fn−k) ≥

(
n − 1

n − k − 1

)
=

(
n − 1

k

)

in view of Lemma 3. ��

The following lemma follows easily from Corollary 4.

Lemma 5 For any fair monotone Boolean function f on n variables and for
any 1 ≤ t ≤ n − 1,

t∑
k=0

�If
k ≤

t−1∑
k=0

(
n − 1

k

)
, (1)

and

n∑
k=t

�If
k ≥

n−1∑
k=t−1

(
n − 1

k

)
. (2)

Proof. First we prove (1). Suppose in contradiction that
∑t

k=0 �If
k >

∑t−1
k=0

(
n−1

k

)
for some 1 ≤ t ≤ n−1. Let t′ ∈ [t] be the minimum integer such that

∑t′

k=0 �If
k >
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∑t′−1
k=0

(
n−1

k

)
. Then �If

t′ >
(

n−1
t′−1

)
and

∑t′

k=0 �If
k =

∑t′−1
k=0

(
n−1

k

)
+c for some integer

c ≥ 1. By Corollary 4, we have

�If
t′+1 ≥

(
n − 1

t′

)
.

By applying Corollary 4 repeatedly, we obtain

�If
t ≥

(
n − 1
t − 1

)

for every t′ + 1 ≤ t ≤ n. Thus

�If =
n∑

k=0

�If
k =

t′∑
k=0

�If
k +

n∑
k=t′+1

�If
k

≥
t′−1∑
k=0

(
n − 1

k

)
+ c+

n−1∑
k=t′

(
n − 1

k

)

≥
n−1∑
k=0

(
n − 1

k

)
+ c > 2n−1.

This contradicts the assumption that f is fair and thus completes the proof of
(1).

Next we prove (2). Let f ′ be the dual function of f , i.e., f ′(x) = 1− f(x̄). It
is obvious that f ′ is monotone and fair. Since �If

k = �Of ′
k =

(
n

n−k

) − �If ′
n−k,

(2) ⇐⇒
n−1∑

k=t−1

(
n − 1

k

)
−

n∑
k=t

�If
k ≤ 0

⇐⇒
n−1∑

k=t−1

(
n − 1

k

)
−

n∑
k=t

(
n

k

)
+

n∑
k=t

�If ′
n−k ≤ 0

⇐⇒ −
n−t−1∑

k=0

(
n − 1

k

)
+

n−t∑
k=0

�If ′
k ≤ 0.

This is identical to inequality (1) when we replace t by n − t. ��

Now we proceed to the proof of the theorem.

Proof (of Theorem 1). Let f be a fair monotone Boolean function on n variables.
The number of points on which f and the majority function differ can be written
as

�{x ∈ {0, 1}n | MAJn(x) �= f(x)} = �{x ∈ {0, 1}n | MAJn(x) �= x1}+ �N − �P,

where
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N = {x ∈ {0, 1}n | (MAJn(x) = x1) ∧ (MAJn(x) �= f(x))}
and

P = {x ∈ {0, 1}n | (MAJn(x) �= x1) ∧ (MAJn(x) = f(x))}.
So it is sufficient to show that �P ≥ �N . In what follows, x denotes a vector of
length n, whereas x̃ denotes a vector of length n − 1. We have

�N = �{x | MAJn(x) = 0, x1 = 0, f(x) = 1}
+ �{x | MAJn(x) = 1, x1 = 1, f(x) = 0}

= �{x̃ | ||x̃|| ≤ �n/2
, f(0x̃) = 1}
+ �{x̃ | ||x̃|| ≥ �n/2
, f(1x̃) = 0}, (3)

and

�P = �{x | MAJn(x) = 0, x1 = 1, f(x) = 0}
+ �{x | MAJn(x) = 1, x1 = 0, f(x) = 1}

= �{x̃ | ||x̃|| ≤ �n/2
 − 1, f(1x̃) = 0)}
+ �{x̃ | ||x̃|| ≥ �n/2
 + 1, f(0x̃) = 1)}. (4)

We denote the first and second terms in (3) by N0 and N1, respectively, and the
first and the second terms in (4) by P1 and P0, respectively. From now on, we
prove �P1 − �N0 ≥ 0 and �P0 − �N1 ≥ 0, which implies the theorem since we
have �P − �N = �P0 + �P1 − (�N0 + �N1) ≥ 0.

For i ∈ {0, 1} and for 0 ≤ k ≤ n− 1, define the sets of vectors of length n− 1
by Ii

k = {x̃ ∈ If
k | f(ix̃) = 1} and Oi

k = {x̃ ∈ Of
k | f(ix̃) = 0}. Then

�P1 − �N0 =
�n/2�−1∑

k=0

�O1
k −

�n/2�∑
k=0

�I0k

=
�n/2�−1∑

k=0

(
n − 1

k

)
−

�n/2�−1∑
k=0

�I1k −
�n/2�∑
k=0

�I0k

=
�n/2�−1∑

k=0

(
n − 1

k

)
−

�n/2�∑
k=0

�If
k ≥ 0.

The last inequality follows from (1) in Lemma 5. Similarly,

�P0 − �N1 =
n−1∑

k=�n/2�+1

�I0k −
n−1∑

k=�n/2�
�O1

k

=
n−1∑

k=�n/2�+1

�I0k −
n−1∑

k=�n/2�

(
n − 1

k

)
+

n−1∑
k=�n/2�

�Ik
1

=
n∑

k=�n/2�+1

�If
k −

n−1∑
k=�n/2�

(
n − 1

k

)
≥ 0.
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The last inequality follows from (2) in Lemma 5. ��
To construct an algorithm for learning monotone functions based on our

theorem, the following lemma due to Blum et al[2] is useful.

Lemma 6 (Blum, Burch and Langford[2]) Suppose that there exists an al-
gorithm A for learning fair monotone functions, which uses no samples and
outputs a hypothesis with error at most 1/2 − ε. Then there exists an algorithm
A’ for learning monotone functions that, for any α, δ > 0, produces a hypothesis
with error at most 1/2 − ε/(2 + α) with probability 1 − δ, accessing the oracle
EXAMPLE 2(2+α)2

αε2 times and calling the algorithm A. ��
We apply Lemma 6 with α = 1/2 and ε = 0.4/

√
n to get the following

corollary which slightly improves on the result of Blum et al.

Corollary 7 In linear time we can learn monotone Boolean function guaran-
teeing error at most 1/2− 0.15/

√
n under the uniform distribution. ��

3 Relationship between Influences and Average
Sensitivity

In the previous section, we proved the single variable function has the minimum
correlation with the majority function among all fair monotone Boolean func-
tions. This leads us to consider a new learning algorithm for monotone Boolean
functions under the uniform distribution : Draw example enough times and then
output the most correlated function in {0, 1, x1, x2, . . . , xn,MAJn} on the exam-
ples as a hypothesis.

It is interesting to see whether the above algorithm can achieve error better
than 1/2−ω(1/

√
n). In this section, we analyze the performance of this algorithm

by using the ideas from Harmonic analysis.
As in the previous section, we can assume that a target function is fair.

Now our problem turns out to be estimating maxf minh∈F err(f, h) for F =
{x1, x2, . . . , xn,MAJn}, where the maximum is taken over all fair monotone
Boolean functions on n variables.

Because of the hardness result described below and Corollary 7, it can be
seen that the above value is lower bounded by 1/2− O(log n/

√
n).

Theorem 8 (Blum, Burch, Langford[2]) There are no algorithms, given
only a polynomial number of accesses to the oracle MEMBER, can guarantee
error 1/2 − ω(log n/

√
n) for learning monotone Boolean functions under the

uniform distribution. ��

Note that given access to MEMBER, the oracle EXAMPLE is redundant
because a randomized learning algorithm can simulate EXAMPLE by simply
calling MEMBER on uniform random inputs.
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Throughout this section we view Boolean functions as real valued functions
which map {0, 1}n to {−1, 1}. For x ∈ {0, 1}n and for 1 ≤ i ≤ n, x ⊕ ei denotes
x with its i-th bit flipped. For a Boolean function f on n variables, the influence
of xi on f , denoted by Lf (xi), is defined as the probability that f(x) differs from
f(x ⊕ ei) when x is drawn from the uniform distribution on {0, 1}n. That is

Lf (xi) = Pr[f(x) �= f(x ⊕ ei)].

Note that, for every monotone Boolean function f , err(f, xi) = 1/2(1−Lf (xi)).
The average sensitivity of f , denoted by s(f), is defined as

s(f) =
n∑

i=1

Lf (xi).

For example, if f = x1 then Lf (x1) = 1, Lf (xi) = 0 for every i �= 1 and
s(f) = 1. Theorem 1 implies err(f,MAJn) = 1

2 − Θ(1/
√

n) = 1
2 − Θ(s(f)/

√
n).

If f = MAJn then Lf (x1) = Θ(1/
√

n) for every 1 ≤ i ≤ n, s(f) = Θ(
√

n) and
err(f,MAJn) = 0 = 1

2 − Θ(s(f)/
√

n). Here we consider another example. Let
f = t1 ∨ t2 ∨ · · · ∨ tm be a monotone DNF formula on n variables such that each
term ti is a product of exactly l variables satisfying (1−1/2l)m ∼ 1/2 and every
variable appears exactly once in f . It is easy to check that f is an almost fair and
Lf (xi) = Θ(log n/n) for every 1 ≤ i ≤ n and so s(f) = Θ(log n). A simple but
tedious calculation shows err(f,MAJn) = 1

2 − Θ(log n/
√

n) = 1
2 − Θ(s(f)/

√
n).

These observations motivate us to divide our problem into two subproblems.

Problem 9 Is it true that for every fair monotone Boolean function f on n vari-
ables

err(f,MAJn) =
1
2

− Ω

(
s(f)√

n

)
?

Problem 10 Let f be a fair monotone Boolean function on n variables. Is it true
that if, for every 1 ≤ i ≤ n,

err(f, xi) =
1
2

− O

(
log n√

n

)
,

which is equivalent to Lf (xi) = O(log n/
√

n), then s(f) = Ω(log n) ?

If answers of both problems are true then the above algorithm achieves an
optimal error 1/2 − Ω(log n/n) for learning monotone Boolean functions under
the uniform distribution. Problem 10 seems somewhat curious since it says “If
the influence of every variable is small then the sum of them is large.” In the
rest of this section, we prove the answer of Problem 10 is true even if we drop
the condition that f is fair and weaken the condition Lf (xi) = O(log n/

√
n) to

Lf (xi) = O(1/nc) for some constant c > 0. Unfortunately, we could not solve
Problem 9 at the time of writing this paper.
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To solve this problem we use the ideas from Harmonic analysis. The Fourier
transform of Boolean functions over the uniform distribution is defined as follows
(see e.g. [3]). Given any subset A ⊆ [n], the Fourier basis function χA : {0, 1} →
{−1, 1} is defined as χA(x) = (−1)|A∩X|, where X is the subset of [n] defined as
i ∈ X if and only if xi = 1. It is well known that the 2n basis functions χA form
an orthonormal basis for the vector space of real valued functions on {0, 1}n.
For a subset A ⊆ [n], the Fourier coefficient of the basis χA, denoted by f̂A, is
given by

f̂A = E[fχA] =
1
2n

∑
x

f(x)(−1)|A∩X|.

Note that any function f can be uniquely expressed as f(x) =
∑

A f̂AχA(x).
Because of orthonomality we have Parseval’s equation :

∑
A f̂2A = 1.

If f is a monotone Boolean function then it is easy to check that Lf (xi) =
−f̂{i} ≥ 0 for every 1 ≤ i ≤ n. For 1 ≤ i ≤ n, we define function f i : {0, 1}n →
{−1, 0, 1} as

f i(x) =
1
2
(f(x)− f(x ⊕ ei)) .

It is easy to check that if i �∈ A then f̂ i
A = 0 and if i ∈ A then f̂ i

A = f̂A. So we
have Lf (xi) =

∑
x f i(x)2/2n =

∑
A:i∈A f̂2A (See e.g., [3, Lemma 1]). Summing

this over all 1 ≤ i ≤ n we obtain

s(f) =
n∑

i=1

Lf (xi) =
∑
A

|A|f̂2A. (5)

Now we state our theorem.

Theorem 11 Let f be a monotone Boolean function on n variables such that
e ≤ Pr[f(x) = 1] ≤ 1 − e for some constant e > 0. If there is a constant c > 0
such that Lf (xi) < 1/nc for any 1 ≤ i ≤ n then s(f) =

∑n
i=1 Lf (xi) = Ω(log n).

��

Note that the above theorem is the best possible in the sense that there exist
a monotone Boolean function f such that Lf (xi) = Θ(log n/n) for every i and
s(f) = Θ(log n).

The outline of the proof of Theorem 11 is as follows : Because of (5) and
Parseval’s equation (

∑
A f̂2A = 1 ), it is sufficient to show that

∑
A:|A|≥Ω(log n) f̂

2
A

is not negligible under the assumption that Lf (xi) is small for every i. To prove
this, we use the idea of the proof of the theorem due to Kahn et al[6, Theorem
3.1] that says the sum of squares of the individual influences is Ω((log n)2/n)
for every monotone Boolean function f . To prove this theorem, they applied the
inequalities of Beckner[1] to establish a slightly weaker version of our statement
without the assumption that the influences are small. As in the proof of their
theorem, the next lemma due to Kahn et al[6] is a key of the proof of our theorem.
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Lemma 12 (Kahn, Kalai, Linial([6], Lemma 3.4)) Let g be a function
from {0, 1}n into {−1, 0, 1}. Let t be the probability that g �= 0 and let g =∑

A ĝAχA be the Fourier expansion of g. Then,

t
2

1+δ ≥
∑
A

δ|A|ĝ2A

for every 0 ≤ δ ≤ 1. ��

Proof (of Theorem 11(Sketch)). If

�

{
i ∈ [n]

∣∣∣Lf (xi) ≥ 1
n1/2α+c′

}
≥ n1/2α+c′

log n

for some α > 0 and for some c′ > 0, then s(f) =
∑n

i=1 Lf (xi) ≥ log n holds.
Thus, without loss of generality, we can assume that

�

{
i ∈ [n]

∣∣∣Lf (xi) ≥ 1
n1/2α+c′

}
< n1/2α+c′

log n,

for any α > 0 and for any c′ > 0. From this and the assumption that Lf (xi) <
1/nc for any 1 ≤ i ≤ n we have

n∑
i=1

Lf (xi)2 <

(
1
nc

)2

n1/2α+c′
log n

+
(

1
n1/2α+c′

)2

n1/2α−1+c′
log n+ · · ·+

(
1

n1/4+c′

)2

n1/2+c′
log n

+
(

1
n1/2+c′

)2

n

= n1/2α−2c+c′
log n+ (α − 1)n−c′

log n+ n−2c′
.

Let α and c′ be two constants satisfying 1/2α − 2c + c′ ≤ −c′. (The condition
can be satisfied by putting α = log 1

c and c′ = c/2.) Then we have

n∑
i=1

Lf (xi)2 = O(n−c′
log n) = O(n−c′/2). (6)

Now we apply Lemma 12 with g = f i. Note that the probability that f i �= 0
is equal to Lf (xi). So we have

Lf (xi)
2

1+δ ≥
∑
A

δ|A|(f̂ i
A)

2 =
∑

A:i∈A

δ|A|f̂2A.

Summing this over 1 ≤ i ≤ n, we have
n∑

i=1

Lf (xi)
2

1+δ ≥
∑
A

δ|A||A|f̂2A ≥ δb
∑

A:|A|≤b

|A|f̂2A ≥ δb(
∑

A:|A|≤b

f̂2A − f̂φ), (7)
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where b is a parameter which we will choose shortly. From (6) and the Cauchy-
Schwartz inequality we obtain

n∑
i=1

Lf (xi) ≤ √
n · O(n−c′/4).

Since 2
1+δ < 2 and the monotonicity of r-th power averages we have

n∑
i=1

Lf (xi)
2

1+δ ≤ √
n · O(n−c′/4) · O(n−1/2−c′/4)

1−δ
1+δ = O

(
n

2δ−c′
2(1+δ)

)
. (8)

Choose δ to be c′/4 and b to be c′
8

logn
log(4/c′) . From (7) and (8) we have

∑
A:|A|≤b

f̂2A ≤
(
1
δ

)b n∑
i=1

Lf (xi)
2

1+δ + f̂2φ ≤
(
4
c′

)b

O
(
n−c′/4

)
+ f̂2φ

≤ O
(
nc′/8−c′/4

)
+ f̂2φ ≤ O

(
n−c′/8

)
+ f̂2φ < c′′,

where c′′ is some constant satisfying c′′ < 1. The last inequality follows from the
fact that f̂2φ = (2Pr[f(x) = 1] − 1)2 ≤ (1 − 2e)2 < 1. By Parseval’s equation
(1 =

∑
A f̂2A), we have

∑
A:|A|>b f̂2A = Ω(1). Hence

s(f) =
∑
A

|A|f̂2A ≥
∑

A:|A|>b

|A|f̂2A > b
∑

A:|A|>b

f̂2A = Ω(log n) · Ω(1) = Ω(log n).

This completes the proof of the theorem. ��
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Abstract. A midbit function on � binary inputs x1, . . . , x� outputs the
middle bit in the binary representation of x1 + · · · + x�. We consider
the problem of PAC learning embedded midbit functions, where the set
S ⊂ {x1, . . . , xn} of relevant variables on which the midbit depends is
unknown to the learner.
To motivate this problem, we first show that a polynomial time learning
algorithm for the class of embedded midbit functions would immediately
yield a fairly efficient (quasipolynomial time) PAC learning algorithm
for the entire complexity class ACC. We then give two different subex-
ponential learning algorithms, each of which learns embedded midbit
functions under any probability distribution in 2

√
n log n time. Finally,

we give a polynomial time algorithm for learning embedded midbit func-
tions under the uniform distribution.

1 Introduction

A central goal of computational learning theory is to understand the computa-
tional complexity of learning various classes of Boolean functions. While much
research has been devoted to learning syntactic classes such as decision trees,
DNF formulas, and constant depth circuits, researchers have also considered var-
ious “semantically defined” classes as well. A natural and important class of this
sort is the class of embedded symmetric functions which was studied by Blum et
al. [5]. (Recall that a Boolean function is symmetric if its value depends only on
the number of input bits which are set to 1.) An embedded symmetric function
is a Boolean function which depends only on some subset of its input variables
and is a symmetric function on this subset, i.e., it is a symmetric function whose
domain is “embedded” in a larger domain containing irrelevant variables.

In this paper we give a detailed PAC learning analysis of an interesting and
natural family of embedded symmetric functions, namely the embedded mid-
bit functions. An embedded midbit function is defined by a subset i1, . . . , is of
variables from {1, . . . , n}. The value of this embedded midbit function on an
input x ∈ {0, 1}n is the value of the middle bit in the binary representation of
xi1 + xi2 + · · · + xis

. As described below, we show that the class of embedded
midbit functions has many interesting properties from a PAC learning perspec-
tive.

N. Cesa-Bianchi et al. (Eds.): ALT 2002, LNAI 2533, pp. 69–82, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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1.1 Our Results

We first give a hardness result (Theorem 2) for learning embedded midbit func-
tions in the standard PAC model of learning from random examples drawn from
an arbitrary probability distribution. Using Green et al.’s characterization of the
complexity class ACC [9], we show that if there is a PAC learning algorithm for
the class of embedded midbit functions which runs in polynomial time (or even
quasipolynomial time), then the class ACC of constant-depth, polynomial-size
circuits of unbounded fanin AND/OR/MODm gates can also be PAC learned in
quasipolynomial time. This would be a major breakthrough since, as described
in Section 3, the fastest PAC learning algorithms to date for even very restricted
subclasses of ACC require much more than quasipolynomial time. Our hard-
ness result strengthens an earlier hardness result of Blum et al. for embedded
symmetric functions, and establishes an interesting connection between learning
the “semantic” class of embedded midbit functions and learning rich syntactic
classes.

While Theorem 2 implies that it may be difficult to learn embedded midbit
functions efficiently under an arbitrary distribution, this does not mean that
PAC learning algorithms for embedded midbit functions must require exponen-
tial time. In Section 4 we give two different subexponential time PAC learning
algorithms, each of which can learn embedded midbit functions over n variables
in time nO(

√
n).

Finally, by means of a careful analysis of the correlation of single variables
and pairs of variables with embedded midbit functions, we show in Section 5 that
embedded midbit functions can be learned in polynomial time under the uniform
distribution. Embedded midbit functions thus give a simple and natural concept
class which seems to exhibit a large gap between the complexity of learning in
the uniform distribution PAC model and the general (arbitrary distribution)
PAC model.

2 Preliminaries

Throughout this paper S denotes a subset of the variables {x1, . . . , xn} and s
denotes |S|. All logarithms are base 2.
Definition 1. For S �= ∅ the embedded midbit function MS : {0, 1}n → {0, 1} is
defined asMS(x) = the value of the 	log(s)/2
-th bit in the binary representation
of
∑

S xi, where we consider the least significant bit to be the 0-th bit. (We
take M∅(x) to be identically 0.) The class Cmid of embedded midbit functions is
Cmid = {MS}S⊆{x1,...,xn}.

We write Csym to denote the class of all embedded symmetric functions on
{0, 1}n as described in Section 1; note that Cmid ⊂ Csym.

Definition 2. Given an embedded midbit function MS(x), let fs: {0, 1, . . . , s}→
{0, 1} be the unique function such that MS(x) = fs(

∑
S xi) for all x ∈ {0, 1}n.

We say that fs is the basis function of MS(x) and we refer to the (s + 1)-bit
string fs(0)fs(1) . . . fs(s) as the pattern of fs.
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If fs is the basis function forMS then the pattern for fs is a concatenation of
strings of the form 0k(s)1k(s), where k(s) = 2�log(s)/2� and the concatenation is
truncated to be of length precisely s+1. It is easy to see that

√
s/2 < k(s) ≤ √

s.

A function f is quasipolynomial if f(n) = 2(log n)O(1)
. We write [a mod b] to

denote the unique real number r ∈ [0, b) such that a = kb+ r for some integer k.

2.1 The Learning Model

We work in the standard Probably Approximately Correct (PAC) learning model
[17] and the uniform distribution variant of the PAC model. Let C be a class
of Boolean functions over {0, 1}n. In the PAC model, a learning algorithm has
access to a random example oracle EX(c,D) which when invoked in one time
step provides a labeled example 〈x, c(x)〉 ∈ {0, 1}n×{0, 1} where x is drawn from
the distribution D over {0, 1}n. An algorithm A is a PAC learning algorithm for
class C if the following holds: for all c ∈ C and all distributions D over {0, 1}n,
if A is given as input ε, δ > 0 and A is given access to EX(c,D), then with
probability at least 1 − δ the output of A is a hypothesis h : {0, 1}n → {0, 1}
such that Prx∈D[c(x) �= h(x)] ≤ ε. (Strictly speaking, the output of A is some
particular representation of h such as a Boolean circuit.) Algorithm A is said to
run in time t if (i) the worst case running time of A (over all choices of c ∈ C
and all distributions D) is at most t, and (ii) for every output h of A and all
x ∈ {0, 1}n, h(x) can be evaluated in time t.

If A satisfies the above definition only for some fixed distribution D (such
as the uniform distribution on {0, 1}n), then we say that A is a PAC learning
algorithm for C under distribution D.

3 Hardness of Learning Embedded Midbit Functions

In this section we show that learning embedded midbit functions is almost as
difficult as learning a rich syntactic class which contains decision trees, DNF
formulas, and constant depth circuits.

3.1 Background: Hardness of Learning Csym

We first describe a result of Blum et al. which gives some evidence that the
broader class Csym of embedded symmetric functions may be hard to PAC learn
in polynomial time. Let Clog denote the class of Boolean functions on n bits
which have at most log n relevant variables. Note that like Csym, the class Clog

has the property that learning is no more difficult than finding relevant variables
– in either case, once the set of relevant variables has been identified, learning
is simply a matter of observing and filling in at most n “table entries” which
define the function (these entries are the bits of the pattern for a function from
Csym, and are the values of the function on all 2logn inputs for a function from
Clog).



72 R.A. Servedio

Building on this intuition, Blum et al. gave a polynomial time prediction-
preserving reduction from Clog to Csym, thus showing that if Csym can be PAC
learned in polynomial time then Clog can also be PAC learned in polynomial
time. Since no polynomial time learning algorithm is yet known for Clog, this
gives some evidence that Csym may not be learnable in polynomial time.

3.2 Hardness of Learning Cmid

The class ACC was introduced by Barrington [2] and since been studied by
many researchers, e.g. [1,3,4,9,12,18,19]. ACC consists of languages recognized
by a family of constant-depth polynomial-size circuits with NOT gates and un-
bounded fanin AND, OR and MODm gates, wherem is fixed for each circuit fam-
ily. In the context of learning theory ACC is quite an expressive class, containing
as it does polynomial size decision trees, polynomial size DNF formulas, and the
well-studied class AC0 of constant-depth polynomial-size AND/OR/NOT cir-
cuits.

Building on work of Beigel and Tarui [4], Green et al. [9] have given the
following characterization of ACC :

Theorem 1. For each L ∈ ACC there is a depth-2 circuit which recognizes
L∩ {0, 1}n and has the following structure: the top-level gate computes a midbit
function of its inputs, and the bottom level consists of 2(log n)O(1)

AND gates each
of fanin (log n)O(1).

Using this characterization we obtain the following hardness result for learn-
ing Cmid :

Theorem 2. If Cmid can be PAC learned in polynomial (or even quasipolyno-
mial) time, then ACC can be PAC learned in quasipolynomial time.

Proof. Let f : {0, 1}n → {0, 1} be the target ACC function. Let q(n) = 2(log n)O(1)

be an upper bound on the number of AND gates on the bottom level of the Green
et al. representation for f, and let �(n) = (logn)O(1) be an upper bound on the
fanin of each bottom level AND gate. Given an instance x ∈ {0, 1}n we generate
a new instance x′ ∈ {0, 1}m where m = 2(log n)O(1)

by listing q(n) copies of each
AND of at most �(n) variables from x1, . . . , xn. Theorem 1 implies that there
is an embedded midbit function f ′ on m bits such that f(x) = f ′(x′) for all
x ∈ {0, 1}n. By assumption we can PAC learn this function f ′ in 2(logm)O(1)

=
2(log n)O(1)

time, so the theorem is proved.

We note that while our reduction only establishes quasipolynomial time learn-
ability for ACC from learnability of Cmid, whereas the Blum reduction would
establish polynomial time learnability of Clog, the class ACC is likely to be much
harder to learn than Clog.While Clog can be PAC learned in nlog n time by doing
an exhaustive search for the set of logn relevant variables, no learning algorithm
for ACC is known which runs in subexponential time. In fact, no such algorithm
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is known even for the subclass of polynomial-size, depth 3 AND/OR/NOT cir-
cuits; to date the most expressive subclass of ACC which is known to be PAC
learnable in subexponential time is the class of polynomial-size AND/OR/NOT
circuits of depth 2, which has recently been shown by Klivans and Servedio [11]
to be PAC learnable in time 2Õ(n1/3).

4 Learning Embedded Midbit Functions in nO(
√

n) Time

The results of Section 3 suggest that the class of embedded midbit functions may
not be PAC learnable in quasipolynomial time. However, we will show that it
is possible to learn this class substantially faster than a naive exponential time
algorithm. In this section we describe two different algorithms each of which
PAC learns Cmid in time nO(

√
n).

4.1 An Algorithm Based on Learning Linear Threshold Functions

Our first approach is a variant of an algorithm given by Blum et al. in section
5.2 of [5].

Definition 3. Let f : {0, 1}n → {0, 1} be a Boolean function and p(x1, . . . , xn)
a real-valued polynomial. We say that p(x) sign-represents f(x) if for all x ∈
{0, 1}n, p(x) ≥ 0 iff f(x) = 1.

Claim. Let MS be an embedded midbit function. Then there is a polynomial
pS(x1, . . . , xn) of degree O(

√
n) which sign-represents MS(x).

Proof. Let fs be the basis function for MS . Since k(s) = Ω(
√
s), the number of

“flip” positions in the pattern of fs where fs(i) �= fs(i+ 1) is O(
√
s). Since the

pattern for fs has O(
√
s) flips, there is some polynomial P (X) of degree O(

√
s)

which is nonnegative on precisely those i ∈ {0, 1, . . . , s} which have fs(i) = 1.
This implies that pS(x1, . . . , xn) = P (

∑
S xi) sign-represents MS(x). Since the

degree of pS is O(
√
s) and s ≤ n the claim is proved.

Consider the expanded feature space consisting of all monotone conjunctions
of at most O(

√
n) variables. (Note that this feature space contains

∑O(
√

n)
i=1 ni =

nO(
√

n) features.) Claim 4.1 implies that MS(x) is equivalent to some linear
threshold function over this space. Thus we can use known polynomial time
PAC learning algorithms for linear threshold functions [6] over this expanded
feature space to learn embedded midbit functions in nO(

√
n) time.

Note that one can show that the sign-representing polynomial pS(x1, . . . , xn)
described in Claim 4.1 can be taken without loss of generality to have integer
coefficients of total magnitude nO(

√
n). This implies that simple algorithms such

as Winnow or Perceptron can be used to learn in nO(
√

n) time (instead of the
more sophisticated algorithm of [6] which is based on polynomial time linear pro-
gramming). We also note that in [13] Minsky and Papert used a symmetrization
technique to give a lower bound on the degree of any polynomial which sign-
represents the parity function. The same technique can be used to show that the
O(

√
n) degree bound of Claim 4.1 is optimal for embedded midbit functions.
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4.2 An Algorithm Based on Learning Parities

We have seen that any embedded midbit function is equivalent to some linear
threshold function over the feature space of all O(

√
n)-size monotone conjunc-

tions. We now show that any embedded midbit function is equivalent to some
parity over this feature space as well.

Lemma 1. Let r, � ≥ 0. Then
(

r
2�

)
is even if and only if

[r mod 2�+1] ∈ {0, 1, . . . , 2� − 1}.
Proof. By induction on �. The base case � = 0 is trivial; we suppose that the
claim holds for � = 0, . . . , i− 1 for some i ≥ 1. For the induction step we use the
fact (Exercise 5.61 of [8]) that(

r

m

)
≡
( 	r/p


	m/p

)(

[r mod p]
[m mod p]

)
(mod p)

for all primes p and all r,m ≥ 0. Taking p = 2 and m = 2i, since i ≥ 1 we have(
r

2i

)
≡
(	r/2

2i−1

)(
[r mod 2]

0

)
≡
(	r/2

2i−1

)
(mod 2)

By the induction hypothesis this is 0 iff [	r/2
 mod 2i] ∈ {0, 1, . . . , 2i−1 − 1},
which holds if and only if [r mod 2i+1] ∈ {0, 1, . . . , 2i − 1}.
Claim. Let MS be an embedded midbit function. Then MS(x) is equivalent to
some parity of monotone conjunctions each of which contains at most O(

√
n)

variables.

Proof. Let ⊕ denote the parity function. We have

MS(x) = 0 ⇐⇒ 	log(s)/2
-th bit of
∑
S

xi is 0

⇐⇒
[∑

S

xi mod 2�log(s)/2�+1

]
∈ {0, 1, . . . , 2�log(s)/2� − 1}

⇐⇒
( ∑

S xi

2�log(s)/2�

)
=
(∑

S xi

k(s)

)
is even

⇐⇒
⊕

A⊆S,|A|=k(s)

(∧
i∈A

xi

)
= 0.

The third step is by Lemma 1 and the last step is because for any x exactly(∑
S

xi

k(s)

)
of the conjunctions {∧i∈A xi}A⊆S,|A|=k(s) take value 1. Since k(s) =

O(
√
n) the claim is proved.

As in the discussion following Claim 4.1, Claim 4.2 implies that we can use
known PAC learning algorithms for parity [7,10] over an expanded feature space
to learn embedded midbit functions in nO(

√
n) time.
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5 A Polynomial Time Algorithm for Learning Embedded
Midbits under the Uniform Distribution

In [5] Blum et al. posed as an open problem the question of whether embedded
symmetric concepts can be learned under the uniform distribution in polyno-
mial time. In this section, we show that embedded midbit functions can be PAC
learned under the uniform distribution in polynomial time. This is in strong con-
trast to the results of Section 3 which indicate that embedded midbit functions
probably cannot be PAC learned (in even quasipolynomial time) under arbitrary
probability distributions.

Throughout this section we let t(s) denote 	 s
k(s)
.

5.1 First Approach: Testing Single Variables

To learn MS it is sufficient to identify the set S ⊆ {x1, . . . , xn} of relevant
variables. A natural first approach is to test the correlation of each individual
variable with MS(x); clearly variables not in S will have zero correlation, and
one might hope that variables in S will have nonzero correlation. However this
hope is incorrect as shown by Lemma 3 below.

For 1 ≤ i ≤ n define pi = Pr[MS(x) = 1|xi = 1] − Pr[MS(x) = 1]. The
following fact is easily verified:

Fact 3 If i /∈ S then pi = 0.

Lemma 2. If i ∈ S then

pi =
1
2s

t(s)∑
�=1

(−1)�−1
(

s − 1
�k(s)− 1

)
. (1)

Proof. Since the distribution on examples is uniform over {0, 1}n, the probability
that exactly � of the s relevant variables are 1 is exactly

(
s
�

)
/2s. Hence we have

pi =
1

2s−1

∑
�:fs(�)=1

(
s − 1
� − 1

)
− 1
2s

∑
�:fs(�)=1

(
s

�

)
.

Using the identity
(
s
�

)
=
(
s−1
�−1

)
+
(
s−1

�

)
we find that

pi =
1
2s

∑
fs(�)=1

((
s − 1
� − 1

)
−
(
s − 1
�

))
.

Cancelling terms where possible we obtain (1).

Lemma 3. There are embedded midbit functions MS(x) with S a proper subset
of {x1, . . . , xn} such that pi = 0 for all 1 ≤ i ≤ n.
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Proof. By Fact 3 for i /∈ S we have pi = 0. Suppose that t(s) is even and
t(s)k(s) − 1 = s − 1 − (k(s) − 1). Then the expression for pi given in (1) is
exactly 0 since the positive and negative binomial coefficients ±( s−1

�k(s)−1

)
and

∓( s−1
(t(s)−�+1)k(s)−1

)
cancel each other out (e.g. take s = 27, k(s) = 4, t(s) = 6).

Thus the correlation of individual variables with MS(x) need not provide
information about membership in S. However, we will show that by testing
correlations of pairs of variables withMS(x) we can efficiently determine whether
or not a given variable belongs to S.

5.2 Second Approach: Testing Pairs of Variables

For 1 ≤ i, j ≤ n, i �= j let pi,j = Pr[MS(x) = 1|xi = xj = 1] − Pr[MS(x) =
1|xj = 1]. Similar to Fact 3 we have:

Fact 4 If i /∈ S then pi,j = 0.

Lemma 4. If i ∈ S and j ∈ S then

pi,j =
1

2s−1

t(s)∑
�=1

(−1)�−1
(

s − 2
�k(s)− 2

)
. (2)

Proof. We have

pi,j =
1

2s−2

∑
�:fs(�)=1

(
s − 2
� − 2

)
− 1
2s−1

∑
�:fs(�)=1

(
s − 1
� − 1

)
.

Rearranging the sum as in Lemma 2 proves the lemma.

Our algorithm is based on the fact (Theorem 5 below) that quantities (1)
and (2) cannot both be extremely close to 0.

Theorem 5. Let k be even and
√
s/2 < k ≤ √

s. Let

A =
1
2s

∑
�

(−1)�−1
(
s − 1
�k − 1

)
and B =

1
2s−1

∑
�

(−1)�−1
(
s − 2
�k − 2

)
.

Then max{|A|, |B|} ≥ 1
1000s .

The proof of Theorem 5 is somewhat involved and is deferred to Section 5.3.
With Theorem 5 in hand we can prove our main positive learning result for

Cmid.

Theorem 6. The class of embedded midbit functions is learnable under the uni-
form distribution in polynomial time.
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Input: variable xi ∈ {x1, . . . , xn}
Output: either “xi ∈ S” or “xi /∈ S” correct with probability 1 − δ

n

1. let T be a sample of m = poly(n, log 1
δ
) labeled examples 〈x, MS(x)〉

2. let p̂i be an empirical estimate of pi obtained from T
3. for all j ∈ {1, . . . , n} − {i}
4. let p̂i,j be an empirical estimate of pi,j obtained from T
5. if |p̂i| > 1

2000n
or |p̂i,j | > 1

2000n
for some j ∈ {1, . . . , n} − {i}

6. then output “i ∈ S”
7. else output “i /∈ S”

Fig. 1. An algorithm to determine whether xi is relevant for MS(x).

Proof. Since there are fewer than n3 midbit functions MS(x) which have s ≤ 3
we can test each of these for consistency with a polynomial size random sample
in polynomial time, and thus we can learn in polynomial time if s ≤ 3. We
henceforth assume that s ≥ 4 and thus that k(s) ≥ 2 is even.

We show that the algorithm in Figure 1 correctly determines whether or not
xi ∈ S with probability 1 − δ

n . By running this algorithm n times on variables
x1, . . . , xn we can identify the set S and thus learnMS correctly with probability
1− δ.

Case 1: xi /∈ S. In this case by Facts 3 and 4 we have pi = pi,j = 0. Hence for
a suitably chosen value of m = poly(n, log( 1δ )) each of the n empirical estimates
p̂i, p̂i,j will satisfy |p̂i| < 1

2000n and |p̂i,j | < 1
2000n with probability 1− δ

n2 . Thus
in this case the algorithm outputs “xi /∈ S” with probability at least 1− δ

n .

Case 2: xi ∈ S. Since s ≥ 4 there is some xj �= xi such that xj ∈ S.
Lemmas 2 and 4 and Theorem 5 imply that the true value of at least one of
|pi|, |pi,j | will be at least 1

1000s ≥ 1
1000n . As before, for a suitably chosen value

of m = poly(n, log( 1δ )), each of the n empirical estimates p̂i, p̂i,j will differ from
its true value by less than 1

2000n with probability 1 − δ
n . Thus in this case the

algorithm outputs “xi ∈ S” with probability at least 1− δ
n .

5.3 Proof of Theorem 5

The following lemma gives a useful expression for sums in the form of (1) and
(2).

Lemma 5. Let r, j, k > 0 with k even. Then

∑
�

(−1)�−1
(

r

�k − j

)
=

−2
k


 ∑

�=1,3,5,...,k−1

(
2 cos

�π

2k

)r

cos
(
(r + 2j)�π

2k

) . (3)
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Proof. We reexpress the left side as∑
�

(
r

�(2k) + (k − j)

)
−
∑

�

(
r

�(2k)− j

)
. (4)

The following well known identity (see e.g. [15,16]) is due to Ramus [14]:

∑
�

(
r

�k − j

)
=
1
k

k∑
�=1

(
2 cos

�π

k

)r

cos
(
(r + 2j)�π

k

)
.

Applying this identity to (4) we obtain

1
2k

(
2k∑

�=1

(
2 cos

�π

2k

)r

cos
(
(r − 2k + 2j)�π

2k

)
−

2k∑
�=1

(
2 cos

�π

2k

)r

cos
(
(r + 2j)�π

2k

))

Since even terms cancel out in the two sums above, we obtain

−1
k


 ∑

�=1,3,...,2k−1

(
2 cos

�π

2k

)r

cos
(
(r + 2j)�π

2k

) . (5)

Consider the term of this sum obtained when � = 2k − h for some odd value h:(
2 cos

(2k − h)π
2k

)r

cos
(
(r + 2j)(2k − h)π

2k

)

= (−1)r+(r+2j)
(
2 cos

−hπ

2k

)r

cos
(
(r + 2j)(−h)π

2k

)

=
(
2 cos

hπ

2k

)r

cos
(
(r + 2j)hπ

2k

)
This equals the term obtained when � = h. Since k = 2m is even we have that
(5) equals the right side of (3).

The following two technical lemmas will help us analyze the right hand side
of equation (3). No attempt has been made to optimize constants in the bounds.

Lemma 6. Let r, k be such that k ≥ 4 is even and k2 − 2 ≤ r < 4k2 − 1. Then

(i) for � = 1, 3, . . . , k − 3 we have 0 <
(
cos (�+2)π

2k

)r

<
(
cos �π

2k

)r
/16,

(ii)
(
cos π

2k

)r ≥ 1
200 .

Proof. By considering the Taylor series of cosx one can show that 1 − x2

2 ≤
cosx ≤ 1− x2

3 for all x ∈ [0, π
2 ].

Part (i): since 0 < �π
2k < (�+2)π

2k < π
2 , we have

cos
(�+ 2)π
2k

= cos
�π

2k
cos

π

k
− sin

�π

2k
sin

π

k

<

(
1− π2

3k2

)
cos

�π

2k

and hence
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(
cos

(�+ 2)π
2k

)r

≤
(
1− π2

3k2

)r (
cos

�π

2k

)r

≤
(
1− π2

3k2

)k2−2(
cos

�π

2k

)r

≤ e−π2/3

(1− π2/(3k2))2
·
(
cos

�π

2k

)r

≤ 1
16

·
(
cos

�π

2k

)r

.

Here the third inequality uses
(
1− 1

x

)x ≤ e−1 and the fourth inequality uses
k ≥ 4.

Part (ii): we have

(
cos

π

2k

)r

>
(
cos

π

2k

)4k2

>

(
1− π2

8k2

)4k2

.

This is an increasing function of k so for k ≥ 4 the value is at least
(
1− π2

128

)64
≥

1
200 .

Lemma 7. For all real x and all odd � ≥ 3, we have | cos(�x)| ≤ �| cosx|.
Proof. Fix � ≥ 3. Let y = π

2 − x so �| cosx| = �| sin y| and

| cos(�x)| =
∣∣∣∣cos �π2 cos(�y)− sin

�π

2
sin(�y)

∣∣∣∣
= | sin(�y)|

(note that we have used the fact that � is odd). Thus we must show that
| sin(�y)| ≤ �| sin y|. This is clearly true if | sin y| ≥ 1

� ; otherwise we may suppose
that 0 ≤ y < sin−1 1

� (the other cases are entirely similar) so 0 ≤ �y ≤ π
2 . Now

sin(�y) ≤ � sin y follows from the concavity of sin y on [0, π
2 ] and the fact that

the derivative of sin y is 1 at y = 0.

Using these tools we can now prove Theorem 5.

Theorem 5 Let k be even and
√
s/2 < k ≤ √

s. Let

A =
1
2s

∑
�

(−1)�−1
(
s − 1
�k − 1

)
and B =

1
2s−1

∑
�

(−1)�−1
(
s − 2
�k − 2

)
.

Then max{|A|, |B|} ≥ 1
1000s .
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Proof. By Lemma 5 we have

A =
−1
k


 ∑

�=1,3,...,k−1

(
cos

�π

2k

)s−1

cos
(
(s+ 1)�π

2k

) (6)

and

B =
−1
k


 ∑

�=1,3,...,k−1

(
cos

�π

2k

)s−2

cos
(
(s+ 2)�π

2k

) . (7)

First the easy case: if k = 2 then 4 ≤ s ≤ 15 and A = −1
2 (cos

π
4 )

s−1 cos
(
(s+1)π

4

)
,

B = −1
2 (cos

π
4 )

s−2 cos
(
(s+2)π

4

)
. Since either

∣∣∣cos( (s+1)π
4

)∣∣∣ or ∣∣∣cos( (s+2)π
4

)∣∣∣
must be

√
2
2 we have max{|A|, |B|} ≥ 1

2
s
2 +1 which is easily seen to be at least

1
1000s for 4 ≤ s ≤ 15.

Now suppose k ≥ 4. For � = 3, . . . , k − 1 we have∣∣∣∣∣
(
cos

�π

2k

)s−1

cos
(
(s+ 1)�π

2k

)∣∣∣∣∣ ≤
(
cos π

2k

)s−1

4�−1 ·
∣∣∣∣cos

(
(s+ 1)�π

2k

)∣∣∣∣
≤
∣∣∣∣ �

4�−1 ·
(
cos

π

2k

)s−1
cos
(
(s+ 1)π
2k

)∣∣∣∣
where the first inequality is by repeated application of part (i) of Lemma 6 and
the second is by Lemma 7. We thus have

∑
�=3,5,...,k−1

∣∣∣∣∣
(
cos

�π

2k

)s−1

cos
(
(s+ 1)�π

2k

)∣∣∣∣∣
≤

∑
�=3,5,...,k−1

∣∣∣∣ �

4�−1 ·
(
cos

π

2k

)s−1
cos
(
(s+ 1)π
2k

)∣∣∣∣
<

∣∣∣∣(cos π

2k

)s−1
cos
(
(s+ 1)π
2k

)∣∣∣∣ ·
∞∑

�=3

�

4�−1

=
5
18

·
∣∣∣∣(cos π

2k

)s−1
cos
(
(s+ 1)π
2k

)∣∣∣∣ .
Thus the � = 1 term in the sum (6) dominates the sum and we have

|A| ≥ 13
18

· 1
k

∣∣∣∣(cos π

2k

)s−1
cos
(
(s+ 1)π
2k

)∣∣∣∣
≥ 13
3600k

·
∣∣∣∣cos

(
(s+ 1)π
2k

)∣∣∣∣
by part (ii) of Lemma 6. An identical analysis for B shows that
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|B| ≥ 13
3600k

·
∣∣∣∣cos

(
(s+ 2)π
2k

)∣∣∣∣
as well.

We now observe that

max{
∣∣∣∣cos (s+ 1)π

2k

∣∣∣∣ ,
∣∣∣∣cos (s+ 2)π

2k

∣∣∣∣} ≥ cos
(π
2

− π

4k

)
= sin

π

4k
.

Using Taylor series this is easily seen to be at least π
8k . Hence we have

max{|A|, |B|} ≥ 13
3600k

· π

8k
>

1
1000k2

≥ 1
1000s

and the theorem is proved.
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Abstract. This paper studies α-CoAgnostic learnability of classes of
boolean formulas. To α-CoAgnostic learn C from H, the learner seeks
a hypothesis h ∈ H that agrees (rather than disagrees as in Agnostic
learning) within a factor α of the best agreement of any f ∈ C. Although
1-CoAgnostic learning is equivalent to Agnostic learning, this is not true
for α-CoAgnostic learning for 1

2 < α < 1.
It is known that α-CoAgnostic learning algorithms are equivalent to α-
approximation algorithms for maximum agreement problems. Many stu-
dies have been done on maximum agreement problems, for classes such as
monomials, monotone monomials, antimonotone monomials, halfspaces
and balls. We study these problems further and some extensions of them.
For the above classes we improve the best previously known factors α for
the hardness of α-CoAgnostic learning. We also find the first constant
lower bounds for decision lists, exclusive-or, halfspaces (over the boolean
domain), 2-term DNF and 2-term multivariate polynomials.

1 Introduction

In this paper we study α-CoAgnostic learnability of classes of boolean formulas.
In α-CoAgnostic learning C from H, the learner seeks a hypothesis h ∈ H
that agrees (rather than disagrees as in Agnostic learning) within a factor α of
the best hypothesis in class C. Although 1-CoAgnostic learning is equivalent to
Agnostic learning, this is not true for α-CoAgnostic learning for 1

2 < α < 1. For
α ≤ 1

2 , a trivial α-CoAgnostic learning algorithm can return a constant formula.
It is known [7] that CoAgnostic learning is equivalent to finding a polynomial

time algorithm for the Maximum Agreement (MA) problems. For a Maximum
Agreement problem, the goal is to find a hypothesis h from some class C of
hypotheses, such that h maximizes the agreements with a training sample S.
We also study an extension of MA in which we allow h to be from a larger class
of hypotheses H ⊃ C and we ask h ∈ H to have an agreement rate at least as
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good as the best formula in C. We call this problem C/H-MA. An algorithm
is an α-approximation algorithm (where α ≤ 1) if it returns h ∈ H such that
h agrees with at least αOPT examples, where OPT is the maximum agreement
achieved by any f ∈ C. Then using similar techniques to the ones used in [9,10,
7,5,4], C/H-MA is equivalent to α-CoAgnostic learning in the following sense:
there is an α-approximation algorithm for C/H-MA that runs in time T if and
only if there is an α-CoAgnostic PAC-learning algorithm for C from H that runs
in time T .

For MA and a variety of simple concept classes it is known that unless P=NP,
there is some constant α > 1

2 such that no polynomial time algorithm can find a
formula in the class that approximates the maximum agreement rate to within
α [2,9,8,1,5,6]. The classes studied were exclusive-or (Xor), monomials (Mon),
monotone monomials (MMon), antimonotone monomials (AMon), all over the
boolean {0, 1} domain, and halfspaces (HS) and balls (Ball) over the {0, 1,−1}
domain.

In this paper we substantially improve on the best previously known constant
factors α for the above problems. Where the results in the literature were ob-
tained by reductions from 2SAT, our reductions are from very specific instances
of MAXCUT created by [6]. We show that these instances have some nice pro-
perties, which we then exploit to produce our improved negative results. Using
similar techniques, we also find negative results for other classes such as deci-
sion lists (DL), monotone decision lists (MDL), 2-term DNF, and its monotone
version (2-term MDNF), and 2-term multivariate polynomial (MP), and its mo-
notone version (2-term MMP) etc. Where the previous results in the literature
for halfspaces considered the � or {0, 1,−1} domain, we improve the constant
factor and give the first constant factor for the {0, 1} domain.

We also show that for boolean classes with VC-dimension d if the consistent
hypothesis problem (find h ∈ H consistent with training sample S) is solvable
in polynomial time then for any constant c there is a polynomial time 1/2 +
c/poly(d)-approximation algorithm for C/H-MA. So classes with constant VC-
dimension have a polynomial-time (1−ε)-approximation algorithm for C/H-MA
for some constant ε. Thus they are α-CoAgnostic learnable for any constant α.

The paper is organized as follows. In the remainder of this section we give the
previous results from the literature and list the results of this paper. In section
2 we give definitions and some preliminary results. In section 3 we give a general
upper bound for MA. Then in sections 4 and 5 we give our negative results for
approximating MA.

1.1 Results

In this subsection we give the results in the literature and our results for C/H-
MA and the connection to CoAgnostic learning. It is clear that solving C/H-MA
implies PAC learnability of C from H. Therefore all the negative results in the
literature for PAC learning of classes C from H will give negative results for
C/H-MA. Therefore in this paper we will only consider classes C that are PAC-
learnable. When H = C we will just write C-MA.
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NP-Hardness and Lower Bounds for MA Angluin and Laird [2] showed
that MMon-MA is NP-Hard. Kearns and Li [9] showed that Mon-MA is NP-
Hard. Höffgen, Simon and Van Horn [8] showed that AMon/HS-MA, DL/HS-
MA and HS-MA are NP-Hard. It follows from results of H̊astad [6] that Xor-
MA is NP-Hard. Those results imply that there is no learning algorithm that
CoAgnostic learns the classes MMon, AMon, Mon, DL, HS and Xor.

Amaldi and Kann [1] showed that if P�=NP there is no poly time 261
262 -

approximation algorithm for HS-MA over the � domain. Ben-David et. al. [5]
improved this ratio to 415

418 for HS over {0, 1,−1} and gave a lower bound of
767
770 for approximating MMon-MA, AMon-MA and Mon-MA over the Boolean
domain and a lower bound of 415

418 for approximating Ball-MA over {0, 1,−1}.
In this paper we show that if P�=NP then there is no 84

85 -approximation algo-
rithm for HS-MA over the Boolean domain, no 58

59 -approximation algorithm for
Mon-MA, AMon-MA and MMon-MA and no 100

101 -approximation algorithm for
Ball-MA. For the Xor class, it follows from H̊astad [6], that there is no 1

2+
1

2(log n)c

-approximation algorithm forXor-MA for some constant c. We extend this result
and show that this lower bound is true for Xor/H-MA even if the hypothesis
class H includes 2log

c n-node decision trees with Xor nodes and O(logc n)-term
DNF (we define H in section 4).

We further extend our results to classes for which no constant lower bounds
have yet been shown. We give the first negative results for decision lists, disjun-
ction of two monomials and Xor of two monomials. We show that unless P=NP,
there is no 58

59 -approximation algorithm for MDL-MA, no 64
65 -approximation al-

gorithm for DL-MA, no 58
59 -approximation algorithm for 2-term MDNF-MA or

2-term DNF-MA, and no 37
38 -approximation algorithm for 2-term MMP-MA or

2-term MP-MA.

2 Preliminary Results and Definitions

In this section we give some preliminary results and definitions. We start by de-
fining the concept classes we will use in this paper then give some background in
the theory of VC-dimension. We then define the extended Maximum Agreement
problem and prove a few basic results. Finally we give the learning models we
will use in this paper.

2.1 Concept Classes

Let X be a set of instances and 2X be the set of boolean functions f : X → {0, 1}.
Let C ⊂ Σ� be a class of formulas for some alphabet Σ. Each formula h� ∈ C
represents a boolean function h : X → {0, 1}. We will call C the concept class
over X. The size |f |C of any boolean function f with respect to C is the minimal
length of a formula h� ∈ C such that h ≡ f . If no such h� exists then we write
|f |C = ∞. We will write |f | when C is known from the context. A parametrized
class of representations is C =

⋃
n≥1 Cn where each Cn is a concept class over

Xn. For example, Xn = {0, 1}n and Cn is the set of all Boolean formulas over
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n variables with |f | ≤ nk for some fixed constant k. In this case we simply say
that C is a concept class over X.

For Xn = {0, 1}n we define the following classes. Mon is the set of all con-
junctions of literals {x1, . . . , xn, x̄1, . . . , x̄n} over Boolean variables {x1, . . . , xn}.
MMon is the set of monomials with no negated variables, and AMon is the
set of (antimonotone) monomials with no unnegated variables. Clause is the
set of all disjunctions of literals over the Boolean variables {x1, . . . , xn}, and
MClause is the set of clauses with no negated variables. 2-term MDNF
(resp. 2-term DNF, 2-term ADNF) is the set of M1 ∨ M2 where M1 and
M2 are in MMon (resp Mon, AMon). XOR is the set of exclusive-ors of lite-
rals over the Boolean variables {x1, . . . , xn}. MP (Multivariate Polynomial)
is the set of exclusive-ors of Monomials. MMP (resp. AMP) is the set of
exclusive-ors of Monotone (resp. Antimonotone) Monomials. 2-term MMP
(resp 2-term MP, 2-term AMP) is the set of exclusive-ors of two Mono-
tone Monomials (resp. Monomials, Antimonotone Monomials). DL is the set
of decision lists f = (l1, b1), . . . , (lr, br) where li is a literal for i < r, lr = 1
and bi ∈ {0, 1}. Then f(x) = bi if l1(x) = l2(x) = · · · = li−1(x) = 0 and
li(x) = 1. MDL is the set of decision lists whose literals are all positive.
HS is the set of formulas [a1x1 + · · · + anxn ≥ b] where ai and b are real
numbers in �. Here [I] = 1 if I is true and = 0 otherwise. Halfspace may
also be defined over domain Xn = {0, 1,−1}. For that domain we define one
more class. Ball is the set of functions B : {0, 1 − 1}n → {0, 1} of the form
B(x1, . . . , xn) =

[
(w1 − x1)2 + · · · + (wn − xn)2 ≤ θ

]
where w1, . . . , wn, θ ∈ �.

It is known that MMon⊂Mon⊂DL⊂HS and MClause⊂Clause⊂DL⊂HS.
A labeled example from X is (x, y) where x ∈ X and y ∈ {0, 1}. A labeled

sample from X is a set S = {(x1, y1), . . . , (xm, ym)} of labeled examples.

2.2 The Vapnik-Chervonenkis Dimension

Let C be a concept class over X. Let Y ⊆ X, and define

ΠC(Y ) = {Z ⊆ Y | there is g ∈ C where g is 1 on Z and 0 on Y \Z}
If ΠC(Y ) = P(Y ), the power set of Y , then we say that Y is shattered by C.
Vapnik and Chervonenkis in [13] define VCD(C) to be the size of the maximal
set shattered by C. It is known that for X = Bn = {0, 1}n, and classes with
VCD(C) > 2, we have log |C|

n ≤ VCD(C) ≤ log |C|. See [3] for other results in
VC-dimension.

2.3 The Maximum Agreement, Minimum Disagreement Problems

Let S = {(x1, y1), . . . , (xm, ym)} ⊆ X × {0, 1} be a labeled sample and h ∈ C.
We say that (x, y) ∈ X×{0, 1} agrees with h if h(x) = y. Otherwise we say that
h disagrees with (x, y). We define

A(S, h) =
|{i | h(xi) = yi}|

|S| = Pr
(x,y)∈US

[h(x) = y],
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the ratio of points in S that agree with h. If A(S, h) = 1 we say h is consistent
on S. Define

D(S, h) = 1 −A(S, h) =
|{i | h(xi) �= yi}|

|S| = Pr
(x,y)∈US

[h(x) �= y],

the ratio of points that disagree with h. Define

A(S,C) = max
h∈C

A(S, h), D(S,C) = min
h∈C

D(S, h).

It is clear that A(S,C) = 1 −D(S,C).
Let C ⊆ H be two concept classes over X. Define the Maximum Agreement

(MA) and Minimum Disagreement (MD) problems for C/H as follows.
C/H-MA
Input: A sample S = {(x1, y1), . . . , (xm, ym)} ⊆ X × {0, 1}.
Output: A hypothesis h in H where A(S, h) ≥ A(S,C).

C/H-MD
Input: A sample S = {(x1, y1), . . . , (xm, ym)} ⊆ X × {0, 1}.
Output: A hypothesis h in H where D(S, h) ≤ D(S,C).

For all the classes we have in this paper {0, 1} ⊂ C and therefore A(S,C) ≥
1/2. For α ≤ 1 (resp. α ≥ 1), an α-approximation algorithm for C/H-MA
(resp. C/H-MD) is an algorithm AC/H that on input S outputs a hypothesis
AC/H(S) ∈ H such that A(S,AC/H(S)) ≥ αA(S,C) (resp. D(S,AC/H(S)) ≤
αD(S,C)).

The Consistent Hypothesis (CH) problem for C/H is defined as follows:
C/H-CH
Input: A sample S = {(x1, f(x1)), . . . , (xm, f(xm))} for some f ∈ C.
Output: A hypothesis h in H where D(S, h) = 0. That is, an h ∈ H that is

consistent with S.
We will write C-MA (resp. C-MD, C-CH) for the problem C/C-MA (resp. C/C-
MD, C/C-CH).

In the next Theorem we demonstrate a connection between the MA and MD
problems.

Theorem 1. We have

1. If there is an α-approximation algorithm for C/H-MD that runs in time T
then there is an 1

2 + 1
4α−2 -approximation algorithm for C/H-MA that runs

in time T .
2. If there is no β-approximation algorithm for C/H-MA that runs in time T

then there is no β
2β−1 -approximation algorithm for C/H-MD that runs in

time T .

Proof. Let A be an algorithm that returns a hypothesis h ∈ H such that
D(S, h) ≤ αD(S,C). Define an algorithm B that runs A to get h, and then
outputs h′ ∈ {0, 1, h} such that A(S, h′) = max(A(S, 0), A(S, 1), A(S, h)). Sup-
pose D(S,C) = γ. Then A(S,C) = 1 − γ and
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A(S, h′) ≥ A(S, h) = 1 −D(S, h) ≥ 1−αγ
1−γ A(S,C).

On the other hand
A(S, h′) ≥ max(A(S, 1), A(S, 0)) ≥ 1

2 ≥ 1
2(1−γ)A(S,C).

The ratio that B obtains is therefore

min
0≤γ≤1

max
(

1 − αγ
1 − γ ,

1
2(1 − γ)

)
≥ α

2α− 1
=

1
2

+
1

4α− 2
.

Now (2) follows from (1). ��

2.4 Composition Lemma and Duality

In this subsection we present composition and duality, which we will use fre-
quently. These two tools allow us to extend our results for one class, to other
classes.

Let X =
⋃
nXn where Xn = {0, 1}n and C be concept class over X. Let

Gn = (g1, . . . , gtn) be a sequence of functions gi : Xn → {0, 1}. Define the
concept class

C(Gn) = {f(g1, . . . , gtn) | f ∈ Ctn , Gn = (g1, . . . , gtn)}, and C(G) =
⋃
n≥0

C(Gn).

We remind the reader that Ct is the set of all functions f in C where f :
{0, 1}t → {0, 1}. For example, let Ln = {x1, . . . , xn, x̄1, . . . , x̄n}, the set of lite-
rals over {0, 1}n. Then MMon(Ln) = Mon and (MMon∆MMon)(Ln, Ln) =
Mon∆Mon for any boolean operation ∆.

Lemma 1. (Composition Lemma) If C/H-MA (resp. C/H-MD) has an
α(n)-approximation algorithm that runs in time T (n) then C(G)/H(G)-MA
(resp. C(G)/H(G)-MA) has an α(tn)-approximation algorithm that runs in time
T (tn).

Proof. Let A(n, S) be an algorithm that α(n)-approximates C/H-MA and
runs in time T (n). For h ∈ Htn let hG = h(g1(x), . . . , gtn(x)). For (x, y) ∈
Xn × {0, 1} let xG = (g1(x), . . . , gtn(x)) and (x, y)G = (xG, y). Define algo-
rithm B(n, S) to do the following. On input S ⊆ Xn × {0, 1} (an instance
of C(G)/H(G)-MA) it builds SG = {(xi, yi)G | (xi, yi) ∈ S}. It then runs
A(tn, SG) to get h, and outputs hG. Notice that hG ∈ H(G). Now B(n, S)
runs in time T (tn). Since Atn is an α(tn)-approximation algorithm, we have
A(SG, h) ≥ α(tn)A(SG, C). Since h(xG) = hG(x) we have A(SG, h) = A(S, hG)
and A(S,C(G)) = minfG∈C(G)A(S, fG) = minf∈C A(SG, f) = A(SG, C). The-
refore, A(S, hG) = A(SG, h) ≥ α(tn)A(SG, C) = α(tn)A(S,C(G)). ��

Define the dual class CD = {f(x̄) | f ∈ C} where x̄ = (x̄1, . . . , x̄n). The
following dual Lemma is easy to prove.

Lemma 2. (Duality) If C/H-MA (resp. C/H-MD) has an α-approximation
algorithm that runs in time T then CD/HD-MA (resp. CD/HD-MD) has an
α-approximation algorithm that runs in time T .

SinceMMonD =MClause andMonD = Clause all the results in this paper
for MMon and Mon are also true for MClause and Clause.
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2.5 Models of Learning

In learning, a teacher has a target function f ∈ C where f : X → {0, 1} and a
target distribution D over X. The learner knows X and C but does not know
distribution D nor the function f .

The learner can ask the teacher queries about the target. The query type we
consider in this paper is the Example Query (Ex) [12], in which the teacher
chooses x ∈ X according to a distribution D and returns (x, f(x)) to the learner.

We say that h ∈ C is ε-good hypothesis with respect to f and D if Pr
x∈DX

[f(x) �=
h(x)] ≤ ε. The goal of the learner is to output with high probability (probability
greater than 1 − δ) an ε-good hypothesis with respect to f and D.

The learning models we will consider in this paper are

PAC (Probably Approximately Correct) In the PAC learning model we say
that an algorithm A of the learner PAC-learns class C if for any f ∈ C,
any distribution D and for any ε, δ > 0, algorithm A(ε, δ) asks queries from
oracle Ex and, with probability at least 1 − δ, outputs a hypothesis h ∈ C
that is ε-good with respect to f and D. If A runs in time T (e.g. polynomial,
exponential, etc.) in 1/ε, 1/δ and |f | then we say that C is PAC-learnable in
time T . Here |f | also includes log |X| when X is finite. For example when
X = {0, 1}n then |f | is defined as the length of the representation of f plus
n. If we allow h to be from a larger class H ⊃ C then we say that C is
PAC-learnable from H in time T .

CoAgnostic PAC [5] In this model an oracle ExP produces examples accor-
ding to a distribution P on X × {0, 1}. We say an algorithm A (of the
learner) Agnostic PAC-learns the class C if for any distribution P and for
any ε, δ > 0, algorithm A(ε, δ) asks queries from ExP and, with probability
at least 1 − δ, outputs a hypothesis h ∈ C that satisfies

Pr
(x,y)∈PX×{0,1}

[h(x) = y] ≥ max
f∈C

Pr
(x,y)∈PX×{0,1}

[f(x) = y] − ε.

If A runs in time T in 1/ε, 1/δ and |f | then we say C is CoAgnostic PAC-
learnable in time T . If we allow h to be from a larger class H then we say
C is CoAgnostic PAC-learnable from H in time T . We relax the CoAgnostic
PAC-learning model and define α-CoAgnostic PAC-learning. We say that C
is α-CoAgnostic PAC-learnable from H in time T if

Pr
(x,y)∈PX×{0,1}

[h(x) = y] ≥ αmax
f∈C

Pr
(x,y)∈PX×{0,1}

[f(x) = y] − ε.

See [5] for some motivation of this definition.

3 General Upper Bounds for MA

In this section we derive two general upper bounds for MA. The first Theorem
was implicit in [9], and proved in [4].
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Theorem 2. If C/H-CH is solvable in time T and H is finite, then for any
constant c there is a

(
1 + log |H|

c log T

)
-approximation algorithm for C/H-MD that

runs in time poly(T ).

The next Theorem follows from Theorem 2 and Theorem 1.

Theorem 3. If C/H-CH is solvable in time T and H is finite then for any
constant c with T ≤ |H| 1

4c , there’s a
(
1
2 + c log T

log |H|
)
-approximation algorithm for

C/H-MA that runs in time poly(T ).

Corollary 1. For any constant c there is a polynomial-time 1/2 + (c log n)/n-
approximation algorithm for MMon-MA, Mon-MA, Xor-MA, 2-term-MDNF-
MA, 2-term-DNF-MA, 2-term-MMP-MA and 2-term-MP-MA.

Proof. All these classes have |H| = 2O(n) and T = nO(1). ��
For classes with small VC-dimension we have the following.

Theorem 4. If C/H-CH is solvable in time T then
1. For any constant c there is an α-approximation algorithm for C/H-MD that
runs in time poly(T ) where α = 1 + VCD(H)

c log T log m logm
VCD(H) , for sample size m.

2. For any constant c there is an β-approximation algorithm for C/H-MA that
runs in time poly(T ) where

β =
1
2

+
1

2 + VCD(H)
c log T log m logm

VCD(H)

.

In particular, there is a 1 − ε-approximation algorithm for C/H-MA that runs
in time mVCD(H).

For m and T that are polynomial in n (where X = {0, 1}n) we have α =
1 + VCD(H)

c and β = 1 − VCD(H)
c for any constant c.

Proof. Part 1 is from [4]. Then part 2 follows easily from Theorem 1. ��
Corollary 2. For any constant c there is a polynomial-time 1

2+
c
n -approximation

algorithm for MDL-MA, DL-MA, HS-MA and Ball-MA.

Proof. We use Theorem 4, the fact that the VC-dimension for monotone decision
lists, decision lists, and halfspaces is n+ 1, and for balls is at most 2n. ��
Corollary 3. If C/H-CH is solvable in polynomial time and VCD(H) is con-
stant then C is α-CoAgnostic learnable from H for any constant α.

4 Improved Lower Bounds for Approximating MA

In this section and section 5 we give all the lower bounds in the paper. This
section gives improved lower bounds for previously studied classes. All of our
results in sections 4 and 5 are built on the work of H̊astad [6], which we describe
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below. Then we give improved constant lower bounds for classes of monomials
and clauses, followed by improved constant lower bounds for halfspaces, and
balls.

Our results are derived by reductions from MAXCUT. For the MAXCUT
problem we are given a (multi)graph G = (V,E) and must find a subset S ⊂ V
that maximizes the number of cut edges (i.e., edges with exactly one endpoint
in S). H̊astad [6] showed the following.

Theorem 5. [6] There exists a method for generating graphs with 20m0+22m1
edges, where m1 ≤ m0, such that for some small constants ε, δ > 0, a maximum
cut in this graph has size at least (16 − 2ε)m0 + (18 − 2ε)m1, or size between
(15+ δ)m0 + (17+ δ)m1 and 15m0 +17m1, and it is NP-hard to distinguish the
two cases. The graph has maximum degree dmax ≤ 4m0 + 2m1.

The standard technique of exploiting the gap between the two cases to derive
an inapproximability result is stated in the following Lemma.

Lemma 3. [Folklore] If it is NP-hard to distinguish instances of C-MA with
optimal agreement rate at least a from those with optimal agreement rate at
most b, then C-MA cannot have a polynomial-time α-approximation algorithm
for α > b

a unless P = NP.

We use the following notation throughout our proofs.

Notation 1 Let puv ∈ {0, 1}n be the n-bit vector with 0s in positions u and
v, and 1s elsewhere. Similarly, let pu ∈ {0, 1}n have a 0 in position u and
1s elsewhere. Let zuv ∈ {0, 1}n have 1s in positions u and v and 0s else-
where, and let zu ∈ {0, 1}n have a 1 in position u and 0s elsewhere. For
an edge (u, v), define the multisets X4

uv = {(puv, 0), (puv, 0), (pu, 1), (pv, 1)},
X3
uv = {(puv, 0), (pu, 1), (pv, 1)}, and Y 4

uv = {(zuv, 0), (zuv, 0), (zu, 1), (zv, 1)},
Now we show our results. We start by proving new negative results for the

α-approximability of MA for classes of Monomials and Clauses. It was previously
shown by [5] that MA could not be approximated within 767

770 + ε unless P=NP
for those classes. We improve this constant substantially to 58

59 + ε.

Theorem 6. For any ε′ > 0, it is NP-hard to approximate MMon-MA (and
hence AMon-MA and MClause-MA) within a factor of 58

59 + ε′.

Proof. Given a graph G = (V,E) as described in Theorem 5, the instance of
MMon-MA will be I = ∪(u,v)∈EX4

uv. Associate with each M(x1, . . . , xn) ∈
MMon a cut SM = {u | M contains xu}. Then edge (u, v) is cut by SM if
and only if 3/4 examples in X4

uv agree with M , while edge (u, v) is left uncut by
SM if and only if 2/4 examples in X4

uv agree with M . Thus G has a cut of size
k (leaving |E| − k edges uncut) if and only if there is a monomial M that agrees
with k+2|E| examples. Then by Theorem 5 it is NP-hard to distinguish if there
is a monomial that agrees with at least (56 − 2ε)m0 + (62 − 2ε)m1 examples,
or no monomial agrees with more than (55 + δ)m0 + (61 + δ)m1 examples. The
result then follows from Lemma 3. By Lemmas 1 and 2, this result also applies
to AMon-MA and MClause-MA. ��
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Theorem 7. For any ε′ > 0 it is NP-hard to approximate MMon/Mon-MA,
Mon-MA and Clause-MA within a factor of 58

59 + ε′.

Proof. In the proof of Theorem 6, if M ∈ Mon has a literal xu, then M disagrees
with all examples (pv, 1) in I except possibly those with v = u. SoM agrees with
at most 2|E| + dmax < 2|E| + k examples, and thus an optimal M is monotone.
The result for MMon/Mon-MA and Mon-MA follows from Theorem 6. The result
for Clause-MA follows from Lemma 2. ��
Theorem 8. For any ε′ > 0 it is NP-hard to approximate (Mon∪Clause)-MA
within 58

59 + ε′.

Proof. Consider sample I in the proof of Theorem 6. If a clause C contains a
literal xw then C disagrees with all examples (puv, 0) except possibly those with
w ∈ {u, v}. Then C agrees with at most 2|E| + 2dmax < 2|E| + k examples.

Now assume C contains only negated variables. For each X4
uv such that either

xu or xv is in C, C will disagree with both copies of (puv, 0). If neither xu or xv
is in C, then C disagrees with both (pu, 1) and (pv, 1). So C agrees with at most
2/4 examples in X4

uv, and thus agrees with at most 2|E| in total.
On the other hand, in proving theorem 7 we saw that a monomial M will

agree with at least 2|E|+k examples. Thus the lower bound for this class follows
from the lower bound for monomials. ��

Now we give a negative result for halfspace. Amaldi and Kann [1] proved
that unless P=NP, HS-MA could not be approximated within 261

262 + ε when the
domain is �. Ben-David, Eiron and Long [5] improved this factor to 415

418 for the
{0, 1,−1} domain. We improve the constant ratio further to 84

85 +ε, for the {0, 1}
(and hence also the {0, 1,−1} and �) domain.

Theorem 9. For any ε′ > 0 it is NP-hard to approximate HS-MA within a
factor of 84

85 + ε′.

Proof. Given a graph G = (V,E) as described in Theorem 5, we create 4|E| +
25m0 + 27m1 examples: For each edge (u, v) ∈ E, we create the examples Y 4

uv.
In addition, we create 25m0 + 27m1 copies of the example (0, 0) where 0 is the
zero vector.

Let H = [a1x1 + · · · + anxn ≥ b] agree with (0, 0), which implies b > 0.
Consider Y 4

uv. If (zu, 1) and (zv, 1) both agree with H, then au, av ≥ b > 0
which implies H(zuv) = [au + av ≥ b] = 1. So H disagrees with (zuv, 0) and
thus agrees with only 2/4 examples. If (zu, 1) agrees with H but (zv, 1) does
not, (or (zu, 1) disagrees and (zv, 1) agrees) then H can agree with at most
3/4 examples. If (zu, 1) and (zv, 1) both disagree, then H agrees with at most
2/4. To maximize the total agreement while maintaining H’s agreement with
(0, 0), we need to maximize the number of sets Y 4

uv for which exactly one of
(zu, 1), (zv, 1) agree with H. Indeed, for an optimal cut S of size k in G, the
halfspace HS(x1, . . . , xn) =

[∑
u∈S auxu − ∑

i �∈S auxu ≥ 0.1
]
agrees with an op-

timal 25m0 + 27m1 + 2|E| + k examples. By Theorem 5, this is at least 4|E|,
so no better agreement could be achieved by disagreeing with (0, 0). Then by
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Theorem 5, an optimal H agrees with at least (81−2ε)m0+(89−2ε)m1 examples
or at most (80 + δ)m0 + (88 + δ)m1. The result follows from Lemma 3. ��

Now we give a negative result for Ball-MA. Ben-David, Eiron and Long [5]
proved if P �= NP then for any ε > 0 there is no polynomial-time (418/415 − ε)-
approximation algorithm for Ball Maximum Agreement. We improve that ratio
to 100

101 + ε in this next Theorem.

Theorem 10. For any ε′ > 0 it is NP-hard to approximate Ball-MA within a
factor of 100

101 + ε′.

Proof. Given a graph G = (V,E) as described in Theorem 5, create for each
edge (u, v) ∈ E: one copy of (zu, 0), one copy of (zv, 0), two copies of (zuv, 1),
and two copies of (z−

uv, 1), where z−
uv is the vector of length n that contains zeros

everywhere except for −1s in positions u and v. Call this set of 6 examples W 6
uv.

Let B(x1, . . . , xn) = [(w1 − x1)2 + . . .+ (wn − xn)2 ≤ θ] and S =
∑
i(wi)

2.
If (z−

uv, 1) agrees with B then we have S+2wu+2wv+2 ≤ θ. If we also have
wu, wv > 0, this implies S−2wu+1 ≤ θ and S−2wv+1 ≤ θ, so both (zu, 0) and
(zv, 0) disagree with B. Thus if both wu and wv are positive, then B can agree
with at most 4/6 examples in W 6

uv. On the other hand, if (zuv, 1) agrees with B
then S−2wu−2wv+2 ≤ θ. If we also have wu < 0, this implies S−2wv+1 ≤ θ
and (zv, 0) disagrees with B. So B can agree with at most 5/6 examples in W 6

uv

and if both wu and wv are negative, then B agrees with at most 4/6 examples.
Thus to obtain maximum agreement we maximize the number of W 6

uv with
sign(wu) �= sign(wv), which corresponds to a maximum cut in G. For example,
given a maximum cut T of size k in G, the ball

BT (x1, . . . , xn) =


∑
u∈T

(4 − xu)2 +
∑
u �∈T

(−9 − xu)2 ≤ 18 + 16|T | + 81|V − T |



agrees with an optimal 4|E|+ k examples. Thus by theorem 5, B agrees with at
least (96− 2ε)m0 + (106− 2ε)m1 examples or at most (95+ δ)m0 + (105+ δ)m1
examples. The result then follows from Lemma 3. ��

For the next result we define the FL1 concept class. We can regard any boo-
lean function f : {0, 1}n → {0, 1} as a function from {0, 1}n to {−1,+1} where
−1 is True (or 1) and 1 is False (or 0). Then any XOR function can be written as
χa(x) = (−1)a·x where a ·x =

∑n
i=1 aixi. It is known (see [11] for a good review)

that any boolean function f can be written as f =
∑
a∈{0,1}n f̂aχa(x) where

f̂a = Ex∈U {0,1}n [f(x)χa(x)] and U is the uniform distribution. We define the L1
norm of a boolean function as L1(f) =

∑
a |f̂a|.We define the class FL1[k] to be

the set of all boolean functions f with L1(f) ≤ k. The next Theorem is proved
in [4].

Theorem 11. Let cα1 =
( 1
3 − α)

log 1
c and cα2 = α log 1

c where c is a constant.
For any constant α < 1/3, and for any constant c1 < cα1 and c2 < cα2 , there is no
polynomial time 1

2 + 1
2(log n)c2 -approximation algorithm for Xor/FL1(2(log n)

c2 )-
MA unless NP⊂RTIME(nO(log log n)).
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The class FL1(2(log n)
c2 ) contains 2(log n)

c2 -node decision trees with Xor fun-
ctions on the nodes. It also contains (logn)c2-term DNF and (logn)c2-clause
CNF [11]. The result also implies that for almost all the classes C that we study
in this paper (and many other classes) it is hard to solve C∪Xor-MA (even,
Xor/C∪Xor-MA).

5 New Lower Bounds for Approximating MA

In this section we give the first constant lower bounds for monotone decision
lists, decision lists, 2-term DNF and 2-term multivariate polynomials.

Theorem 12. For any ε′ > 0 it is NP-hard to approximate MDL-MA within a
factor of 58

59 + ε′.

Proof. Given a graph G = (V,E) as described in Theorem 5, create Y 4
uv for

each (u, v) ∈ E. Let D(x1, . . . , x|V |) ∈ MDL agree with a maximum number of
examples. We may assume that any pairs (xu, 0) are at the beginning of the list,
since two consecutive pairs (xu, 1), (xv, 0) can be swapped without decreasing
the total agreement (such a swap only affects Xuv if it exists). Furthermore, if
D(x1, . . . , xn) = (xu1 , 0), . . . , (xuk

, 0), (xv1 , 1), . . . , (xv�
, 1), (1, 0), then we can re-

place it with D(x1, . . . , xn) = (xu1 , 0), . . . , (xuk
, 0), (1, 1). The replacement only

harms examples (zuv, 0) in Y 4
uv where u, v �∈ {u1, . . . , uk, v1, . . . , v#}. But the

other two examples, (zu, 1) and (zv, 1) in Y 4
uv agree now where they did not

before. So the total agreement does not decrease.
So assume D(x1, . . . , xn) = (xu1 , 0), . . . , (xuk

, 0), (1, 1). Let S = {u1, . . . , uk}.
Then D agrees with 3/4 examples in Y 4

uv if and only if edge (u, v) is cut by S,
and D agrees with 2/4 examples in Y 4

uv if and only if (u, v) is uncut by S. Thus
G has a cut of size k if and only if D agrees with 2|E| + k examples in total. By
Theorem 5 it is thus NP-hard to distinguish instances of MDL-MA such that at
most (55 + δ)m0 + (61 + δ)m1 examples agree with D from those such that at
least (56 − 2ε)m0 + (62 − 2ε)m1 agree. The result follows from Lemma 3. ��
Theorem 13. For any ε′ > 0 it is NP-hard to approximate DL-MA within a
factor of 64

65 + ε′.

Proof. Consider the sample used in the proof of Theorem 12. Let T = {u1, . . . , u#}
be an optimal cut in G, such that the vertex p of maximum degree is not in T
(replace T with V \ T if necessary). Let {v1, . . . , vj} be the neighbours of p that
are not in T . Define the decision list

DT = (xu1 , 0), . . . , (xu�
, 0), (xp, 1), (xv1 , 0), . . . , (xvj

, 0), (1, 1).
Then for each edge (u, v) with u, v ∈ T , two examples in Y 4

uv agree with DT .
For each edge (u, v) with u ∈ T, v �∈ T (or u �∈ T, v ∈ T ), DT agrees with three
examples in Y 4

uv. For each edge (u, v) with u, v �∈ T and p �∈ {u, v}, two examples
in Y 4

uv agree with DT . For any edge (u, p) (or (p, u)) with u �∈ T , DT agrees with
4 examples in Y 4

uv. So DT agrees with 2(|E|−k−dp)+3k+4dp = 2|E|+k+2dp
examples, where k is the size of the cut and dp is the degree of p.
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Now, letD be an optimal decision list for the sample. By Theorem 12, and the
agreement ofDT , listD is not monotone. However, as before, if (xu, 1), (xv, 0) are
consecutive in D, they can be swapped. So can (xu, 1), (xv, 1) and (xu, 0), (xv, 0).
So assume D = D1 ◦D2 where D1 = (xu1 , 0) . . . , (xu�

, 0) is the (possibly empty)
list containing pairs with positive literals and label 0, and D2 starts with either
(xr, 1) or (xv1 , 1), . . . , (xvj

, 1), (xr, 0) where {v1, . . . , vj} may be empty.
Case 1: D2 starts with (xr, 1). Let S = {u1, . . . , u#}. Consider Y 4

uv. If u, v ∈ S,
then 2/4 examples agree with D. If u ∈ S, v �∈ S (or v ∈ S and u �∈ S), then at
most 3/4 examples agree with D. If u, v �∈ S and r �∈ {u, v} then 2/4 examples
agree. If u, v �∈ S and r = u then at most 4/4 examples agree. Clearly D is
optimized when S is an optimal cut and r has maximum degree. Thus the total
agreement is at most the agreement that DT achieves.
Case 2: D2 = (xv1 , 1), . . . , (xvj , 1), (xr, 0), . . .. Let S = {u1, . . . , u#} and T =
{v1, . . . , vj}. Consider Y 4

uv. If u, v ∈ S then 2/4 examples agree. If u ∈ S, v �∈ S,
at most 3/4 agree. If u, v �∈ S and u ∈ T or v ∈ T at most 2/4 agree. If u, v �∈ S∪T
and r �∈ {u, v}, 2/4 agree. If u, v �∈ S ∪ T and r ∈ {u, v}, at most 3/4 agree. The
total agreement is at most 2|E| + k + dp, less than achieved by DT .

So w.l.o.g. DT is the optimal list, and the graph has a cut of size k if and
only if there is a list that agrees with 2|E| + k + 2dmax examples, where dmax
is the maximum degree of a vertex in G. Thus by Theorem 5, it is NP-hard
to distinguish instances of DL-MA such that a decision list agrees with at most
(63+δ)m0+(65+δ)m1 examples, or at least (64−2ε)m0+(66−2ε)m1 examples.
The result then follows from Lemma 3. ��

Now we provide the first negative results for the approximability of 2-term
DNF-MA.

Theorem 14. For any ε′ > 0 it is NP-hard to approximate (2-term MDNF)-
MA and (2-term ADNF)-MA within a factor of 58

59 + ε′.

Proof. Given a graph G = (V,E) as described in Theorem 5, create the examples
X3
uv for each edge (u, v) ∈ E. Let (M1 ∨M2)(x1, . . . , xn) agree with a maximum

number of examples. Suppose some variable xu appears in both monomials, and
consider removing xu from M1. The change only harms (puv, 0) from example
sets X3

uv. But for each (puv, 0) there is a (pu, 1) that disagreed before and agrees
now. So overall there is no decrease in agreement. So assume each xi appears at
most once in M1 ∨M2 and some xu is absent from M1 ∨M2. Then M1 ∨M2
disagrees with all the (puv, 0) examples. Add xu to one of the monomials. Then
M1 ∨M2 still agrees with (pu, 1) and may also agree with (puv, 0). There is no
decrease in agreement. So w.l.o.g. each variable x1, . . . , xn appears in exactly one
of the monomials. Associate with M1 ∨M2 a cut S with u ∈ S if and only if xu
is in M1. Then (u, v) is cut by S if and only if 3/3 examples in X3

uv agree with
M1∨M2, and (u, v) is left uncut by S if and only if 2/3 examples in X3

uv agree. G
has a cut of size k if and only if someM1∨M2 agrees with 2|E|+k examples. By
Theorem 5, it is NP-hard to distinguish whether an optimalM1∨M2 agrees with
at least (56−2ε)m0+(62−2ε)m1 examples, or at most (55+ δ)m0+(61+ δ)m1
examples. The result follows from Lemma 3. The result for (2-term ADNF)-MA
follows from Lemma 1. ��
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Theorem 15. For any ε′ > 0 it is NP-hard to approximate (2-term MDNF)/(2-
term DNF)-MA, (2-term DNF)-MA, and (2-term ADNF)/(2-term DNF)-MA
within a factor of 58

59 + ε′.

Proof. Consider the sample used in the proof of Theorem 14, and recall that
a 2-term MDNF can agree with 2|E| + k examples where k is the optimal cut
size in G. Now let M1 ∨ M2 ∈ 2-term DNF agree with a maximum number
of examples. If M1 contains a literal xu and M2 contains a literal xv, then all
(pw, 1) disagree with M1 ∨M2 except possibly those with w ∈ {u, v}. Then by
Theorem 5, M1 ∨M2 agrees with at most |E| + 2dmax < 2|E| + k examples.

Now assume M2 is monotone and M1 contains a literal xu. For each X3
vw

with w, v �= u, we have M1(pw) = M1(pv) = 0. If M1 ∨M2 agrees with both
(pv, 1) and (pw, 1), then neither xv nor xw are inM2. But then (pvw, 0) disagrees
withM1∨M2. SoM1∨M2 agrees with at most 2|E|+dmax < 2|E|+k examples.

Therefore, in an optimal M1 ∨M2 both M1 and M2 are monotone, and the
lower bound of theorem 14 is also a lower bound for (2-term DNF)-MA and (2-
term MDNF/2-term DNF)-MA. By the composition Lemma 1, the result also
applies to (2-term ADNF/2-term DNF)-MA. ��

Now we show the first negative results for approximating MA over the class
of 2-term multivariate polynomials.

Theorem 16. For any ε′ > 0 it is NP-hard to approximate (2-term MMP)-MA
and (2-term AMP)-MA within a factor of 37

38 + ε′.

Proof. Given a graph G = (V,E) as described in Theorem 5, create examples
X4
uv for each edge (u, v) ∈ E. Let M1 ⊕M2(x1, . . . , xn) ∈ 2-term MMP agree

with a maximum number of examples. Suppose a variable xu appears in neither
monomial and we add xu to both monomials. Then all examples (pu, 1) disagreed
before and still disagree. Examples (puv, 0) now agree whether they did before
or not. Examples that do not involve u are unaffected by the change. So w.l.o.g.
every variable appears somewhere in M1 ⊕M2.

Now suppose a variable xu appears in both M1 and M2. All (puv, 0) agree
with M1 ⊕M2, and there are 2du of these examples where du is the degree of
vertex u. But none of the du examples (pu, 1) agree with M1 ⊕M2. Let M ′

1 be
M1 with xu removed, and let M ′

2 be M2 with xu removed. Consider M ′
1 ⊕M2

and M1 ⊕M ′
2. Both of these functions agree with all du examples (pu, 1). An

example (puv, 0) will agree with at least one of the two functions, since xv appears
in either M1 or M2. Thus one of the two functions agrees with at least half of
the examples (puv, 0), and thus disagrees with at most du examples. Therefore
either M ′

1 ⊕M2 or M1 ⊕M ′
2 agrees with at least as many examples as M1 ⊕M2

did and we may assume w.l.o.g. that each variable occurs in exactly one of the
monomials M1, M2.

Associate with M1 ⊕M2 a cut S such that u ∈ S if and only if xu ∈ M1.
Then edge (u, v) ∈ E is cut by S if and only if M1 ⊕M2 agrees with 4 examples
in X4

uv. Edge (u, v) is left uncut by S if and only if M1 ⊕ M2 agrees with 2
examples in X4

uv. Therefore G has a cut of size k if and only if M1 ⊕M2 agrees
with 2k + 2|E| examples. By theorem 5 this implies that either there exists an
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M1 ⊕M2 that agrees with at least (72 − 4ε)m0 + (80 − 4ε)m1 examples, or no
M1 ⊕M2 can agree with more than (70 + δ)m0 + (78 + δ)m1 examples, and it
is NP-hard to distinguish the two cases. The result then follows from Lemma 3.
The result for (2-term AMP)-MA follows from Lemma 1. ��
Theorem 17. For any ε′ it is NP-hard to approximate (2-term MMP)/(2-term
MP)-MA, (2-term MP)-MA and (2-term AMP)/(2-term MP)-MA within a fac-
tor of 37

38 + ε′.

Proof. Consider the sample used in the proof of Theorem 16. Let M1 ⊕M2 ∈
2-term MP. Suppose M1 contains xu and M2 contains xv. Then all examples
(pw, 1) disagree with M1 ⊕ M2 when w �∈ {u, v}. So M1 ⊕ M2 agrees with at
most 2|E| + 2dmax < 2|E| + 2k examples. Now suppose M1 contains a negated
variable xu but M2 is monotone. For example sets X4

wv with w, v �= u we have
M1(pwv) = M1(pw) = M1(pv) = 0. If (pwv, 0) agrees with M1 ⊕M2 then M2
must contain either xw or xv or both. But then at least one of the examples
(pw, 1) or (pv, 1) does not agree with M1 ⊕M2. Then M1 ⊕M2 agrees with at
most 3|E| + dmax < 2|E| + 2k examples. By Theorem 16, a better agreement
rate is achieved by M1 ⊕M2 where M1 and M2 are both monotone. Thus the
lower bound follows from Theorem 16. ��
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Abstract. We construct a boosting algorithm, which is the first both
smooth and adaptive booster. These two features make it possible to
achieve performance improvement for many learning tasks whose solution
use a boosting technique.
Originally, the boosting approach was suggested for the standard PAC
model; we analyze possible applications of boosting in the model of ag-
nostic learning (which is “more realistic” than PAC). We derive a lower
bound for the final error achievable by boosting in the agnostic model; we
show that our algorithm actually achieves that accuracy (within a con-
stant factor of 2): When the booster faces distribution D, its final error
is bounded above by 1

1/2−β
errD(F ) + ζ, where errD′(F ) + β is an upper

bound on the error of a hypothesis received from the (agnostic) weak
learner when it faces distribution D′ and ζ is any real, so that the com-
plexity of the boosting is polynomial in 1/ζ. We note that the idea of ap-
plying boosting in the agnostic model was first suggested by Ben-David,
Long and Mansour and the above accuracy is an exponential improve-

ment w.r.t. β over their result ( 1
1/2−β

errD(F )2(1/2−β)2/ ln(1/β−1) + ζ).
Eventually, we construct a boosting “tandem”, thus approaching in terms
of O the lowest number of the boosting iterations possible, as well as in
terms of Õ the best possible smoothness. This allows solving adaptively
problems whose solution is based on smooth boosting (like noise tolerant
boosting and DNF membership learning), preserving the original solu-
tion’s complexity.

1 Introduction

Boosting is a learning method discovered by Schapire [17]. It proves compu-
tational equivalence between two learning models: the model of distribution-
free (strong) PAC-learning and that of distribution-free weak PAC-learning (the
PAC-model was first introduced by Valiant in [20], the strong and the weak cases
were distinguished by Kearns and Valiant in [15]). This (theoretical) equivalence
between the two models may be used to solve various problems in the domain
of Learning Theory: Indeed, a number of such problems are currently known
whose “strong” solution was achieved by initial construction of a weak learner
and then applying a boosting algorithm.

N. Cesa-Bianchi et al. (Eds.): ALT 2002, LNAI 2533, pp. 98−112, 2002.
 Springer-Verlag Berlin Heidelberg 2002



On the other hand, for many concept classes no weak (PAC) learner has been
found so far (e.g., for the class of DNF formulas, see [12]). In such cases one of
the possible approaches is to modify the learning model, so that the task of
learning would be simpler. For example, in the case of DNF learning a solution
is known for the “simplified” PAC model, when the learner is allowed to ask
membership queries and the target distribution is always uniform ([12]); at the
same time, in its unrestricted form the task is considered rather difficult.

It turns out that the boosting approach, originally developed for the standard
PAC model, may me adapted to other more or less similar learning models. For
example, the solution suggested in [12] for the DNF learning problem is partially
based on a previously known boosting algorithm, adapted for the uniform model
with allowed membership queries.

Recently Ben-David, Long and Mansour [6] have shown that the boosting
approach may also be utilized in the model of agnostic learning, which is in a
sense “more practical” than PAC (see Subsection 1.1 for model description).

In this paper we construct a boosting algorithm whose requirements for some
resources are “optimally modest”; as a result, this algorithm may be used in a
number of “near-PAC” learning models, achieving the optimal performance.

1.1 Learning Models

All the models considered in this paper have one feature in common: A learner al-
ways “communicates” with a D-oracle which produces examples (x, f(x)), where
f is the target function and x is chosen from the domain X according to the
distribution D.

In this paper we will always assume that f is binary-valued to {−1, 1}. We
will sometimes use as a complexity parameter a measure of the representation
size of f , which we denote by I(f) (its definition depends on the target class and
is usually clear from the context).

Therefore the difference between the following models lies in the requirements
for the learner’s complexity and for its accuracy.

PAC Learning (Strong) The target function f is assumed to come from some
hypotheses class C.

The learner receives parameters ε and δ; its goal is to produce with proba-
bility at least 1− δ a binary hypothesis hf , satisfying:

εhf
� Pr

D
[h(x) �= f(x)] ≤ ε.

(Throughout this paper we will use notation of εfunction to denote the value of
PrD [function(x) �= f(x)] .)

The time complexity of the learner should be polynomial in 1/ε, log(1/δ)
and I(f). (Sometimes δ is referred to as a confidence parameter.)
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PAC Learning (Weak) The target function f is assumed to come from some
hypotheses class C.

The learner receives a parameter δ; its goal is to produce with probability at
least 1− δ a hypothesis hf , satisfying:

γhf
� E

D
[h(x) · f(x)] ≥ γmin,

where γmin may be inverse-polynomial low in I(f). (Throughout this paper we
will use notation of γfunction to denote the value of ED [function(x) · f(x)] .) In
the context of weak PAC learning we will not demand the produced hypothesis
to be binary (it may be real-valued to [−1, 1]).

The time complexity of the learner should be polynomial in I(f) and log(1/δ).

Agnostic Learning In the framework of agnostic learning no a priori assump-
tions regarding the target function f are made; instead we require that the
learner’s response hf should be “near to the best possible” up to some parame-
ter.

Formally, agnostic learning means that we define some learning hypotheses
class F to be used for learning. For any target function f , the best possible
accuracy a hypothesis from F can achieve is either equal or infinitesimal near
to

err
D
(F ) � inf

h′∈F
εh′ .1

The learner receives a parameter δ and has to produce with probability at
least 1− δ a binary hypothesis hf , satisfying:

εhf
≤ err

D
(F ) + β,

for some β announced a priori. A learner satisfying this is called a β-optimal
learner.

We do not define a general notion of agnostic learning efficiency now.
For a detailed overview of the agnostic learning model, see [14].

1.2 Boosting

A boosting algorithm B is supplied with an auxiliary algorithm WL (the weak
learner). B “communicates” with WL, performing a number of “sessions”: Dur-
ing session i B chooses a distribution Di over X and emulates for WL a Di-
oracle, answering according to the target function f . In response WL has to
learn f w.r.t. Di, each session ends when WL constructs its hypothesis.

We will denote the total number of performed boosting sessions by T and
the weak learner’s response to Di by hi. We will sometimes refer to individual
sessions as “iterations”.
1 Note that sometimes the agnostic model is defined so that the class used for accuracy
evaluation is allowed to differ from that used to produce approximating hypotheses.
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The boosting algorithm itself “faces” some target distribution D, according
to which it receives instances from the oracle. After the T ’th session is finished,
B produces its final hypothesis hf whose accuracy w.r.t. D is higher than the
accuracies of the received weak hypotheses (w.r.t. corresponding Di-s).

When the boosting is performed in the PAC model, the weak learner is usu-
ally a weak PAC-learner and the booster itself is required to satisfy the strong
PAC requirements (see Subsection 1.1). In this case the booster is considered
efficient when its complexity is polynomial in the γmin parameter of WL, as
well as in standard PAC complexity parameters. Note that when WL is an effi-
cient weak PAC learner (i.e., γmin is inverse-polynomial low), the whole tandem
B+WL constitutes an efficient strong PAC learner.

For the case of agnostic model (see Subsection 1.1) we will derive efficiency
requirements for both B and WL later in the paper. (Since the PAC model
is “more natural” for boosting, we will describe and analyze our algorithm as
a PAC booster, and then we will separately consider its usage under agnostic
settings.)

Boosting by Sampling versus Boosting by Filtering In this paper we con-
sider two boosting modes: boosting “by sampling” and boosting “by filtering”.

Boosting by sampling means that the learning is performed in two stages.
In the first stage the algorithm collects a sufficient number of learning examples
(i.e., a subset S ⊂ X together corresponding values of f) by repeatedly calling
the oracle. In the second stage the booster performs learning over this collection
of examples only. The training sample S is of polynomial size.

The booster’s goal is to achieve some required accuracy over the training set
(which is often the absolute accuracy, so that the hypothesis coincides with f
for each x ∈ S). Then information-theoretic techniques like VC theory [19] and
Occam’s Razor [1] may be applied to measure the overall accuracy w.r.t. D of
the same hypothesis.

Of course, the hypothesis may be not accurate over whole X even if it is
correct over S. Such “switching” from sub-domain S to whole X is sometimes
called generalization, and the additional error introduced by generalization is
called a generalization error.

On the other hand, the meaning of boosting by filtering is that the booster
takes the whole set of instances as its learning domain. The examples received by
the booster from the PAC-oracle are not stored, but are “filtered”: Each example
is either forwarded to WL or “rejected” (i.e., is not used at all).

This approach has two obvious advantages over boosting by sampling: the
space complexity is reduced (the examples are not stored) and no generalization
error is introduced. At the same time, the analysis and the algorithm itself
become slightly more complicated, because now the booster cannot get exact
“statistics” by running through all the instances of the domain and needs to use
some estimation schemes (based on various statistical “laws of large numbers”,
like Chernoff bound).
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Among the possible reasons for using boosting by sampling is that the booster
is not smooth: In general, a distribution which is not polynomially near-D cannot
be efficiently simulated using repeated calls to a D-oracle, when X is superpoly-
nomially large.

Smooth Boosting and Adaptive Boosting In this paper we will consider
two special features of boosting algorithm: smoothness and adaptiveness.

The term “adaptiveness” means that the algorithm doesn’t require a priori
lower bound for γi; instead the algorithm “takes advantage” of each single weak
hypothesis, as good as it is. More formally, while a non-adaptive booster has
its complexity bounds polynomial in 1/min ({γhi

|1 ≤ i ≤ T }) , adaptive algo-
rithm’s running time is polynomial in

1/ E
1≤i≤T

[poly(γhi)] .

(For example, we will derive complexity bounds for our algorithm in terms of
1/E1≤i≤T

[
γ2

i

]
.)

The term “smoothness” means that the distributions Di emulated by the
booster do not diverge dramatically from the target distributionD of the booster
itself. To measure the “smoothness” of a distribution Di, we define a smoothness
parameter :

αi � sup
x∈X

Di(x)
D(x)

.

We define a smoothness parameter for a boosting algorithm as sup of possible
smoothness parameters of distributions emulated by it. A boosting algorithm
with smoothness parameter α will be called α-smooth.

For example, if the target distribution is known to be always uniform and
the booster is smooth, WL will has to deal only with distributions which are
near to the uniform (which simplifies its quest sometimes). This idea is basic
for the only known solution of DNF membership learning w.r.t. uniform ([12],
[13]). Among other known applications for smooth boosting algorithms are noise-
tolerant learning ([10], [7], [18]), learning via extended statistical queries ([2]) and
agnostic boosting ([6]).

1.3 Our Results

In this paper we construct a boosting algorithm called AdaF lat, which is optimal
from several points of view.

We show that AdaF lat is adaptive and nearly optimally smooth (within a
constant multiplicative factor of 2).

Let us assume that the size of the final hypothesis produced by a booster
cannot be upper bounded without bounding the running time of the algorithm.
(To the best of our knowledge, this is true for all the boosting algorithms known
so far.) We claim that under this assumption the two qualities (smoothness and
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adaptiveness) are essential for performing adaptive boosting over a superpoly-
nomially large domain:

Non-smoothness makes it essential to use boosting by sampling. For an adap-
tive booster, one (in general) cannot know what will the running time be before
the boosting process halts, and therefore the size of the future final hypothesis
is also unknown. On the other hand, in order to determine required size of the
learning sample S, so that the final error (after generalization) would be at most
ε, it is essential to have an upper bound for the size of the final hypothesis before
the boosting is started (in order to be able to apply generalization techniques,
see [19] and [1]).

To the best of our knowledge, AdaF lat is the first both smooth and adaptive
booster. An algorithmMadaBoost constructed by Domingo and Watanabe [7] is
smooth, but it is adaptive only for a non-increasing sequence of weak hypotheses
accuracies (i.e., when γhi+1 ≤ γhi for 1 ≤ i ≤ T − 1). Besides, their result applies
only to the case of binary-valued weak hypotheses, which seems to produce some
difficulties when Fourier spectrum approach is used for weak learning ([16], [3],
[5]).

Another similar result was achieved by Bshouty and Gavinsky in [4]: their
algorithm is smooth, but it is not “completely” adaptive: While their algorithm
makes adaptive number of boosting iterations and constructs final hypothesis of
adaptive size, the time complexity of each iteration depends upon the value of
γmin (which should be provided before the boosting starts).

We show that AdaF lat may be used in the framework of agnostic learning.
We derive a lower bound for the final error achievable by agnostic boosting; we
show that our algorithm achieves that accuracy (within a constant factor of 2).
Our upper bound on the final error is

1
1/2− β

err
D
(F ) + ζ,

where ζ is any real so that the time complexity of the solution is polynomial in
1/ζ.

The idea of applying boosting in the agnostic model is due to Ben-David,
Long and Mansour [6]. Our result is an exponential improvement w.r.t. β over
the solution suggested in [6], whose error is upper bounded by

1
1/2− β

err
D
(F )2(1/2−β)2/ ln(1/β−1) + ζ.

(In particular, our result answers an open question posed in [6].)
Algorithm AdaF lat performs the lowest possible number of boosting iter-

ations in terms of O(f(γ)). We construct a “boosting tandem”, consisting of
AdaF lat “joined” with another boosting algorithm (this approach was first used
in [8] and since then became very popular in boosting algorithms’ construction).
The idea standing behind is to use one booster (AdaF lat, in our case) to boost
hypotheses from the “weak” accuracy 1

2 + γ to some fixed accuracy 1
2 + const,

and then to amplify ( 1
2 + const)-accurate hypotheses to 1− ε using another
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boosting algorithm. Naturally, this approach is used when the first booster is
more efficient in terms of γ and the second one is more efficient in terms of ε.
Moreover, since the feature of adaptiveness is “expressed” in terms of γ and our
tandem has AdaF lat in its “bottom level”, the tandem itself is adaptive.

Naturally, the final hypothesis structure of the tandem is slightly more com-
plicated. On the other hand, using this approach we achieve in terms of O(f(γ))
and O(f(ε)) the lowest possible number of boosting iterations and in terms of Õ
the lowest smoothness factor possible. Since our tandem algorithm is smooth and
adaptive, it may be used in order to solve adaptively and with optimal number
of iterations various boosting tasks, including those requiring that the boosting
algorithm be smooth.

2 Preliminaries

For simplicity, in our analysis of boosting schemes we will not allow WL to fail.

2.1 Agnostic Boosting Approach

The main idea standing behind agnostic boosting is as follows: Suppose we are
given a β-optimal learning algorithm; it will be used as a weak learner and
therefore is referred to by WL.

Consider some target distributionD. By definition, the weak learner being ex-
ecuted “in a straightforward manner” must provide a (1− errD(F )− β)-accurate
hypothesis in the worst case. Let us modify slightly the target distribution thus
achieving a new distribution Di of smoothness αi (measured w.r.t. D). Obvi-
ously, it holds that

err
Di

(F ) ≤ αi · err
D
(F ),

and WL must provide a hypothesis hi whose error is αi · errD(F ) + β, in the
worst case.

If distribution Di was produced by a boosting algorithm on stage i, then in
terms of boosting we may write αi · errD(F ) + β ≥ εi = 1

2 − γi, which leads to

γi ≥ 1
2
− β − αi · err

D
(F ). (1)

While in [6] agnostic learning is mainly considered in the context of boost-
ing by sampling, our result equally applies to both boosting by sampling and
boosting by filtering. In fact, it seems that the main difficulty lies in constructing
a weak learner; possible solutions for this determine the applicability and the
efficiency of the boosting methods. Some examples of “agnostic weak learners”
may be found in [6].
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3 Optimally-Smooth Adaptive Boosting

In this section we construct a booster working by sampling and in Section 5
we build a modification of the algorithm which works by filtering. For the con-
struction of AdaF lat we modify another algorithm, first introduced by Impagli-
azzo [11] in a non-boosting context and later recognized as a boosting algorithm
by Klivans and Servedio [13].

Algorithm AdaF lat is represented in Figure 1, the following notation is used:

Ni(s) � f(s) ·∑i−1
j=0 lj · hj(s), N0(s) � 0,

m(N) �



1 N ≤ 0
1−N 0 < N < 1
0 1 ≤ N

,

µi �
∑

s∈S m(Ni(s))

|S| , γi(s) � hi(s)·f(s)
2 , sign(y) �

{
1 y ≥ 0
−1 y < 0 .

When the domain S is of polynomial size, simulation of Di-s is straightfor-
ward. Note that the number of iterations performed by the algorithm defines the
number of weak hypotheses combined in a final hypothesis.

AdaF lat(WL, S, ε)
1. set: i = 0
2. while Pr[s ∈ S]hf (s) �= f(s) ≥ ε

3. define: Di(s) � m(Ni(s))∑
s∈S m(Ni(s))

4. call: WL, providing it with distribution Di;
denote the returned weak hypothesis by hi

5. set: γi =
∑

s∈S Di(s) · γi(s)

6. set: li = 2µiγi

7. define: hf (s) � sign
(∑i

j=0 lj · hj(s)
)

8. set: i = i+ 1
9. end-while
10. Output the final hypothesis hf

Fig. 1. The AdaF lat(WL, S, ε) hypothesis boosting algorithm.

3.1 AdaF lat’s Analysis

Claim. Algorithm AdaF lat executed with parameters (WL, S, ε) performs

T ≤ ε−2

4E0≤i<T [γ2
i ]

(2)
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boosting iterations and produces a final hypothesis which is accurate over S
and possesses the structure of a weighted majority vote of T weak hypotheses.
The smoothness parameter of AdaF lat satisfies:

α ≤ ε−1. (3)

Proof of Claim 3.1 Define the following reward function:

B(N) �



N N ≤ 0
N − N2

2 0 < N < 1
1
2 1 ≤ N

.

As follows from a second-order Taylor expansion, for any c ∈ R it holds:

B(N + c) ≥ B(N) +
dB

dN
· c+ inf B′′(N) · c

2

2
,

where B′′(N) � min{ dB2

dN ·dN+ ,
dB2

dN ·dN− }. By noting that m(N) = dB
dN , we get:

B(N + c) ≥ B(N) +m(N) · c− c2

2
.

Further, denote:

ci(s) � li · hi(s) · f(s) = 2liγi(s), Bi �
∑

s∈S B(Ni(s))
|S| , ∆i

B � Bi+1 −Bi.

Consequently,

∆i
B ≥

∑
s∈S m(Ni(s))·ci(s)

|S| −
∑

s∈S c2
i (s)

2|S| ≥
≥ 2li

∑
s∈S m(Ni(s))·γi(s)∑

s∈S m(Ni(s))
· µi − l2i

2 = 2liγiµi − l2i
2 ,

and using the expression set for li by AdaF lat, we get:

∆i
B ≥ 2γ2

i · µ2
i . (4)

Since B(N) ≤ 1
2 , the last inequality leads to

T ≤ 1
4E0≤i<T [γ2

i · µ2
i ]
. (5)

Here the adaptiveness is expressed: the number of iterations depends on the
value of E0≤i<T

[
γ2

i

]
, rather then on min2

0≤i<T [γi].
Next, it holds that:

1
αi

=
1
|S| ·

1
maxs∈S Di(s)

=
µi

maxs∈S m(Ni(s))
≥ µi ≥ ε.
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Since we obviously interrupt the algorithm as soon as ε = 0, it holds that for
each i

argmax
s∈S

m(Ni(s)) = min
s∈S

Ni(s) ≤ 0,

and therefore
α−1

i = µi ≥ ε, (6)

which leads to (3). Combining (6) with (5), we prove statement (2).
The result follows.

�Claim 3.1

4 Agnostic Boosting

In this section we apply AdaF lat to agnostic boosting. (We refer to AdaF lat
which works by sampling and not to AdaFlatFilt introduced in Section 5; how-
ever, algorithm AdaFlatFilt may be used for agnostic boosting as well.) As a
result, we achieve upper bound on final error of

1
1/2− β

err
D
(F ) + ζ,

where ζ is any real, so that the time complexity of the solution is polynomial
in 1/ζ, as well as in other standard complexity parameters.

The analysis of our new application is straightforward: Combining (1), (4)
and (6) gives us that:

∆i
B ≥ 2

(
γi

αi

)2

≥ (ε
(

1
2 − β

)− errD(F ))2,

T ≤ 1
4

(
ε
(

1
2 − β

)− errD(F )
)−2

,

ε ≤
1

2
√

T
+errD(F )
1
2−β

.

That is, applying AdaF lat to the task of agnostic boosting allows to get
a hypothesis which

(
errD(F )

1
2−β

+ ζ
)
-approximates the target concept. For that,

AdaF lat needs to perform

T ≤ 1
4

(
ζ ·
(
1
2
− β

))−2

iterations.
Recall that if we straightly apply WL, we get a (errD(F ) + β)-approximation.

Therefore, our approach actually amplifies WL if and only if

err
D
(F ) < β · 1− 2β

1 + 2β
.
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Note that evaluating in terms of O(f) would work well for the number of
iterations needed, but it is not sufficient for the smoothness estimation (3).
That is because the smoothness property determines the “base” for the final
error expression

(
errD(F )

1
2−β

)
, which cannot be lowered by performing a larger

number of iterations. The same thing holds regarding the parameter β.
In Section 6 we show that AdaF lat (and AdaFlatFilt) are near-optimally

smooth up to the constant multiplicative factor of 2, therefore the final hypoth-
esis has half the best possible relative correspondence with the target for the
agnostic boosting approach.

5 Boosting Using Filtering

Algorithm AdaFlatFilt is shown in Figure 2 and its subroutine Evaluate in Fig-
ure 3. Note that the algorithm receives confidence parameter δ. Recall that now
the target distribution is D itself and the instance space is {(x, f(x)) | x ∈ X}.

AdaFlatFilt(WL, ε, δ)
1. set: i = 0, δ0 = δ

2

2. while µ′
i(m) ≥ 4ε

5

3. call: WL, providing it with distribution generated by Digen;
denote the returned weak hypothesis by hi

4. set: µ′
i(m) = Evaluate

(
m(Ni(s))|s∼D, 1, δi

2

)
5. set: γ′

i = Evaluate
(γi(s) ·m(Ni(s))

∣∣∣
s∼D

, 1, δi
2

)
6. set: l′i = 2µ′

i(m)γ′
i, i = i+ 1, δi =

2
3
l′2i−1 · δ

7. end-while

8. define: hf (s) � sign
(∑i

j=0 l
′
j · hj(s)

)
9. Output the final hypothesis hf

Digen
1. do:
2. get (xj , f(fj)) from the oracle; choose r ∼ U0,1

3. if (r < m(Ni(s))) then return (xj , f(xj))
4. end-do

Fig. 2. The AdaFlatFilt(WL, ε, δ) hypothesis boosting algorithm.

The algorithm has two subroutines:Digen which is used to produce examples
for WL and Evaluate(V, b− a, δ) (shown in Figure 3) which, with probability δ

at least, returns a value µ′ s.t. |µ′ − E [V ] | ≤ E[V ]
5 when V receives values from

[a, b] and E [V ] �= 0. The latter subroutine is based on Chernoff bound, its time
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Evaluate(V, b− a, δ)
1. set: µg = 1

2
, i = 0, σ = 0, δ = δ

2

2. do:
3. set: i = i+ 1, σ = σ+ < sample from V >

4. if i =
⌈

18(b−a)2 ln( 2
δ
)

µ2
g

⌉
then

5. set: µ′ = σ
i

6. if |µ′| ≥ µg then return µ′

7. set: µg =
µg

2
, δ = δ

2

8. end-if
9. end-do

Fig. 3. Subroutine Evaluate.

complexity is

O

(
(b− a)2 · ln(δ−1) · ln((E [V ])−1)

(E [V ])2

)
.

5.1 AdaFlatFilt ’s Analysis

Denote by T [WL] the time complexity of WL running over the instance space X,
and by Q[WL] the corresponding query complexity (i.e., the number of requested
examples).

Claim. Suppose algorithm AdaFlatFilt is executed with parameters (WL, ε, δ).
Then with probability at least δ the following statements hold:

- The algorithm performs

T ≤ 3
4ε2 · E0≤i<T [γ2

i ]
(7)

boosting iterations.
- The algorithm produces a final hypothesis possessing the structure of a
weighted majority vote of T weak hypotheses whose prediction error over
the learning domain (X) is ε at most.

- The smoothness parameter of AdaFlatFilt satisfies

α ≤ ε−1.

- The query complexity of the algorithm is

Õ

(
ε−1 ·Q[WL] +E0≤i<T

[
γ−2

i

]
+ ε−2

ε2 · E0≤i<T [γ2
i ]

)
. (8)

- The time complexity of the algorithm is

Õ

(
ε−1 ·Q[WL] + T [WL] +E0≤i<T

[
γ−2

i

]
+ ε−2

ε2 · E0≤i<T [γ2
i ]

)
. (9)
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6 Optimality of AdaF lat and AdaFlatFilt

In this section we consider the smoothness parameter and the number of itera-
tions performed by our algorithms.

Our algorithms are twice near-optimally smooth and the number of iterations
performed are optimally low in terms of O(f(γ)).

The second fact simply follows from a fact shown by Freund in [9]: The
number of desired iterations for any general boosting scheme must satisfy T =
Θ
(
γ−2 · ln ε−1

)
.

The fact that α ≤ ε−1 is near-optimal up to the multiplicative factor of 2,
becomes clear from the following mental experiment. If some algorithm is not
allowed to diverge by more than 1

2ε
−1 · (1− 2γ) from the original distribution

D, then it is unable to force the WL to reveal any information regarding any
(fixed) set of points of total probabilistic weight 2ε. Therefore, the best thing
that can be done there is to guess, which leads to the error ε at least in the final
hypothesis, and the result follows.

7 Boosting Tandems

In this section we construct a boosting tandem, or combine two boosting algo-
rithm in a kind of hierarchy. The upper level algorithm views the lower level
algorithm as its weak learner, while the latter communicates with the “real”
weak learner. While in the case of “usual” boosting the weak learner provides a
polynomially-accurate weak hypothesis which is afterwards “amplified” by the
booster into a polynomially-accurate strong hypothesis, in the boosting tandem
model the corresponding evolution is polynomial weak → constant corre-
spondence → polynomial strong.

This technique was first used by Freund in [8]. Its advantage is that if one
algorithm is more efficient in terms of γ and the other in terms of ε, this approach
makes use of the “strong sizes” of the both, setting their “weak” parameters to
constants.

Naturally, we are interested to preserve the adaptiveness and efficiency in
terms of γ of AdaFlatFilt , and it will be used as a low level2. In this case the
smoothness factor of AdaFlatFilt will be bounded by a constant.

As a high level, we use an algorithm introduced in [8] (and used there for
the same purpose). It performs O(ln(ε−1) · f(γ)) iterations and its smoothness
is Õ(ε−1).

Putting everything together, we achieve the number of iterations (i.e., that
of calls to the weak learner) bounded by

O

(
ln(ε−1)

E0≤i<T [γ2
i ]

)

and smoothness of
α = Õ(ε−1).

2 The same approach works for AdaF lat as well.
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Note that the resulting algorithm is adaptive. (The whole construction is similar
to that made by Klivans and Servedio [13]; their result, however, is not adaptive.)

As mentioned in Section 6, this number of iterations corresponds to the lower
bound. The price that we pay for the improvement is further complication of
the final hypothesis structure3, and also a logarithmic in ε−1 growth of the
smoothness parameter4. Notice that for the case of agnostic boosting considered
in Section 4, bounding the smoothness strictly was shown to be critical.

An interesting application for the tandem is for near-uniform DNF learning
with membership queries. The problem was solved for the first time by Jackson
in [12]; The most efficient solution known so far is that by Klivans and Servedio
represented in [13], where they use a similar tandem for their construction. Our
algorithm possesses the same complexity, and therefore the complexity of the
solution equals that achieved in [13]; moreover, our solution it is adaptive. The
latter fact directly addresses an open question posed in [12]. Another attempt to
use an adaptive algorithm in the context of near-uniform DNF learning was made
in [4]; the result received there has weaker complexity bounds and it is adaptive
only w.r.t. the size of the final hypothesis, but not w.r.t. the time complexity of
the solution.

8 Other Applications and Further Work Directions

As mentioned before, in addition to the contexts of agnostic boosting and near-
uniform DNF learning with membership queries, smoothness is critical for noise-
tolerant learning ([10], [7], [18]), for learning via extended statistical queries ([2])
and for agnostic learning ([6]).

Our algorithm can be used to solve all these tasks adaptively; the boosting
tandem introduced in Section 7 achieves performance as efficient as that of other
boosting algorithms known so far.

We based our analysis of the application of AdaF lat to agnostic boosting
upon the adaptiveness feature of the booster (if we would use a lower bound
on γi-s instead, the achieved result would be noticeably weaker). An interesting
open question is whether this adaptiveness feature can be similarly taken into
consideration in the analysis of other smoothness dependent learning tasks, in
particular, it would be interesting to gain some performance improvement for
the widely studied task of DNF membership learning.

Acknowledgments. I would like to thank Nader Bshouty for his guidance and
advice.

3 The final hypothesis generated by the tandem is represented as a majority vote of
weighted majority votes, instead of a single weighted majority vote, as generated by
AdaF lat.

4 Recall that for AdaF lat and AdaFlatFilt it was strictly bounded by ε−1.
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Abstract. We consider using online large margin classification algo-
rithms in a setting where the target classifier may change over time. The
algorithms we consider are Gentile’s Alma, and an algorithm we call
Norma which performs a modified online gradient descent with respect
to a regularised risk. The update rule of Alma includes a projection-
based regularisation step, whereas Norma has a weight decay type of
regularisation. For Alma we can prove mistake bounds in terms of the
total distance the target moves during the trial sequence. For Norma, we
need the additional assumption that the movement rate stays sufficiently
low uniformly over time. In addition to the movement of the target, the
mistake bounds for both algorithms depend on the hinge loss of the
target. Both algorithms use a margin parameter which can be tuned to
make them mistake-driven (update only when classification error occurs)
or more aggressive (update when the confidence of the classification is
below the margin). We get similar mistake bounds both for the mistake-
driven and a suitable aggressive tuning. Experiments on artificial data
confirm that an aggressive tuning is often useful even if the goal is just
to minimise the number of mistakes.

1 Introduction

Consider the basic linear classification problem. We are given a set of data points
(xt, yt) where xt ∈ R

n and yt ∈ { −1,+1 } for t = 1, . . . ,m. The task is to find a
coefficient vector w ∈ R

n such that w · xt > 0 if yt = +1, and w · xt < 0 if yt =
−1. In other words, we wish the margin ytw ·xt to be positive for every example
(xt, yt). Recently a lot of work has been done on large margin classification,
where we do not just settle for any linear separator w, but try to find one
that achieves the largest possible separation [3]. Maximising the separation can
be thought of as maximising the smallest margin over the example set, while
keeping the norm of w bounded. This often leads to significant improvements in
the generalisation ability of the resulting linear classifier [3].

The discussion above presumes a batch learning scenario: we obtain a set
of examples (xt, yt) from a source, use that data to induce a classifier w, and
then use the classifier to predict the labels y for new instances x coming from the
same source. Contrast this with the online scenario: at each time t, the algorithm
receives an input xt, makes its prediction ŷt using its current hypothesis wt, and

N. Cesa-Bianchi et al. (Eds.): ALT 2002, LNAI 2533, pp. 113–127, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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upon seeing the correct outcome yt updates its hypothesis to wt+1. Thus, the
algorithm is interleaving predicting and learning. This goes on for some time,
and the goal is to minimise the total number of prediction mistakes. The question
now is: can an analogue of large margin classification usefully be applied in an
online setting? In addition to the number of prediction mistakes, we might be
interested in the convergence properties of the algorithm, the quality of the final
hypothesis produced etc.

Theoretical analyses of mistake bounds of online algorithms are typically
done in a worst-case setting. Then it is known that the best mistake bounds are
achieved by mistake-driven algorithms, i.e., algorithms that update only after
they made a mistake. For linear separation, this means having yw · x < 0. The
analogue of large margin classification would be to update whenever we have
yw · x < ρ for some positive margin ρ > 0. If 0 < yw · x < ρ, we get updates
that are not mistake-driven, and thus not useful at least in terms of worst-case
mistake bounds. (Of course, if we wish our on-line algorithm to converge to a
maximum-margin classifier, as in [12,6], we need to use a positive margin, but this
is a somewhat different goal.) Since margins can be changed without affecting
the classifications by simply multiplying the weight vector by a scalar, margin-
based algorithms usually also employ some kind of regularisation to control the
norm of the weight vector.

To get a better idea of the usefulness of large margins and regularisation in
online learning, we consider the situation when the target classifier we are trying
to learn is allowed to move over time. This is the setting analysed earlier for
regression by Herbster and Warmuth [10] and Herbster [9] and for classification
with disjunctions as targets by Auer and Warmuth [2]. This previous work also
uses norm bounds on the hypothesis, or some other form of regularisation, to
deal with having a moving target (even when no margins are involved). More
recently, Mesterharm [14] has considered tracking arbitrary linear classifiers with
a variant of Winnow [13].

In this paper we establish mistake bounds with moving targets for general
linear classification algorithms. We have bounds for two algorithms, a simplified
version of Gentile’s Approximate Large Margin Algorithm (Alma) [6], and a
new Naive Online Regularised-risk Minimisation Algorithm (Norma) which is
motivated by gradient descent with respect to a regularised risk [11]. We have
a special interest in whether using a nonzero margin may help here. As it turns
out, the best bounds we can obtain for nonzero margins are identical to those
for zero margin (i.e., mistake driven algorithms). This is not really conclusive in
any sense, but it does give some evidence that mistake driven algorithms are not
the only way to minimise mistakes. On the technical side, our analysis of Alma
is a rather standard application of known techniques. For analysing Norma
we need something a little different to handle the weight decay. The technique
requires some additional assumptions, so our bounds for Norma are less general
than for Alma. However, experiments on artificial data suggest that the actual
performance of the algorithms is rather similar.
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In Section 2, we describe more formally the online mistake-bounded model
and what we mean by moving targets. Section 3 describes the algorithms we
study here. The main theoretical results are given in Section 4. Some experi-
ments, which use artificial data to study the actual behaviour of the algorithms,
are described in Section 5.

2 Basic Setting

We consider linear classification problems. An example is a pair (x, y) ∈ R
n ×

{ −1,+1 }. We interpret a weight vector w ∈ R
n as a linear classifier, which

gives for a vector x the classification +1 if w ·x > 0, and otherwise classification
−1. We say that w makes a mistake, or classification error, on example (x, y),
if yw · x ≤ 0. (Thus, we consider w · x = 0 as an error.) We generalise this by
saying that w makes a margin error at scale ρ if yw · x ≤ ρ. We also define the
hinge loss as Lρ(w,x, y) = max{ 0, ρ − yw · x }. The scale parameter ρ, or the
margin, is usually nonnegative; we omit mentioning it when it is clear from the
context. We are basically interested in finding weight vectors w that make few
mistakes, or few margin errors, but the continuous-valued hinge loss turns out
to be a useful tool in analysing the algorithms. Notice that Lρ(w,x, y) ≥ ρ if
and only if w made a mistake on (x, y).

An online linear classification algorithm maintains as its current hypothesis
a weight vector w ∈ R

n. We denote the hypothesis at time t by wt. The initial
hypothesis w1 is typically 0, for lack of any other preference. At time t, for t =
1, . . . , T , the algorithm receives an instance xt ∈ R

n and makes its prediction,
which is +1 if wt · xt ≥ 0 and −1 otherwise. Then the algorithm receives the
correct outcome yt ∈ { −1,+1 } and updates its weight vector into wt+1 based
on this new information.

Suppose A is some online algorithm. We write σt = 1 if the algorithm made
a margin error at trial t (ytwt · xt ≤ ρ) and σt = 0 otherwise. We denote the
total number of margin errors made by A over a sequence of T examples by
MEρ(A) =

∑T
t=1 σt. Similarly, let Mist(A) be the number of mistakes. We will

also use the cumulative hinge loss Lossρ(A) =
∑T

t=1 Lρ(wt,xt, yt). Notice that
Mist(A) ≤ Lossρ(A)/ρ.

To prove a mistake bound, we obviously need to assume something about
the examples. For instance, the Perceptron Convergence Theorem [15] assumes
that some weight vector u ∈ R

n separates the examples with margin µ > 0; the
mistake bound is then proportional to (||u||2/µ)2. More generally, given a fixed
comparison vector u ∈ R

n, let Lossµ(u) =
∑T

t=1 Lµ(u,xt, yt) be its cumulative
hinge loss with respect to margin µ. Thus, u separates the examples with margin
µ if and only if Lossµ(u) = 0. Our approach will be to bound the cumulative
hinge loss Lossρ(A) of an online algorithm in terms of infu∈U Lossµ(u) where
µ > ρ and U ⊂ R

n is some comparison class of vectors. Typical comparison
classes consist of vectors of bounded q-norm for some 1 ≤ q ≤ 2 [8,7], i.e.,
U = { u | ||u||q ≤ B } for some B > 0. Our loss bounds go to infinity as ρ
approaches µ; in other words, we need to give the algorithm a slight advantage
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by measuring its performance with respect to a smaller margin than that used
for the comparison vectors. From a hinge loss bound we can rather easily derive
a bound for the number of mistakes or margin errors.

We generalise the setting for moving comparison vectors by considering com-
parison sequences U = (u1, . . . ,uT+1) [10]. The loss of such a comparison se-
quence is naturally defined as Lossµ(U) =

∑T
t=1 Lµ(ut,xt, yt). As in the fixed

target scenario, we assume some norm bound ||ut||q ≤ B for all the individ-
ual comparison vectors ut. We additionally restrict the amount of movement by
the comparison vectors in terms of the total q-norm distance

∑
t ||ut − ut+1||q

travelled by the comparison vectors. Thus, we define for parameters 1 ≤ q ≤ 2,
B > 0 and D ≥ 0 the comparison class

Uq(B,D) = { (u1, . . . ,uT+1) |∑T
t=1||ut − ut+1||q ≤ D, ||ut||q ≤ B } .

For technical reasons, we also need to consider bounding the sum of squared
distances, so we also define

U ′
q(B,D1, D2) =

{
(u1, . . . ,uT+1) |∑T

t=1||ut − ut+1||q ≤ D1,∑T
t=1||ut − ut+1||2q ≤ D2, ||ut||q ≤ B

}
.

The meaning of the parameter D2 is perhaps a little non-intuitive; it will become
clearer after Theorem 4 when we discuss how D2 appears in the loss bounds.

3 The Algorithms

The algorithms we consider are based on the p-norm algorithms introduced by
Grove et al. [8] and further studied, e.g., by Gentile and Littlestone [7]. Thus, for
the rest of the paper we assume p ≥ 2 and 2 ≥ q > 1 are such that 1/p+1/q = 1,
and define

fi(w) =
sign(wi)|wi|q−1

||w||q−2
q

. (1)

Notice that f is one-to-one from R
n onto R

n with the inverse given by f−1
i (θ) =

sign(θi)|θi|p−1/||θ||p−2
p . The update of the p-norm Perceptron can be written as

wt+1 = f−1(f(wt) + ασtytxt) ,

where α > 0 is a learning rate parameter. The parameter p can adjusted
to change the behaviour of the algorithm. For p = 2, the function f is the
identity function, and the algorithm is the usual Perceptron algorithm. Setting
p = O(log n) gives an algorithm with performance similar to Winnow [8,7].

The first algorithm we define here is called Naive Online Regularised-Risk
Minimisation Algorithm, or Norma. The algorithm is parameterised by a learn-
ing rate α > 0, a weight decay parameter 0 ≤ λ < 1/α, and a margin ρ ≥ 0.
The update is then

wt+1 = f−1((1 − αλ)f(wt) + ασtytxt) , (2)
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where again σt = 1 if ytwt · xt ≤ ρ and σt = 0 otherwise. For p = 2 the Norma
update can be seen as a gradient descent step with respect to the regularised
risk R(w) = Lρ(w,xt, yt) + λ||w||2/2; see [11] for additional discussion and
applications.

We also consider a simplified version of Gentile’s Approximate Large Margin
Algorithm Alma [6]. For simplicity, we call our algorithm just Alma although it
omits the parameter tuning method of Gentile’s original algorithm. Our version
of Alma has a fixed learning rate parameter α > 0, regularisation parameter
B > 0 and margin ρ ≥ 0. The update of Alma has two steps:

Additive step w′
t+1 = f−1(f(wt) + ασtytxt), σt = 1ytwt·xt≤ρ

Normalisation step wt+1 = w′
t+1/βt where βt = max{ 1, ||w′

t+1||q/B }
Gentile’s original Alma also includes a method for tuning the parameters α and
ρ during learning. The tuning method there has been carefully crafted so that
assuming separable data, the algorithm converges to an approximate maximum
margin classifier even without advance knowledge of the maximum margin. We
use here a cruder version where α and ρ need to be fixed beforehand (and a poor
choice may lead to bad performance), since we have not been able to generalise
the dynamic tuning method to the moving target scenario.

In the case p = 2 (with f the identity function), we see that the hypotheses of
Norma and Alma can be represented as wT+1 =

∑T
t=1 atxt for some scalar co-

efficients at. Thus, the algorithms allow the standard generalisation to non-linear
classification by using kernels to compute dot products. Also the normalisation
in the kernel version of Alma can be accomplished with little computational
overhead by keeping track of the changes in ||wt|| [6].

Both Norma and Alma have been here represented as having three param-
eters: margin ρ, learning rate α, and a regularisation type parameter (λ or B).
However, effectively there are only two parameters, as multiplying all the param-
eters (except for λ) by any constant will leave the predictions of the algorithm
unchanged; also the scaled hinge losses Lρ(wt,xt, yt)/ρ remain invariant. Thus,
without loss of generality we could fix, e.g., ρ = 1, but we find it convenient to
do the analysis with all the parameters explicitly written out. Although the pa-
rameterisations of Norma and Alma are quite similar, we find that of Norma
a little more intuitive. The underlying idea of gradient descent with respect to
a regularised risk can be easily applied, e.g., in SVM regression using the ν
parameterisation [11].

4 Worst-Case Mistake Bounds

We start with some general comments on the kind of bounds we are after. Fix
some comparison class U ; say U = Uq(B,D) for some B > 0 and D ≥ 0. Let
K∗ = infU∈U Lossµ(U) for some margin µ > 0. Thus if some U ∈ U separates
the examples with margin µ, i.e., ytut · xt > µ for all t, then K∗ = 0. Otherwise
K∗ is a measure for the non-separability of the examples at scale µ. An alterna-
tive intuition is to think that the data have been obtained by corrupting some
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(hypothetical) separable data by noise; then K∗ would be a measure of the total
amount of noise added.

In the case of non-moving targets, one can get bounds of the form Mist(A) ≤
K∗/µ + o(K∗) ([7]; see also [5]). Here o(K∗) is a term that is sublinear in K∗;
we would expect it to depend on the norms of the examples, the bound B, etc.
Notice that K∗/µ is an upper bound for the number of mistakes made by the
best comparison sequence from U ; of course, it may be a quite loose bound.
We would expect target movement to result in an additional O(D) term in the
mistake bound, analogous to the regression case [10]. In other words, there should
be a constant cost per unit target movement. It turns out that with the optimal
choice of the parameters, bounds of exactly this form are attainable for Alma.
For Norma there are some additional considerations about the nature of the
target movement.

Choosing the parameters is an issue in the bounds we have. The bounds
depend on the choice of the learning rate and margin parameters, and the optimal
choices depend on quantities (such as K∗) that would not be available when the
algorithm starts. In our bounds, we handle this by assuming an upper bound
K ≥ K∗ that can be used for tuning. By substitutingK = K∗, we obtain the kind
of bound we discussed above; otherwise the estimateK replacesK∗ in the bound.
In a practical application, we probably prefer to ignore the formal tuning results
in the bounds and just tune the parameters by whatever empirical methods we
prefer. Recently, online algorithms have been suggested that dynamically tune
the parameters to almost optimal values as the algorithm runs [1,6]. Applying
such techniques to our analysis remains an open problem.

We now turn to the actual bounds, starting with a margin error bound for
Alma. It will be convenient to give the parameter tunings in terms of the func-
tion

h(x,R, S) =

√
S

R

(
x+

S

R

)
− S

R
,

where we assume x, R and S to be positive. Notice that 0 ≤ h(x,R, S) ≤ x
holds, and limR→0+ h(x,R, S) = x/2. Accordingly, we define h(x, 0, S) = x/2.

Theorem 1. Let X > 0 and suppose that ||xt||p ≤ X for all t. Fix K ≥ 0,
D ≥ 0 and B > 0, and write

C =
p− 1

4
X2(B2 + 2BD) . (3)

Consider Alma with regularisation parameter B, margin parameter ρ and learn-
ing rate α = 2h(µ − ρ,K,C)/((p − 1)X2) where µ > ρ ≥ 0. If we have
Lossµ(U) ≤ K for some U ∈ Uq(B,D), then

MEρ(Alma) ≤ K

µ− ρ
+2

C

(µ− ρ)2
+2

(
K

µ− ρ
+

C

(µ− ρ)2

)1/2(
C

(µ− ρ)2

)1/2

.

To prove Theorem 1, we apply Herbster and Warmuth’s [10] technique of
using a Bregman divergence [4] as a measure of progress. As first suggested
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by Grove et al. [8], the p-norm family of algorithms is related to the potential
function F (w) = ||w||2q/2. (Notice that ∇F = f where f is as in (1).) Using
this, we define the appropriate divergence for u,w ∈ R

n as

dq(u,w) = F (u) − F (w) + f(w) · (w − u) . (4)

See [8,7,6] for basic properties of F and dq.
The key part of the analysis is the following lower bound on the progress the

algorithm makes on its tth update.

Lemma 1. Assume ||ut||q ≤ B and ||xt||p ≤ X for all t. Then at any trial t
the update of Alma with regularisation parameter B, margin parameter ρ and
learning rate α satisfies

dq(ut,wt) − dq(ut+1,wt+1)

≥ αLρ(wt,xt, yt) − αLµ(ut,xt, yt) + ασt

(
µ− ρ− α

p− 1
2

X2
)

+
1
2
||ut||2q − 1

2
||ut+1||2q −B||ut+1 − ut||q .

Proof. We split the progress into three parts:

dq(ut,wt) − dq(ut+1,wt+1) = (dq(ut,wt) − dq(ut,w
′
t+1))

+ (dq(ut,w
′
t+1) − dq(ut,wt+1))

+ (dq(ut,wt+1) − dq(ut+1,wt+1)) . (5)

Grove et al. [8] have shown that dq(wt,w
′
t+1) ≤ p−1

2 σtα
2||xt||2p. Hence, for the

first part of (5) we get

dq(ut,wt) − dq(ut,w
′
t+1) = ασtytxt · (ut − wt) − dq(wt,w

′
t+1)

≥ ασtytxt · (ut − wt) − p− 1
2

α2σt||xt||2p
≥ α(σtµ− Lµ(ut,xt, yt)) − α(σtρ− Lρ(wt,xt, yt))

− p− 1
2

α2σt||xt||2p .

It is easy to see that wt+1 satisfies

wt+1 = arg min
w∈B

dq(w,w′
t+1)

where B = { w | ||w||q ≤ B }. Since ut ∈ B and B is convex, the well-known re-
sult about projections with respect to a Bregman divergence (see [10] for details)
implies

dq(ut,w
′
t+1) − dq(ut,wt+1) ≥ 0 .

For the third part we have

dq(ut,wt+1) − dq(ut+1,wt+1) =
1
2
||ut||2q − 1

2
||ut+1||2q + (ut+1 − ut) · f(wt+1)

≥ 1
2
||ut||2q − 1

2
||ut+1||2q −B||ut+1 − ut||q
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by Hölder’s inequality and the fact ||f(wt+1)||p = ||wt+1||q ≤ B. Substituting
the above three estimates to the right-hand side of (5) gives the claim.

The following technical lemma, which is proved by a simple differentiation,
is used for choosing the optimal parameters.

Lemma 2. Given R > 0, S > 0 and γ > 0 define f(z) = R/(γ−z)+S/(z(γ−z))
for 0 < z < γ. Then f(z) is maximised for z = h(γ,R, S), and the maximum
value is

f(h(γ,R, S)) =
R

γ
+

2S
γ2

+ 2
(
R

γ
+

S

γ2

)1/2(
S

γ2

)1/2

.

Proof of Theorem 1. By summing the bound of Lemma 1 over t = 1, . . . , T we
get

dq(u1,w1) − dq(uT+1,wT+1)

≥ αLossρ(Alma) − αLossµ(U) + αMEρ(Alma)
(
µ− ρ− α

p− 1
2

X2
)

+
1
2
||u1||2q − 1

2
||uT+1||2q −B

T∑
t=1

||ut+1 − ut||q .

We take w1 = 0, so dq(u1,w1) = ||u1||2q/2, and clearly −dq(uT+1,wT+1) ≤ 0.
On the right-hand side, we use the assumptions about U . We get

MEρ(Alma)(µ−ρ−α(p−1)X2/2) ≤ K−Lossρ(Alma)+
1
α
(BD+B2/2) . (6)

We can of course drop the non-positive term −Lossρ(Alma). For the value α
given in the theorem, we have µ− ρ− α(p− 1)X2/2 > 0, so we get

MEρ(Alma) ≤ K

µ− ρ− α(p− 1)X2/2
+

BD +B2/2
α(µ− ρ− α(p− 1)X2/2)

.

The claim follows by applying Lemma 2 with z = α(p − 1)X2/2, γ = µ − ρ,
R = K and S = C.

Next, we use the margin error result of Theorem 1 to obtain mistake bounds.
It turns out that two ways of choosing the parameter pair (α, ρ) result in the
same mistake bound. In particular, the same bound we get for the mistake driven
algorithm with ρ = 0 also holds for certain positive ρ > 0, assuming the learning
rate is chosen appropriately.

Theorem 2. Let X > 0 and suppose that ||xt||p ≤ X for all t. Fix K ≥ 0, B > 0
and D ≥ 0. Define C as in (3), and given µ > 0 let r = h(µ,K,C). Consider
Alma with regularisation parameter B, learning rate α = 2r/((p − 1)X2) and
margin set to either ρ = 0 or ρ = µ− r. Then for both of these margin settings,
if there exists a comparison sequence U ∈ Uq(B,D) such that Lossµ(U) ≤ K,
we have

Mist(Alma) ≤ K

µ
+

2C
µ2

+ 2
(
C

µ2

)1/2(
K

µ
+

C

µ2

)1/2

.
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Proof. For ρ = 0 this is a direct corollary of Theorem 1. To get non-zero ρ, we
set α = 2(µ − ρ)/((p − 1)X2) so that the coefficient in front of MEρ(Alma) in
(6) becomes zero. We then exploit Mist(Alma) ≤ Lossρ(Alma)/ρ to get

Mist(Alma) ≤ K

ρ
+

(p− 1)X2(BD +B2/2)
2ρ(µ− ρ)

.

The claim follows by applying Lemma 2 with γ = µ and z = µ− ρ.

To interpret Theorem 2, let us start with a fixed target (D = 0) and p =
2. In the noise-free case K = 0, we recover the familiar Perceptron mistake
bound X2B2/µ2. Notice that by Theorem 2 we can get this mistake bound also
using the positive margin ρ = µ/2 with suitable α. However, a positive margin
obviously leads to a larger number of updates; the margin error bound we get
from Theorem 1 with this tuning is worse by a factor of 4 compared to ρ = 0.

In the noisy case K > 0, we get additional terms K/µ + O(
√
K/µ) as ex-

pected. For a discussion of how different choices of p affect this kind of a bound,
see [8] and [7]. If the target movement boundD is non-zero, it will appear linearly
in the mistake bound as expected.

Our bounds generalise those of Gentile [6] in that we allow a moving target.
Also, Gentile was concerned only with margin error bounds and not obtaining
mistake bounds using a nonzero margin. However, in the case of no target move-
ment (D = 0), Gentile gets better bounds than ours by using special techniques
we have not been able to apply to the moving target case (D > 0). Also, Gentile’s
algorithm includes a dynamical tuning of the parameters, unlike the simplified
version we here call Alma.

We now go to bounds for Norma. Since Norma does not maintain a bound
on the norm of the weight vector, the meaning of margin errors is not as clear as
for Alma. However, the number of margin errors, i.e., updates, is still interesting
as a measure of the complexity of the hypothesis produced by the algorithm.

Theorem 3. Let X > 0 and suppose that ||xt||p ≤ X for all t. Fix K ≥ 0,
B > 0, D1 ≥ 0 and D2 ≥ 0. Write

C =
p− 1

4
X2
(
B2 +B

(√
TD2 +D1

))
(7)

and, given parameters µ > ρ ≥ 0, let α′ = 2h(µ−ρ,K,C)/((p−1)X2). Consider
Norma with weight decay parameter

λ =
1

Bα′

√
D2

T
, (8)

learning rate parameter α = α′/(1+α′λ) and margin ρ. If we have Lossµ(U) ≤ K
for some U ∈ U ′

q(B,D1, D2), then

MEρ(Norma) ≤ K

µ− ρ
+

2C
(µ− ρ)2

+ 2
(

C

(µ− ρ)2

)1/2(
K

µ− ρ
+

C

(µ− ρ)2

)1/2

.
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Proof. It will be convenient to write θt = f(wt). We also define θ′
t+1 = θt +

α′σtytxt, so θt+1 = (1 − αλ)θ′
t+1, and let w′

t+1 be such that θ′
t+1 = f(w′

t+1).
As in the proof of Lemma 1, we split the progress into three parts:

dq(ut,wt) − dq(ut+1,wt+1) = (dq(ut,wt) − dq(ut,w
′
t+1))

+ (dq(ut,w
′
t+1) − dq(ut,wt+1))

+ (dq(ut,wt+1) − dq(ut+1,wt+1)) . (9)

For the first part we have
dq(ut,wt) − dq(ut,w

′
t+1) ≥ α′(σtµ− Lµ(ut,xt, yt)) − α′(σtρ− Lρ(wt,xt, yt))

− p− 1
2

α′2σtX
2 . (10)

as in the proof of Lemma 1.
For the second part, the definition of dq gives

dq(ut,w
′
t+1) − dq(ut,wt+1) = dq(wt+1,w

′
t+1) + (θ′

t+1 − θt+1) · (wt+1 − ut) .

By using wt+1 = (1 − αλ)w′
t+1 and the fact w · f(w) = ||w||2q we get

dq(wt+1,w
′
t+1) =

1
2
||(1 − αλ)w′

t+1||2q − 1
2
||w′

t+1||2q + αλw′
t+1 · θ′

t+1

=
1
2

(
αλ

1 − αλ

)2

||wt+1||2q .

Also, since θ′
t+1 − θt+1 = αλθ′

t+1 = αλθt+1/(1 − αλ), we have

(θ′
t+1 − θt+1) · (wt+1 − ut) =

αλ

1 − αλ
(θt+1 · wt+1 − θt+1 · ut)

=
αλ

1 − αλ
(||wt+1||2q − θt+1 · ut) .

Hence, recalling the definition of α′ and using the fact ||w||q = ||f(w)||p, we get

dq(ut,w
′
t+1) − dq(ut,wt+1)

=
(
α′λ+

α′2λ2

2

)
||wt+1||2q − α′λθt+1 · ut

=
(
α′λ+

α′2λ2

2

)
||θt+1||2p − α′λθt+1 · ut . (11)

For the third part of (9) the definition of dq directly gives

dq(ut,wt+1)−dq(ut+1,wt+1) =
1
2
||ut||2q − 1

2
||ut+1||2q +(ut+1−ut) ·θt+1 . (12)

Substituting (10), (11) and (12) into (9) gives us
dq(ut,wt) − dq(ut+1,wt+1)

≥ α′(σtµ− Lµ(ut,xt, yt)) − α′(σtρ− Lρ(wt,xt, yt))

− p− 1
2

α′2σt||xt||2p +
1
2
||ut||2q − 1

2
||ut+1||2q +R(θt+1) (13)

where
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R(θ) =
(
α′λ+

α′2λ2

2

)
||θ||2p − α′λθ · ut + (ut+1 − ut) · θ .

To bound R(θt+1) from below, we notice that R is convex. Its gradient is given
by

∇R(θ) =
(
2α′λ+ α′2λ2

)
f−1(θ) + ut+1 − (1 + α′λ)ut

where f−1 is the inverse of f . Therefore, R(θt+1) ≥ R(θ∗) where

f−1(θ∗) =
ut − ut+1 + α′λut

2α′λ+ α′2λ2
.

Write w∗ = f−1(θ∗). First using ||w||q = ||f(w)||p and w · f(w) = ||w||2q and
then observing that ||ut − ut+1 + α′λut||q ≤ ||ut − ut+1||q + α′λ||ut||q gives us

R(θ∗) = (α′λ+
α′2λ2

2
)||θ∗||2p − (2α′λ+ α′2λ2)w∗ · θ∗

= −1
2
(2α′λ+ α′2λ2)||w∗||2q

≤ −1
2

1
2α′λ+ α′2λ2

(||ut − ut+1||q + α′λ||ut||q)2

= −1
2

1
2 + α′λ

(
||ut − ut+1||2q

α′λ
+ 2||ut − ut+1||q||ut||q + α′λ||ut||2q

)
.

By applying R(θt+1) ≥ R(θ∗) in (13) and noticing that −1/(2 + α′λ) > −1/2,
we get

dq(ut,wt) − dq(ut+1,wt+1)
≥ −α′(σtρ− Lρ(wt,xt, yt)) + α′(σtµ− Lµ(ut,xt, yt))

− α′2σt
p− 1

2
||xt||2p +

1
2
||ut||2q − 1

2
||ut+1||2q

− 1
4

(
||ut+1 − ut||2q

α′λ
+ 2||ut||q||ut+1 − ut||q + α′λ||ut||2q

)
. (14)

By summing over t = 1, . . . , T and using the assumption that U ∈ U ′
q(B,D1, D2)

we get

dq(u1,w1) − dq(uT+1,wT+1)
≥ α′Lossρ(Norma) − α′Lossµ(U)

+ α′MEρ(Norma)
(
µ− ρ− α′ p− 1

2
X2
)

+
1
2
||u1||2q − 1

2
||uT+1||2q

− 1
4

(
D2

α′λ
+ 2BD1 + Tα′λB2

)
.
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Now λ appears only in a subexpression S(α′λ) where

S(z) = −D2

z
− zTB2 .

Since S(z) is maximized for z =
√
D2/(TB2), we choose λ as in (8)

which gives S(α′λ) = −2B
√
TD2. We assume w1 = 0, so dq(u1,w1) −

dq(uT+1,wT+1) ≤ dq(u1,w1) = ||u1||2q/2. By moving some terms around and
estimating ||uT+1||q ≤ B and Lossµ(U) ≤ K we get

Lossρ(Norma) + MEρ(Norma)
(
µ− ρ− α′ p− 1

2
X2
)

≤ K +
B2 +B(

√
TD2 +D1)

2α′ . (15)

To get a bound for margin errors, notice that the value α′ given in the
theorem satisfies µ − ρ − α′(p − 1)X2/2 > 0. We make the trivial estimate
Lossρ(Norma) ≥ 0, which gives us

MEρ(Norma) ≤ K

µ− ρ− α′(p− 1)X2/2
+

B2 +B(
√
TD2 +D1)

2α′(µ− ρ− α′(p− 1)X2/2)
.

The bound follows by applying Lemma 2 with γ = µ−ρ and z = α′(p−1)X2/2.

As with Alma, we can get a mistake bound either by setting ρ = 0 in the
margin error bound or doing a slightly different analysis that leads to a non-zero
margin.

Theorem 4. Let X > 0 and suppose that ||xt||p ≤ X for all t. Fix K ≥ 0,
B > 0, D1 ≥ 0 and D2 ≥ 0. Define C as in (7), and given µ > 0 let α′ = 2r/((p−
1)X2) where r = h(µ,K,C). Consider Norma with weight decay parameter as in
(8), learning rate α = α′/(1−α′λ), and margin set to either ρ = 0 or ρ = µ− r.
Then for both of these margin settings, if there exists a comparison sequence
U ∈ U ′

q(B,D1, D2) such that Lossµ(U) ≤ K, we have

Mist(Norma) ≤ K

µ
+

2C
µ2

+ 2
(
C

µ2

)1/2(
K

µ
+

C

µ2

)1/2

.

Proof of Theorem 4 from Theorem 3 is completely analogous with the proof
of Theorem 2 from Theorem 1. We omit the details.

Comparing the bounds for the algorithms, we notice that the Norma bound
has a term

√
TD2 replacing D in the Alma bound. Suppose the parameters here

have been chosen optimally: D =
∑T

t=1 ||ut − ut+1||q and D2 =
∑T

t=1 ||ut −
ut+1||2q. Then it is easy to see that

√
TD2 ≥ D always holds, with equality if

the target speed is uniform (||ut − ut+1||q = ||ut′ − ut′+1||q for all t, t′). Thus,
the bound for Norma gets worse if the target speed changes a lot. We believe
that this may be due to our proof techniques, since the experiments reported in
Section 5 do not show such differences between Alma and Norma.
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Fig. 1. Mistakes made by the algorithms on drifting (above) and switching (below)
data

5 Experiments

The mistake bounds in Section 4 are of course only worst-case upper bounds, and
even as such maybe not very tight. Hence, we have performed some preliminary
experiments on artificial data to see qualitatively how the bounds relate to the
actual performance of the algorithms. Our bounds would suggest that some
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form of regularisation is useful when the target is moving, and forcing a positive
margin may give an additional benefit. Further, the difference in the assumptions
of Theorems 1 and 3 suggests that Norma might not perform so well when the
movement rate of the target varies a lot.

To generate the examples, we use one mixture of 2-dimensional Gaussians
for the positive examples and another for negative ones. We remove all examples
that would be misclassified by the Bayes-optimal classifier (which is based on the
actual distribution known to us) or are close to its decision boundary. This gives
us data that are cleanly separable using a Gaussian kernel. Target movement
takes place as random changes in the parameters of the Gaussians. We use two
movement schedules: In the drifting case, there is a relatively small parameter
change after every ten trials. In the switching case, there is a very large parameter
change after every 1000 trials. Thus, other things being equal, our bound for
Norma would be much better in the drifting than in the switching case. In
either case, we ran each algorithm for 10000 trials and cumulatively summed up
the mistakes made by them.

In our experiments we compare Norma and Alma with p = 2 and the basic
Perceptron algorithm (which is the same as Norma with the margin and weight
decay parameters set to zero). We also consider variants Norma0 and Alma0
where we fix the margin to zero but keep the weight decay (or regularisation)
parameter. We used Gaussian kernels to handle the non-linearity of the data.
For these experiments, the parameters of the algorithms were tuned by hand
optimally for each example distribution.

Figure 1 shows the cumulative mistake counts for the algorithms. There does
not seem to be any decisive differences between the algorithms. In particular,
Norma seems to work quite well also on switching data. In general, it does
seem that using a positive margin is better than fixing the margin to zero,
and regularisation even with zero margin is better than the basic Perceptron
algorithm.

Acknowledgments. This work was support by the Australian Research Coun-
cil.
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Abstract. This paper discusses theoretical limitations of classification
systems that are based on feature maps and use a separating hyper-plane
in the feature space. In particular, we study the embeddability of a given
concept class into a class of Euclidean half spaces of low dimension, or
of arbitrarily large dimension but realizing a large margin. New bounds
on the smallest possible dimension or on the largest possible margin are
presented. In addition, we present new results on the rigidity of matrices
and briefly mention applications in complexity and learning theory.

1 Introduction

During the last decade, there has been a lot of interest in maximal margin classi-
fiers. Learning algorithms that calculate the hyper-plane with the largest margin
on a sample and use this hyper-plane to classify new instances have a relatively
solid theoretical foundation and have shown excellent empirical performance
(e.g., see [4,17,5]). Typically, the instances are mapped (implicitly when a kernel
function is used) to some (possibly high-dimensional) feature space before the
hyper-plane with maximal margin is calculated.

Recently, several authors [3,8] started to study the theoretical limitations
of classification systems that build on embeddings in feature spaces and apply
linear separation afterwards. From an abstract point of view, one may represent
a finite concept class, consisting of n Boolean concepts over a domain of size m,
as a binary matrix M ∈ {−1,+1}m×n, where Mi,j = −1 indicates that instance
i is a negative example for concept j (analogously for positive examples). We
may also view matrix M as our prior guess which sign patterns we believe are
appropriate for a specific classification task. Anyway, if the classification task can
be handled by a classification system of the type described above, there must
be an appropriate feature mapping that allows to reproduce the sign patterns in
M (at least approximately) by the hypothesis class of half spaces in the feature
space. This leads us to the following central
� This work has been supported in part by the ESPRIT Working Group in Neural,
Computational Learning II, NeuroCOLT2, No. 27150 and by the Deutsche For-
schungsgemeinschaft Grant SI 498/4-1.
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Definition 1. A linear arrangement representing a matrix M ∈ IRm×n is given
by collections of vectors u1, . . . , um, v1, . . . , vn ∈ IRd of Euclidean length ‖ui‖2 =
‖vj‖2 = 1 such that sign〈ui, vj〉 = signMi,j for all i, j. Parameter d is called
the dimension of the arrangement, mini,j 〈ui, vj〉 is the minimal margin and
1

mn

∑
i,j 〈ui, vj〉 the average margin realized by the arrangement.

In this definition, the signum function sign : IR → IR is given by

sign(x) =


+1 , x > 0 ,
0 , x = 0 ,

−1 , x < 0 .

A few comments are in place here:

- The definition of a linear arrangement representing M depends on M only
through the sign pattern (signMi,j) of M . One might ask why we did not
simply focus on matrices with entries from {−1, 0,+1}. It will turn out,
however, that some of our dimension- or margin-bounds depend on M not
only through the sign pattern of M . For this reason, we preferred the more
liberal definition.

- We may view vectors ui as points in IRd and vectors vj as normal vectors of
the (positive) homogeneous half spaces {x ∈ IRd : 〈vj , x〉 > 0} (or vice versa).
The restriction to homogeneous half spaces has purely technical reasons and
is obviously not essential.

- If Mi,j = +1, then point ui should be placed in the (positive) half space with
normal vector vj . The analogous remark is valid for Mi,j = −1 and negative
half spaces. Since we restricted ui, vj to vectors of unit length, the absolute
value of the scalar product 〈ui, vj〉 is the geometric distance of the point ui

from the boundary of the half space with normal vector vj (and this distance
cannot be trivially increased by scaling).

It should become clear from these remarks that Definition 1 captures our original
intention.

Like in the papers [3,8], we are interested in linear arrangements with a
“low” dimension or a “large” minimal (or average) margin, because in both cases
one could invoke the usual VC-dimension machinery such as to guarantee small
generalization errors. If no linear arrangement for M with low dimension or large
margin exists, then this indicates that the underlying concept class will suffer
from a large generalization error whenever we attempt to learn its concepts by a
typical large margin classification system. It should also be mentioned that large
lower bounds on the dimension imply small upper bounds on the minimal margin
because a linear arrangement with a large minimal margin can be transformed
into a linear arrangement of small dimension (and still large minimal margin) by
random projection techniques from [14,9,1]. Finally, it should be mentioned that
one can always find “trivial arrangements” of dimension min{m, n} with minimal
margin 1/min{√

m,
√

n}. However, this trivial embedding leads to poor bounds
on the generalization error. The reader interested in a more detailed discussion
is referred to [3,8].
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In [3], it was shown by means of counting arguments that almost all matrices
of constant VC-dimension do not have linear arrangements being significantly
better than the trivial arrangement. These results were complemented by results
in [6,8], where methods from functional analysis were used to show the existence
or non-existence of nice linear arrangements for concrete matrices. In this paper,
we complement these results further. In Section 3, we improve on an algebraic
lower bound from [6] on the dimension of a linear arrangement of a matrix M
in terms of its spectral norm. The new bound is given in terms of the singular
values of M . In Section 4, we narrow the gap between the known lower and upper
bounds on the smallest possible dimension of a linear arrangement representing
Hadamard matrices. This is done by presenting (the first) non-trivial arrange-
ments for these matrices. Section 5 discusses the issue of “matrix-rigidity”: how
many entries of a given matrix must be changed to lower its rank below a given
threshold r? We introduce a new rigidity definition with applications in com-
plexity and learning theory. Then, we present a new lower bound on the rigidity
of matrices. Section 6 discusses new upper bounds on the largest possible margin
realized by linear arrangements. The paper closes with Section 7, where some
open problems are mentioned.

2 Preliminaries

We use the singular value decomposition of a matrix A ∈ IRm×n: Let r be the
rank of A. Then there always exist matrices U ∈ IRm×r and V ∈ IRn×r with
orthonormal columns and nonnegative numbers σ1(A) ≥ . . . ≥ σr(A) > 0, called
the singular values of A, such that A = Udiag(σ1(A), . . . , σr(A))V� (see [12]).
We also write σi(A) = 0 for i > r.

The spectral norm ‖A‖ of A is the largest singular value of A, i.e., ‖A‖ =
σ1(A). The Frobenius norm is

‖A‖F =

∑
i,j

A2
i,j

1/2

.

It is well known (see, e.g., [10]) that

‖A‖2F =
∑

i

σi(A)2 .

It follows that ‖A‖ ≤ ‖A‖F.
The following two results play a central role in our proofs.

Theorem 1 (Fejer’s Theorem, [12], Corollary 7.5.4).
A matrix A ∈ IRm×m is positive semidefinite if and only if∑

i,	

Ai,	Bi,	 ≥ 0

for all positive semidefinite matrices B ∈ IRm×m.



On the Smallest Possible Dimension and the Largest Possible Margin 131

Theorem 2 (Hoffman-Wielandt [11] and [10], Section 8.3). Let A, B be
matrices in IRm×n. Then∑

i

(σi(A)− σi(B))2 ≤ ‖A − B‖2F .

We will also make use of the following well known

Fact 1 There exists a d-dimensional linear arrangement representing a matrix
M ∈ {−1,+1}m×n if and only if there is a matrix M̃ ∈ IRm×n of rank d
with the same sign pattern as M .

3 An Improved Lower Bound on the Dimension

The following lower bound on the dimension of a linear arrangement was proven
by Forster:

Theorem 3 ([6]). Let u1, . . . , um, v1, . . . , vn ∈ IRd be a linear arrangement rep-
resenting a matrix M ∈ {−1,+1}m×n. Then d ≥ √

mn/‖M‖.
This theorem bounds d from by below in terms of the spectral norm ‖M‖ =
σ1(M). Thus, the bound involves only the largest singular value of M . In this
section (building on a powerful lemma from [6]), we derive an improved lower
bound that makes use of the full spectrum of singular values. Our main result is
as follows:

Theorem 4. Let M ∈ IRm×n be a matrix satisfying |Mi,j | ≥ 1 for all i, j. Let
r be the rank and σ1(M) ≥ · · · ≥ σr(M) the singular values of M . For d ≤ r
let u1, . . . , um, v1, . . . , vn ∈ IRd, ‖ui‖2 = ‖vj‖2 = 1, be a linear arrangement
representing M . Then

d ·
d∑

i=1

σ2
i (M) ≥ mn . (1)

Proof. It was shown in [6] that any d-dimensional linear arrangement u1, . . . , um,
v1, . . . , vn representing a matrix M can be “normalized” such as to satisfy

1
mn

m∑
i=1

n∑
j=1

〈ui, vj〉2 ≥ 1
d

. (2)

We may therefore assume (2) without loss of generality. Consider the matrix
M̃ ∈ IRm×n with entries M̃i,j = 〈ui, vj〉 ∈ IRm×n. From the assumptions of the
theorem and (2), the following properties are evident:

Property 1 signM̃i,j = signMi,j and |M̃i,j | ≤ 1 ≤ |Mi,j |. This implies that
Mi,jM̃i,j ≥ M̃2

i,j .
Property 2 ‖M̃‖2F ≥ mn/d.
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Property 3 The rank of M̃ is bounded by d ≤ r. This implies that σi(M̃) = 0
for i > d.

Because of Properties 1 and 2, ‖M − M̃‖2F can be upper-bounded as follows:

‖M − M̃‖2F =
∑
i,j

M2
i,j − 2Mi,jM̃i,j + M̃2

i,j

≤
∑
i,j

M2
i,j − 2M̃2

i,j + M̃2
i,j

= ‖M‖2F − ‖M̃‖2F
=

r∑
i=1

σ2
i (M)− ‖M̃‖2F

≤
r∑

i=1

σ2
i (M)− mn

d
.

Using Property 3 and the Hoffman-Wielandt inequality, ‖M −M̃‖2F can be lower-
bounded as follows:

‖M − M̃‖2F ≥
d∑

i=1

(σi(M)− σi(M̃))2 +
r∑

i=d+1

σ2
i (M) ≥

r∑
i=d+1

σ2
i (M) .

We conclude that
∑r

i=d+1 σ2
i (M) ≤ ∑r

i=1 σ2
i (M) − mn/d, which is equivalent

to (1). •

Note that d ·∑d
i=1 σ2

i (M) ≥ mn implies

d2‖M‖2 = d2σ2
1(M) ≥ d ·

d∑
i=1

σ2
i (M) ≥ mn ,

which, in turn, implies Forster’s lower bound d ≥ √
mn/‖M‖. It follows that

the new bound improves the old one. Note that both bounds coincide if and
only if σ1(M) = · · · = σd(M) for the smallest d that satisfies (1). If the first
d singular values do not coincide, the new bound yields a strict improvement.
The improvement is particularly strong if σ1(M) is relatively large compared to
σi(M) for i ≥ 2. For instance, if an (n × n)-matrix M with ±1-entries and full
rank n had the spectrum

σ2
1(M) = n3/2 and σ2

2 = · · · = σ2
n(M) =

n2 − n3/2

n − 1
< n ,

then Forster’s lower bound from Theorem 3 would lead to d ≥ n1/4, whereas
the new lower bound from Theorem 4 would lead to d ≥ n1/2/2 (as an easy
evaluation shows).
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4 Nontrivial Arrangements for Hadamard Matrices

Hadamard matrices Hn of size 2n × 2n can be inductively defined as follows:

H0 = (1)

Hn+1 =
(

Hn Hn

Hn −Hn

)
Although the conjecture that each linear arrangement representing Hn requires
2Ω(n) Euclidean dimensions was long standing, it was not confirmed until re-
cently [6]: since ‖Hn‖ = 2n/2, an evaluation of Forster’s lower bound from Theo-
rem 3 yields that each linear arrangement representing Hn requires at least 2n/2

Euclidean dimensions. Clearly, 2n Euclidean dimensions are enough because we
may use the trivial embedding. To the best of our knowledge, no nontrivial lin-
ear arrangement for Hn is known so far. In this section, we present a non-trivial
arrangement for Hn, thereby narrowing (but still not closing) the gap between
2n/2 and 2n. For sake of simple exposition, we will restrict ourselves to even n.

Our main result of this section reads as follows:

Lemma 1. For every even n, there is a matrix H̃n ∈ IR2n×2n

of rank 3n/2 that
has the same sign pattern as the Hadamard matrix Hn.

Proof. Remember that the Kronecker product A⊗B of two matrices A ∈ IRm×n,
B ∈ IRp,q is defined as

A ⊗ B :=

 A1,1B · · · A1,nB
...

...
Am,1B · · · Am,nB

 ∈ IRmp×nq .

The rank of the Kronecker product is rank(A ⊗ B) = rank(A) · rank(B). (See,
e.g., [13], Theorem 4.2.15.) The Hadamard matrix Hn can be written as the n-th
Kronecker power of the matrix H1:

Hn =
(
+1 +1
+1 −1

)⊗n

=
((

+1 +1
+1 −1

)
⊗
(
+1 +1
+1 −1

))⊗ n
2

=


+1 +1 +1 +1
+1 −1 +1 −1
+1 +1 −1 −1
+1 −1 −1 +1


⊗ n

2

.

Obviously the matrix

H̃n =


+1 +1 +1 +1
+1 −1 +5 −1
+1 +5 −1 −1
+1 −1 −1 +5


⊗ n

2

has the same sign pattern as Hn. The rank of H̃n is
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rank(H̃n) =

rank

+1 +1 +1 +1
+1 −1 +5 −1
+1 +5 −1 −1
+1 −1 −1 +5




n
2

= 3
n
2 .

•
Combining Fact 1 with Lemma 1, we arrive at the following result:

Corollary 1. For every even n, there exists a 3n/2-dimensional linear arrange-
ment representing Hn.

5 Rigidity

The rigidity of a matrix, RM (r), is the number of entries of M that must be
changed to reduce its rank to at most r. Let H ∈ {−1,+1}N×N be a Hadamard
matrix. Lokam [16] showed that RH(r) ≥ N2/(r + 1)2. Kashin and Razborov
[15] improved this result to RH(r) = Ω(N2/r) for r ≤ N/2.

We consider a different definition of the rigidity of a matrix here. The new
definition distinguishes between sign-preserving and sign-non-preserving changes
of entries. Only sign-non-preserving changes are counted. More formally: R̃M (r)
is the number of entries of M that must be exposed to a sign-non-preserving
change to reduce the rank of M to at most r, where we allow arbitrarily many
sign-preserving changes as well. Clearly, RM (r) ≥ R̃M (r). Thus, lower bounds
on R̃M (r) are harder to obtain than lower bounds on RM (r). The main goal of
this section is to demonstrate that quite strong lower bounds on R̃M (r) can be
derived (in a surprisingly simple manner) from Theorem 3. For ease of exposition,
we restrict ourselves to matrices M without zero-entries in what follows.

We start with a somewhat technical result, which, loosely speaking, tells that
zero-substitutions do not help in reducing the rank given that sign-preserving
changes are for free.

Lemma 2. If the rank of M ∈ IRm×n can be reduced to r by changing s entries
of M in an arbitrary fashion and the remaining entries in a sign-preserving
fashion, then this can also be achieved without changing one of the entries to
zero.

Proof. Remember our general assumption that M has no zero-entries. Let M̃ be
a matrix of rank at most r which results from M by changing s entries in an
arbitrary fashion (possibly to zero) and the remaining entries in a sign-preserving
fashion. It follows from Fact 1 that there exist vectors u1, . . . , um, v1, . . . , vn ∈ IRr

such that signM̃i,j = sign〈ui, vj〉 for all i, j. Consider indices i, j of an entry of M

that was changed to M̃i,j = 0. It follows that 〈ui, vj〉 = 0, i.e., point ui lies on the
hyper-plane with normal vector vj . Reversely, each point ui located on a hyper-
plane with normal vector vj corresponds to an entry of M that was changed to
M̃i,j = 0. We can slightly shift all points being located on hyper-planes such as
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to avoid scalar products with value zero and such as to preserve the sign of all
scalar products with a value different from zero. In this manner, we obtain an
r-dimensional linear arrangement of a matrix M̂ without zero entries that is still
obtained from M by changing s entries in an arbitrary fashion and the remaining
entries in a sign-preserving fashion. Applying Fact 1 again, we conclude that the
rank of M̂ is at most r. •

The next result is a simple application of Theorem 3.

Lemma 3. Let M ∈ {−1,+1}m×n and let M̃ be a matrix without zero entries
that is obtained from M by changing s entries to arbitrary new values except zero
and by performing (possibly vacuous) sign-preserving changes to the remaining
entries. Then

rank(M̃) ≥
√
mn

‖M‖+ 2
√
s

. (3)

Proof. A change from value Mi,j ∈ {−1,+1} to a new value M̃i,j �= 0 can
be simulated by first performing a (possibly vacuous) sign-change from Mi,j to
signM̃i,j and then performing a (cost-free) sign-preserving change from signM̃i,j

to M̃i,j . Thus, M̃ has the same sign pattern as a matrix of the form M ′ =
M − S ∈ {−1,+1}m×n for some matrix S with at most s entries from {−2,+2}
(representing sign-changes) and with zero-entries everywhere else. Thus,

‖M ′‖ ≤ ‖M‖+ ‖S‖ ≤ ‖M‖+ ‖S‖F ≤ ‖M‖+ 2
√

s .

Applying Theorem 3, the lemma follows. •
Because of Lemma 2, the definition of R̃M () is not affected when we do not

allow zero-substitutions. Solving (3) for s leads therefore immediately to

Corollary 2. R̃M (r) ≥ (
√

mn/r − ‖M‖)2/4.
Corollary 2 applied to an (N × N) Hadamard matrix H with ‖H‖ = √

N yields

Corollary 3. R̃H(r) ≥ (N2/r2 − 2N3/2/r +N)/4.

This bound is not much worse than the afore-mentioned bounds of Lokam or
Kashin and Razborov, although we allowed a much more powerful rank-reduction
procedure.

We finally would like to mention an application of Lemma 3. Let N = 2n. It
was shown in [7] that the Boolean function induced by the (N × N)-Hadamard
matrix Hn (depending on 2n Boolean variables) cannot be computed by a 2-layer
threshold circuit Cn with polynomially bounded weights in the hidden layer un-
less the size of Cn grows exponentially in n. Using Lemma 3, it can be shown
that this lower bound remains valid when the circuit must only “approximate”
Hn in the sense that 2(2−ε)n of the 22n function values may be computed in-
correctly. In a similar fashion, it follows that there is no d(n)-dimensional linear
arrangement representing an approximation of Hn unless d grows exponentially
in n.
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6 Upper Bounds on the Margin

Throughout this section, M ∈ {−1,+1}m×n and u1, . . . , um, v1, . . . , vn denotes
a linear arrangement representing M . The following bounds on the minimal
margin (valid for any choice of u1, . . . , um, v1, . . . , vn) are already known:

Theorem 5 ([6]). mini,j |〈ui, vj〉| ≤ ‖M‖/
√

m · n.

Theorem 6 ([8]). Let M̃ ∈ IRm×n be a matrix with the same sign pattern as
M . Then the following holds:

min
i,j

|〈ui, vj〉| ≤
√

m · ‖M̃‖√∑
j

(∑
i |M̃i,j |

)2 . (4)

In the special case M̃ = M , the bound from Theorem 6 coincides with the
bound from Theorem 5. However, as demonstrated in [8], the bound in Theorem 6
can be much stronger than the bound in Theorem 5 if M̃ is cleverly chosen.

It had been observed by Ben-David [2] that the proof of Theorem 5 in [6]
implicitly shows a stronger result: the upper bound from this theorem also applies
to the average margin. See Corollary 5 below. Although the essential arguments
for this observation can already be found in [6], it will be much more convenient
to have a proof that addresses the concept of an average margin in a more
explicit manner. To this end, we will prove a useful intermediate result (Lemma 4
below) in this section that serves two purposes. First, it leads to a simple proof
of Corollary 5. Second, it leads to a bound that is similar to the bound from
Theorem 6, but has a somewhat simpler form. See Corollary 4 below.

Lemma 4. For any matrix M̃ ∈ IRm×n, the following holds:∑
i,j

M̃i,j〈ui, vj〉 ≤ √
m · n‖M̃‖ .

Proof. For every j we have that

∑
i

M̃i,j〈ui, vj〉 =
〈∑

i

M̃i,jui, vj

〉
‖vj‖2=1

≤ ‖
∑

i

M̃i,jui‖2 , (5)

where we used the Cauchy-Schwartz inequality. The lemma can now be derived
as follows:

1
n

∑
i,j

M̃i,j〈ui, vj〉
2

≤
∑

j

(∑
i

M̃i,j〈ui, vj〉
)2

(5)
≤
∑

j

〈∑
i

M̃i,jui,
∑

	

M̃	,ju	

〉
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=
∑
i,	

∑
j

M̃i,jM̃	,j

 〈ui, u	〉

=
∑
i,	

(
M̃M̃�

)
i,	

〈ui, u	〉

(∗)
≤
∑
i,	

(
‖M̃‖2 Im

)
i,	

〈ui, u	〉

= ‖M̃‖2
∑

i

‖ui‖22 = m · ‖M̃‖2

The first inequality is obtained when the Cauchy-Schwartz inequality is applied
to the vectors a, b ∈ IRn given by aj =

∑
i M̃i,j〈ui, vj〉 and bj = 1. Inequality

(∗) holds because the matrices A := ‖M̃‖2 Im − M̃M̃� and B := (〈ui, u	〉)i,	 are
positive semidefinite. Therefore

∑
i,	 Ai,	Bi,	 ≥ 0 because of Fejer’s Theorem 1.

•
Corollary 4. If M̃ has the same sign pattern as M , then

min
i,j

|〈ui, vj〉| ≤
√

m · n ‖M̃‖∑
i,j |M̃i,j |

. (6)

Proof. Note that 〈ui, vj〉 has the same sign as M̃i,j . This implies that M̃i,j〈ui, vj〉
= |M̃i,j | · |〈ui, vj〉|. The corollary now follows from Lemma 4. •
Corollary 5. 1

m·n
∑

i,j |〈ui, vj〉| ≤ ‖M‖√
m·n .

Proof. Note that 〈ui, vj〉 has the same sign as Mi,j ∈ {−1, 1}. This implies that
Mi,j〈ui, vj〉 = |〈ui, vj〉|. The corollary now follows from Lemma 4 •

Note that (6) is weaker than (4) since it can alternatively be derived from
(4) and the Cauchy-Schwarz inequality. However, the bound seems more natural
in the simpler form (6). For instance, (6) does not change if we replace M̃ by its
transpose M̃�. Furthermore, it exhibits a comparably simple dependence on M̃ .

7 Open Problems

We would like to close the gap between the lower and the upper bound on the
dimension of linear arrangements representing Hadamard matrices. It would be
nice to find natural concept classes that exhibit the typical spectrum of singular
values that makes our new lower bound on the dimension (depending on all sin-
gular values) superior to the old lower bound (depending on the largest singular
value only). The hardest open problem might be to characterize the smallest
possible dimension or the largest possible margin of a linear arrangement for an
arbitrary given matrix M by general bounds that are (at least approximately)
tight. The issue of linear arrangements that approximately represent a given ma-
trix was briefly considered in Section 5. It certainly deserves the right of further
investigation.



138 J. Forster and H.U. Simon

Acknowledgments. Thanks to Shai Ben-David for telling us his observation
that Forster’s paper [6] implicitly shows an upper bound on the average margin.
Thanks to Dietrich Braess for pointing us to simplifications based on the clever
usage of Fejer’s Theorem.

References

[1] Rosa I. Arriaga and Santosh Vempala. An algorithmic theory of learning: Robust
concepts and random projection. In Proceedings of the 40’th Annual Symposium
on the Foundations of Computer Science, pages 616–623, 1999.

[2] Shai Ben-David. Personal Communication.
[3] Shai Ben-David, Nadav Eiron, and Hans Ulrich Simon. Limitations of learning via

embeddings in Euclidean half spaces. In Proceedings of the 14th Annual Workshop
on Computational Learning Theory, pages 385–401. Springer, 2001.

[4] Bernhard E. Boser, Isabelle M. Guyon, and Vladimir N. Vapnik. A training
algorithm for optimal margin classifiers. In Proceedings of the 5th Annual ACM
Workshop on Computational Learning Theory, pages 144–152. ACM Press, 1992.

[5] Nello Christianini and John Shawe-Taylor. An Introduction to Support Vector
Machines. Cambridge University Press, 2000.

[6] Jürgen Forster. A linear bound on the unbounded error probabilistic communica-
tion complexity. In Proceedings of the 16th Annual Conference on Computational
Complexity, pages 100–106, 2001.

[7] Jürgen Forster, Matthias Krause, Satyanarayana V. Lokam, Rustam Mubarakz-
janov, Niels Schmitt, and Hans U. Simon. Relations between communication
complexity, linear arrangements, and computational complexity. In Proceedings
of the 21’st Annual Conference on the Foundations of Software Technology and
Theoretical Computer Science, pages 171–182, 2001.

[8] Jürgen Forster, Niels Schmitt, and Hans Ulrich Simon. Estimating the optimal
margins of embeddings in Euclidean half spaces. In Proceedings of the 14th Annual
Workshop on Computational Learning Theory, pages 402–415. Springer, 2001.

[9] P. Frankl and H. Maehara. The Johnson-Lindenstrauss lemma and the sphericity
of some graphs. Journal of Combinatorial Theory (B), 44:355–362, 1988.

[10] Gene H. Golub and Charles F. Van Loan. Matrix Computations. The John
Hopkins University Press, 1991.

[11] A. J. Hoffman and H. W. Wielandt. The variation of the spectrum of a normal
matrix. Duke Mathematical Journal, 20:37–39, 1953.

[12] Roger A. Horn and Charles R.Johnson. Matrix Analysis. Cambridge University
Press, 1985.

[13] Roger A. Horn and Charles R.Johnson. Topics in Matrix Analysis. Cambridge
University Press, 1991.

[14] W. B. Johnson and J. Lindenstrauss. Extensions of Lipshitz mapping into Hilbert
spaces. Contemp. Math., 26:189–206, 1984.

[15] B. S. Kashin and A. A. Razborov. Improved lower bounds on the rigidity of
Hadamard matrices. Mathematical Notes, 63(4):471–475, 1998.

[16] Satyanarayana V. Lokam. Spectral methods for matrix rigidity with applications
to size-depth tradeoffs and communication complexity. In Proceedings of the 36th
Symposium on Foundations of Computer Science, pages 6–15, 1995.

[17] Vladimir Vapnik. Statistical Learning Theory. Wiley Series on Adaptive and
Learning Systems for Signal Processing, Communications, and Control. John Wi-
ley & Sons, 1998.



A General Dimension for Approximately
Learning Boolean Functions�
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Abstract. We extend the notion of general dimension, a combinatorial
characterization of learning complexity for arbitrary query protocols, to
encompass approximate learning. This immediately yields a character-
ization of the learning complexity in the statistical query model. As a
further application, we consider approximate learning of DNF formulas
and we derive close upper and lower bounds on the number of statistical
queries needed. In particular, we show that with respect to the uniform
distribution, and for any constant error parameter ε < 1/2, the number
of statistical queries needed to approximately learn DNF formulas (over
n variables and s terms) with tolerance τ = Θ(1/s) is nΘ(log s).

1 Introduction

A main issue in computational learning theory is to decide whether a concept
class can be learned with a polynomial number of interactions with a teacher, re-
gardless of the computational resources required by the learning algorithm. One
way of addressing this problem is to apply combinatorial characterizations such
as the VC dimension for the PAC learning model [8], or the approximate finger-
print property for the exact learning model with equivalence queries [2]. Further
combinatorial characterizations for various query-types in the exact learning
model can be found in, e.g., [11,12,5].

In [4], Balcázar et al. introduce the notion of a general dimension as a uniform
way to characterize, up to a logarithmic factor, the learning complexity, i.e., the
number of queries both necessary and sufficient for exact learning, with any set
of queries.

Here we address the question whether the general dimension can be extended
to capture approximate learning, where the learning algorithm has to identify
the target only with respect to some error parameter ε. We show that the general
dimension of [4] can in fact be adapted so that the resulting notion characterizes
the learning complexity for approximate learning, provided that the learning
algorithm is able to decide (possibly with the help of the teacher) whether a
hypothesis is already a sufficiently close approximation of the target. This im-
mediately yields characterizations of the learning complexity in the statistical
query model. In contrast to the SQ-dimension of [7], our general dimension for
� Work supported by the DFG under project KO 1053/1-1
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statistical queries works for any error parameter ε and any tolerance parameter
τ ≤ ε.

As an application, we consider approximate learning of DNF formulas (over
n variables and s terms) with statistical queries and we show that with respect
to the uniform distribution, and for any constant error parameter ε < 1/2 it is
possible to choose the tolerance parameter τ = Θ(1/s) such that the number of
statistical queries needed to approximately learn DNF formulas with tolerance
τ is nΘ(log s).

2 Approximate Learning for Arbitrary Query Protocols

In this paper we only consider concept learning of boolean functions of some
arity n. We let Bn denote the set of all boolean functions f : {0, 1}n → {0, 1}
and [n] denotes the set {1, . . . , n}.

The learning model presented in [4] is a generalization of the query learning
model of Angluin [1]. In this model, learning of a concept class C ⊆ Bn can be
viewed as a game between a learning algorithm A and a teacher T with respect
to some target f ∈ C that is only known to T . In each round, A asks a query
q from a set Q of queries and T responds with a subset Λ ⊆ Bn that contains
f . Thereby, T provides some partial knowledge about the target f in form of
a property Λ shared by f . The communication between A and T is guided by
some protocol P ⊆ Q× 2Bn , i.e., the teacher is only allowed to respond with an
answer Λ such that 〈q, Λ〉 ∈ P . Further, P is required to be complete in the sense
that for all f ∈ Bn and for all queries q ∈ Q there exists an answer Λ ∈ P f

q ,
where P f

q = {Λ | 〈q, Λ〉 ∈ P ∧ f ∈ Λ}.
In the approximate learning setting, the goal of the learning algorithm is to

collect enough knowledge about f such that every function in C that shares all
properties exposed by T is a close approximation to f . As in [6] we formally
express the success condition in terms of an arbitrary pseudo-metric � on Bn,
i.e., � is a function from B2

n to non-negative reals satisfying �(f, f) = 0, �(f, g) =
�(g, f), and �(f, h) ≤ �(f, g) + �(g, h), for all functions f , g and h in Bn. We
will frequently use pseudo-metrics of the form �(f, g) = PrD[f(x) �= g(x)], for
some distribution D on {0, 1}n.

In the following we will further use the following notations. The diameter
of a set of boolean functions F ⊆ Bn is the maximal distance between two
members of F , �(F ) = maxf,g∈F �(f, g), and for f ∈ Bn and ρ ≥ 0, we let
B�(f, ρ) = {g ∈ Bn | �(f, g) ≤ ρ} denote the ball of radius ρ with center f .

Let C ⊆ Bn be a concept class, let P ⊆ Q×2Bn be a protocol, and let � be a
pseudo-metric on Bn. A teacher T answers with respect to f using P if for each
query q ∈ Q, T responds with an answer Λ ∈ P f

q . The current version space at
any stage in the run of a learning algorithm A is the set of all functions in C
that are contained in all answers received by A so far. The concept class C is
ε-learnable with at most d queries under P , if there exists a learning algorithm
A such that for all f ∈ C, and for any teacher T which answers with respect
to f using P , after at most d queries the current version space is contained in
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the ball B�(f, ε). We define the learning complexity of C under P , denoted by
LC�(C,P, ε), as the smallest integer d ≥ 0 such that C is ε-learnable with at
most d queries under P . If no such integer d exists, then LC�(C,P, ε) = ∞.

Before we proceed, let us consider some examples. The protocol Eq(C) for
equivalence queries with hypotheses from a concept class C ⊆ Bn is the set of
all pairs 〈h, {f ∈ Bn | f(x) �= h(x)}〉, for h ∈ C and x ∈ {0, 1}n, together with
all pairs 〈h, {h}〉 with h ∈ C. The first set of pairs corresponds to the case that
a hypothesis h is answered with a counterexample x, and the second set of pairs
corresponds to the answer “Yes”. Note that, for ε = 0, the learning complexity
of C under the protocol Eq(C) describes precisely the number of queries both
necessary and sufficient for exact learning C with proper equivalence queries.

In the model of learning from statistical queries [14], queries are of the form
χ : {0, 1}n × {0, 1} → {0, 1} (i.e., χ ∈ Bn+1) for which we receive an estimate
σ of the probability PrD[χ(x, f(x)) = 1], for a target f a randomly chosen
x ∈D {0, 1}n and with respect to some distribution D on {0, 1}n. The estimate
has to be accurate within an additive error τ ≥ 0, which we refer to as the
tolerance. Thus, a protocol for statistical queries can be defined as

STATD(τ) = {〈χ,Λχ,σ〉 | χ ∈ Bn+1, σ ∈ IR+},

where Λχ,σ is the set of all functions f ∈ Bn such that

|Pr
D
[χ(x, f(x)) = 1] − σ| ≤ τ.

In the less known model of learning by distance [6], a query is a hypothesis
h ∈ Bn for which we get an approximation of the distance between h and the
target f with respect to some given pseudo metric �. Thus, the corresponing
protocol can be defined as

DIST�(τ) = {〈h, S�(h, ρ, τ)〉 | h ∈ Bn, ρ ∈ IR+},

where S�(h, ρ, τ) denotes the sphere around h of radius ρ and width τ ,
S�(h, ρ, τ) = {f ∈ Bn | |�(f, h) − ρ| ≤ τ}.

In order to compare the strength of different protocols, we use the following
notion of reducibility between protocols.

Definition 1. A protocol P ′ ⊆ Q′ × 2Bn simulates a protocol P ⊆ Q × 2Bn

with at most k queries (in which case we also write P ≤k P ′), if for every query
q ∈ Q there exist k queries q′

1, . . . , q
′
k ∈ Q′, such that for all answers Λ′

i ∈ P ′
qi
,

i = 1, . . . , k, there exists an answer Λ ∈ Pq′ such that
⋂k

i=1 Λ
′
i ⊆ Λ.

The following basic properties of the reducibility ≤k are easily verified.

Proposition 1. 1. P ≤k P , k ≥ 1,
2. P ≤k P ′ and P ′ ≤l P

′′ implies P ≤kl P
′′,

3. P ≤k P ′ implies both LC�(C,P ′, ε) ≤ kLC�(C,P, ε) and Gdim(C,P ′, ε) ≤
kGdim(C,P, ε).
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For a statistical query χ(x, y) = y ⊕ h(x), where h ∈ Bn, it holds that
PrD[χ(x, f(x)) = 1] = PrD[h(x) ⊕ f(x) = 1] = PrD[h �= f ] = �(f, h). Hence,
any answer to such a query χ is just some sphere S�(h, σ, τ) around h of radius
σ and width τ with respect to the metric �(f, g) = PrD[f �= g]. This means that
DIST�(τ) ≤1 STATD(τ). On the other hand, arguments from [7] can be used to
show that every statistical query can be simulated by two distance queries [9].

Proposition 2. For any distribution D on {0, 1}n, and for the metric �(f, g) =
PrD[f �= g], it holds that DIST�(τ) ≤1 STATD(τ) ≤2 DIST�(τ).

3 General Dimension for Approximate Learning

Now we extend the general dimension of [4] to encompass approximate learning.
For a query q ∈ Q and a subset T ⊆ P , Tq denotes the set of all answers Λ such
that 〈q, Λ〉 ∈ T , whereas TQ =

⋃
q∈Q Tq. The definition is based on the notion

of an answering scheme T ⊆ P , i.e., T has the property that for all queries
q ∈ Q there exists an answer Λ ∈ Tq. Note that in contrast to P , T need not be
complete since there might exist a query q ∈ Q and a function f ∈ Bn such that
no answer Λ ∈ Tq contains f .

Definition 2. The general dimension Gdim�(C,P, ε) of C under protocol P and
pseudo-metric � is the smallest integer d ≥ 0 such that for all answering schemes
T ⊆ P there exists a set S ⊆ TQ of cardinality at most d such that the diameter
of the set ⋂

S ∩ C = {h ∈ C | (∀Λ ∈ S)[h ∈ Λ]}
is at most ε. If no such integer d exists, then Gdim�(C,P, ε) = ∞.

Lemma 1. Gdim�(C,P, ε) ≤ LC�(C,P, ε)

Proof. Suppose Gdim�(C,P, ε) > d. Then there exists an answering scheme T ⊆
P such that for all S ⊆ TQ of cardinality at most d it holds that �(

⋂
S∩C) > ε.

Fix some learning algorithm A and consider a run of A where the i-th query qi of
A is answered by some Λi ∈ Tqi

. Since T is an answering scheme, these answers
always exist. By the assumption, the version space after d queries contains two
functions f and g with �(f, g) > ε. It follows that there is some teacher which
answers with respect to f using P such that after d queries, the current version
space is not contained in B�(f, ε), i.e., LC�(C,P, ε) > d. ��

In the next lemma we use the following notation. For any set V ⊆ Bn and
f ∈ Bn, let r(f, V, ε) = ‖B�(f, ε) ∩ V ‖ denote the number of functions g ∈ V
with �(f, g) ≤ ε. Further, let rmax(V, ε) = maxf∈V r(f, V, ε).

Lemma 2. Suppose Gdim�(C,P, ε) = d ≥ 1, and let V be a non-empty subset
of C. Then there exists a query q ∈ Q such that for all Λ ∈ Pq it holds that

‖V \ Λ‖ ≥ ‖V ‖ − rmax(V, ε)
d

.



A General Dimension for Approximately Learning Boolean Functions 143

Proof. Assume that for any query q ∈ Q there exists an answer Λq ∈ Pq for
which

‖V \ Λq‖ <
‖V ‖ − rmax(V, ε)

d
.

Consider the answering scheme T = {〈q, Λq〉 | q ∈ Q}. For all S ⊆ TQ with
‖S‖ ≤ d it follows that

‖V \
⋂

S‖ = ‖
⋃

Λ∈S

(V \ Λ)‖ ≤
∑
Λ∈S

‖V \ Λ‖ < ‖V ‖ − rmax(V, ε).

Thus, the set
⋂

S ∩ V is larger than rmax(V, ε), which means that there is a
function f ∈ ⋂

S ∩ V such that
⋂

S ∩ V �⊆ B�(f, ε). This, however, implies that
�(

⋂
S ∩C) ≥ �(

⋂
S ∩V ) > ε, contradicting the assumption Gdim�(C,P, ε) = d.

��

In order to apply Lemma 2, we have to assume that the protocol P allows the
learning algorithm to (approximately) check if a hypothesis h is already suffi-
ciently close to the target with respect to some tolerance parameter τ . Formally,
we express this assumption by requiring that P is able to simulate the protocol

SUCCESS�(ε, τ) = {〈h,Bn\B�(h, ε−τ)〉 | h ∈ Bn}∪{〈h,B�(h, ε+τ)〉 | h ∈ Bn}.

Intuitively, by asking a query h under the protocol SUCCESS�(ε, τ), the learning
algorithm A can determine whether the target is already sufficiently close to h
(in case he gets the answer B�(h, ε + τ)) or not (in case he gets the answer
Bn \ B�(h, ε − τ)). If SUCCESS�(ε, τ) ≤k P holds, then A can also get this
information from the teacher by asking k queries under P .

Based on Lemma 2 we can bound the learning complexity by the general
dimension as follows.

Lemma 3. For any protocol P with SUCCESS�(ε, τ) ≤k P it holds that
LC�(C,P, 2(ε+ τ)) ≤ 2kGdim�(C,P, ε − τ)�ln ‖C‖�.

Proof. Suppose that Gdim�(C,P, ε−τ) = d. We have to describe a learning algo-
rithm such that the version space after at most 2kd�ln ‖C‖� queries is contained
in the ball B�(f, 2(ε+ τ)) around the target f ∈ C.

Given the current version space V , we first compute rmax(V, ε − τ).

– If rmax(V, ε − τ) ≤ ‖V ‖/2, then we use the query of Lemma 2 to discard at
least

‖V \ Λ‖ ≥ ‖V ‖ − rmax(V, ε − τ)
d

≥ ‖V ‖
2d

hypotheses from V .
– If rmax(V, ε−τ) > ‖V ‖/2, then there exists a function h ∈ V with r(h, V, ε−

τ) = ‖B�(h, ε− τ)∩ V ‖ > ‖V ‖/2. Since SUCCESS�(ε, τ) ≤k P , we can find
k queries q1, . . . , qk such that the intersection of the corresponding answers
Λ1, . . . , Λk is either contained in Bn − B�(h, ε − τ) or in B�(h, ε+ τ).
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In case the intersection
⋂k

i=1 Λi is contained in Bn − B�(h, ε − τ), then the
answers Λ1, . . . , Λk discard more than half of V , since ‖B�(h, ε − τ) ∩ V ‖ >
‖V ‖/2.
In case the intersection

⋂k
i=1 Λi is contained in B�(h, ε+τ), it follows that the

version space after the queries q1, . . . , qk is contained in the ball B�(f, 2(ε+
τ)).

This means that by asking a set of at most k queries we can either get V
within the ball B�(f, 2(ε + τ)) or reduce the size of V by a fraction of at least
(1 − 1/2d). Thus, after at most km queries, where m satisfies the inequality

(1 − 1/2d)m‖C‖ ≤ 1,

V must be contained in the ball B�(f, 2(ε+ τ)). A simple calculation shows that
any m ≥ 2d�ln ‖C‖� fulfills the inequality. ��

Combining Lemmas 1 and 3 we get the following theorem.

Theorem 1. For any protocol P with SUCCESS�(ε, τ) ≤k P it holds that
Gdim�(C,P, 2(ε+ τ)) ≤ LC�(C,P, 2(ε+ τ)) ≤ 2kGdim�(C,P, ε − τ)�ln ‖C‖�.

Next we apply Theorem 1 to the protocols for statistical and distance queries.
In order to see how the protocol SUCCESS�(ε, τ) can be simulated by the pro-
tocol DIST�(τ), consider a distance query h ∈ Bn and an answer S�(h, ρ, τ) to
h with respect to DIST�(τ). If ρ ≤ ε, then the sphere S�(h, ρ, τ) is contained
in the ball B�(h, ε + τ), and if ρ > ε, then the sphere S�(h, ρ, τ) is disjoint
from B�(h, ε − τ), and hence contained in Bn \ B�(h, ε − τ). This means that
SUCCESS�(ε, τ) ≤1 DIST�(τ), for any ε ≥ 0.

Further, since DIST�(τ) ≤1 STATD(τ) for any metric of the form �(f, g) =
PrD[f �= g], it also follows that SUCCESS�(ε, τ) ≤1 STATD(τ) for any ε ≥ 0.
Thus, as an application of Theorem 1 we get the following characterizations of
the learning complexity for statistical and distance queries.

Corollary 1. For P ∈ {DIST�(τ),STATD(τ)} and all ε ≥ 0 it holds that
Gdim�(C,P, 2(ε+ τ)) ≤ LC�(C,P, 2(ε+ τ)) ≤ 2Gdim�(C,P, ε − τ) ln�‖C‖�.

4 The Learning Complexity of DNF Formulas

In this section we give upper und lower bounds for the learning complexity of
DNF formulas with respect to distance queries and the metric �(f, g) = PrU [f �=
g], where U denotes the uniform distribution on {0, 1}n. The DNF-size of a
boolean function f is the minimal number of terms of a DNF formula for f . We
use the Fourier transform of boolean functions and basic ideas from [7].

In order to describe the Fourier transform of a boolean function f of arity n,
it is convenient to think of f as a mapping from {0, 1}n to {−1,+1}. Then, for
A ⊆ [n], the parity function χA : {0, 1}n → {−1,+1} is defined as

χA(x) = (−1)
∑

i∈A
xi .
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The 2n parity functions {χA | A ⊆ [n]} form an orthonormal basis for the vector
space of all real-valued functions on {0, 1}n, provided that the inner product
is defined as 〈f, g〉 = E[f · g] and the norm of f is ‖f‖ =

√
E[f2], where the

expectation is taken with respect to the uniform distribution on {0, 1}n. Hence,
every function f : {0, 1}n → IR can be uniquely expressed as a linear combination
f(x) =

∑
A⊆[n] f̂(A)χA(x), where f̂(A) = 〈χA, f〉.

A particularly useful fact is Parseval’s identity which states that for every
f : {0, 1}n → IR it holds that E[f2] =

∑
A⊆[n] f̂(A)2. For a boolean function

f : {0, 1}n → {−1,+1}, we thus get
∑

A⊆[n] f̂(A)2 = 1, which in particular gives
us a bound on the number of coefficients exceeding a threshold θ > 0,

‖{A ⊆ [n] | f̂(A) > θ}‖ < 1/θ2.

This is useful in proving the following lemma which is inspired by a similar result
in [9].

Lemma 4. Let C ⊆ Bn and suppose that k = ‖{A ⊆ [n] | χA ∈ C}‖ ≥ 2.
Then, for �(f, g) = PrU [f �= g], and for every ε < 1/2 and τ ≥ 0 it holds that
Gdim�(C,DIST�(τ), ε) > kτ2.

Proof. Suppose that Gdim�(C,DIST�(τ), ε) = d, let K = {A ⊆ [n] | χA ∈
C}, and consider the answering scheme T = {〈h,Λh〉 | h ∈ Bn}, where Λh =
{f | |�(f, h) − 1/2| ≤ τ}. Note that E[fg] = 2Pr[f = g] − 1 and therefore
�(f, g) − 1/2 = −〈f, g〉/2. By Parseval’s identity, we can bound the number of
parity functions that can be eliminated from K by an answer Λh by

‖{A ∈ K | χA �∈ Λh}‖ = ‖{A ∈ K | |�(h, χA) − 1/2| > τ}‖
= ‖{A ∈ K | |〈h, χA〉| > 2τ}‖
≤ ‖{A ⊆ [n] | |ĥ(A)| > 2τ}‖
< 1/4τ2.

It follows that for any set S ⊆ TQ of cardinality at most d ≤ kτ2,

‖{A ∈ K | (∀Λh ∈ S)[χA ∈ Λh]}‖ = k − ‖{A ∈ K | (∃Λh ∈ S)[χA �∈ Λh]}‖
> k − d/4τ2

≥ k − k/4
> 1.

Since ε < 1/2, and since the distance between two parity functions is precisely
1/2, it follows that Gdim�(C,P, ε) > kτ2. ��

Every parity function χA with ‖A‖ ≤ log s can be represented by a DNF
formula with at most s terms. Together with Lemma 4 we get that for every
ε < 1/2,

LC�(DNFs,n,DIST�(τ)) >
(

n

log s

)
τ2 = nΩ(log s)τ2,
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where DNFs,n is the class of n-ary boolean functions that can be represented
by a DNF formula with at most s terms. Recall that for a real-valued function
f over {0, 1}n, the norm L∞(f) is defined as maxx∈{0,1}n |f(x)|.
Theorem 2. For �(f, g) = PrU [f �= g], for all ε > 0, s and n, and for τ =
Ω(ε2/s),

LC�(DNFs,n,DIST�(τ)) = nO(log(s/ε2)).

Proof. The proof is based on the fact that every boolean function f of DNF-size
s has a large coefficient. In particular, for every Boolean function f of DNF-size
s, and for every distribution D on {0, 1}n there exists a set A ⊆ [n] of cardinality
at most log((2s+ 1)L∞(2nD)) such that |ED[fχA]| ≥ 1/(2s+ 1) [7,13,9].

It follows that for any distribution D on {0, 1}n, and for every target f
of DNF-size s, a simple learning algorithm under the protocol DIST�(τ) with
respect to �(f, g) = PrD[f �= g] = (1 − ED[fg])/2 can do an exhaustive search
to produce a hypothesis h ∈ {χA,−χA}, for some A of cardinality at most
log((2s + 1)L∞(2nD)), such that h satisfies ED[fh] ≥ 1/(2s + 1) − 4τ . Hence,
PrD[f = h] ≥ 1/2 + 1/(4s+ 2) − 2τ , and the number of queries required is

(
n

log((2s+ 1)L∞(2nD))

)
.

Now we can invoke known boosting techniques due to Freund [10] which,
as shown by Aslam and Decatur [3], also can be applied to statistical queries
as follows. Suppose that there is a learning algorithm WL, such that for every
distribution D, and for all f ∈ C, WL uses N0 queries under the protocol
STATD(τ0) with respect to �(f, g) = PrD[f �= g] to output a hypothesis h such
that PrD[h = f ] ≥ 1/2 + Ω(1/s). Then there is an algorithm B such that for
every distribution D, every f ∈ C, and for every ε > 0, B under the protocol
STATD(τ) uses N = O(N0τ

−4 log2(ε−1)) queries to output a hypothesis h such
that PrD[h = f ] ≥ 1−ε. The required tolerance is τ = Ω(τ0ε2), and B simulates
WL with respect to distributions Di with L∞(Di) ≤ O(1/ε2)L∞(D).

Since DIST�(τ) ≤1 STATD(τ) ≤2 DIST�(τ), for any distribution D and
metric �(f, g) = PrD[f �= g], this construction can also be applied to the above
exhaustive-search algorithm for learning DNF formulas with distance queries.
This yields for the uniform distribution a learning algorithm B that for all f of
DNF-size s and every ε > 0 uses

(
n

O(log(s/ε2))

)
s4 log2(1/ε) = nO(log(s/ε2))

many queries under the protocol DIST�(τ), where τ = Ω(ε2/s), and outputs a
hypothesis h such that PrU [h �= f ] ≤ ε.

Finally, we have to take into account that in our definition of learning com-
plexity, we require that the final version space (consisting of all functions in C
not yet discarded by the answers received so far) is contained in the ball B�(f, ε).
It is clear that the version space of a learning algorithm A that for every f ∈ C
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produces a hypothesis h with distance at most ε from f , must be contained in
the ball B�(f, 2ε) when A outputs the hypothesis (otherwise, there would be a
function g left in the final version space whose distance from f is more than
2ε; but since there is no (boolean) function whose distance to both f and g is
at most ε, such a function g could be used to fool the algorithm). Thus, the
theorem follows by replacing ε by ε/2. ��

By combining the upper bound of 2 with the lower bound that can be derived
from Lemma 4 and from Corollary 1, we get the following bound on the number
of queries needed to approximately learn DNF formulas in the statistical query
model as well as in the model of learning by distance.

Corollary 2. Fix some constant 0 < ε0 < 1/2. Then, for all s and n,
there is some τ = Θ(1/s) such that for �(f, g) = PrU [f �= g] and P ∈
{DIST�(τ),STATU (τ)},

LC(DNFs,n, P, ε0) = nΘ(log s).
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The Complexity of Learning Concept Classes
with Polynomial General Dimension�
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Abstract. We use the notion of general dimension to show that any
p-evaluatable concept class with polynomial query complexity can be
learned in polynomial time with the help of an oracle in the polynomial
hierarchy, where the complexity of the required oracle depends on the
query-types used by the learning algorithm. In particular, we show that
for subset and superset queries an oracle in ΣP

3 suffices. Since the concept
class of DNF formulas has polynomial query complexity with respect to
subset and superset queries with DNF formulas as hypotheses, it follows
that DNF formulas are properly learnable in polynomial time with subset
and superset queries and the help of an oracle in ΣP

3 . We also show that
the required oracle in our main theorem cannot be replaced by an oracle
in a lower level of the polynomial-time hierarchy, unless the hierarchy
collapses.

1 Introduction

In computational learning theory, one can distinguish between efficient learn-
ability, which is usually modeled as learning in polynomial time, and polyno-
mial query complexity, i.e. the possibility to learn a concept class with only a
polynomial number of queries but unbounded computational resources. Clearly,
polynomial-time learnability implies polynomial query complexity. On the other
hand, in Angluin’s query-learning model [2], it is known that for all combinations
of equivalence and membership queries, polynomial query complexity implies
polynomial-time learnability with additional access to an oracle in a low level
of the polynomial-time hierarchy [6,8,11]. Thus, under the unlikely assumption
that P = NP, polynomial query complexity in fact coincides with polynomial-
time learnability for equivalence and/or membership queries. There are, how-
ever, prominent examples such as boolean formulas, which can be learned with
a polynomial number of equivalence queries, but there is high evidence that these
concept classes cannot be learned in polynomial time (e.g., [9]).

Here we address the question whether similar results hold also for more pow-
erful types of queries, such as subset and superset queries [2]. For equivalence
and/or membership queries, the polynomial-time oracle algorithms in [6,8,11]
are based on combinatorial characterizations of the corresponding polynomial
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query complexity. In [5], Balcázar et al. introduce the notion of the general di-
mension, a combinatorial measure which can be applied to arbitrary query-types
and which characterizes, up to a logarithmic factor, the number of queries needed
to learn a concept class. We use this notion to show, as our main result, that any
p-evaluatable concept class with polynomial query complexity can be learned in
polynomial time with the help of an oracle in the polynomial hierarchy, where
the complexity of the required oracle depends on the query-types used by the
learning algorithm. Similar as in [11] we use a modification of the majority-based
algorithm of [5], where the emerging counting problems are solved by universal
hashing techniques. Furthermore, our learning algorithm is proper in the sense
that its output is a hypothesis from the concept class in question.

As a consequence, we get that all concept classes that are learnable with a
polynomial number of equivalence and/or membership queries can be learned in
polynomial time with an oracle in ΣP

2 , subsuming the results shown in [11]. A
similar consequence holds also for subset and superset queries using an oracle in
ΣP
3 . Since the concept class of DNF formulas has polynomial query complexity

with respect to subset and superset queries with DNF formulas as hypotheses
[4], it further follows that DNF formulas are properly learnable in polynomial
time with subset and superset queries and the help of an oracle in ΣP

3 .
We further consider a concept class of [1] and show that this concept class

is not learnable in polynomial time with an oracle in NP using equivalence
queries with boolean circuits as hypotheses, unless the polynomial-time hierarchy
collapses. This implies that the required oracle in our main theorem cannot be
replaced by an oracle in a lower level of the polynomial-time hierarchy, unless
the hierarchy collapses.

2 Preliminaries

We let Bn denote the set of all boolean functions f : {0, 1}n → {0, 1}. We assume
the reader to be familiar with definitions and basic properties of the complexity
classes in the polynomial-time hierarchy, as can be found in standard text books
as, e.g., [12].

Let Σ be an alphabet. For a string x ∈ Σ∗, |x| denotes its length. Σ[n] denotes
the set of all strings x ∈ Σ∗ of length |x| ≤ n. We assume the existence of a
pairing function 〈·, ·〉 : Σ∗ ×Σ∗ → Σ∗ that is computable in polynomial time
and has inverses also computable in polynomial time. 〈·, ·〉 can be extended to
encode finite sequences (x1, . . . , xk) of strings into a string 〈x1, . . . , xk〉 ∈ Σ∗.
For a set A, ‖A‖ denotes its cardinality.

Let C be a class of sets A ⊆ Σ∗. Then �C denotes the class of functions
f : Σ∗ → IN such that there is a set A ∈ C and a polynomial p such that for all
x ∈ Σ∗,

f(x) = {y ∈ Σp(|x|) | 〈x, y〉 ∈ A}.
Let F be a class of functions f : Σ∗ → IN. Then max F denotes the class of

functions g : Σ∗ → IN such that there is a function f ∈ F and a polynomial p
such that for all x ∈ Σ∗,
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g(x) = max
|y|=p(|x|)

f(〈x, y〉).

The class min F ist defined analogously.

2.1 Learning Complexity and General Dimension

Balcázar et al. [5] introduced the general dimension of a boolean concept class to
characterize the learning complexity with respect to arbitrary query protocols.
The learning model presented in [5] is a generalization of the query learning
model of Angluin [2]. Similar, but less general models have already been consid-
ered in [4,13].

In the model of [5], learning of a concept class C ⊆ Bn can be viewed as
a game between a learning algorithm A and a teacher T with respect to some
target f ∈ C that is only known to T . In each round, A asks a query q from a
set Q of queries and T responds with a subset Λ ⊆ Bn that contains f . Thereby,
T provides some partial knowledge about the target f in form of a property Λ
shared by f . The communication between A and T is guided by some protocol
P ⊆ Q× 2Bn , i.e., the teacher is only allowed to respond with an answer Λ such
that 〈q, Λ〉 ∈ P. The protocol P is required to be complete in the sense that
for all f ∈ Bn and for all queries q ∈ Q there exists an answer Λ ∈ Pf

q where
Pf

q = {Λ | 〈q, Λ〉 ∈ P ∧ f ∈ Λ}.
For example, the protocol for equivalence queries with hypotheses from a

concept class C ⊆ Bn is the set of all pairs (h, {f ∈ Bn | f(x) �= h(x)}), for
h ∈ C and x ∈ {0, 1}n, together with all pairs (h, {h}) with h ∈ C. The first
set of pairs corresponds to the case that a hypothesis h is answered by giving a
counterexample x, and the second set of pairs corresponds to the answer “Yes”.

The goal of the learning algorithm is to collect enough knowledge about the
target f such that f is the only remaining function in C that shares all properties
exposed by T . More precisely, the current version space at any stage in the run
of a learning algorithm A is the set of all functions in C that are contained in
all answers received by A so far, and a concept class C ⊆ Bn is learnable with at
most d queries under a protocol P, if there exists a learning algorithm A such
that for all targets f ∈ C and any teacher T that answers each query q with
some Λ ∈ Pf

q , the only concept left in the current vesion space after at most d
queries is f . The learning complexity of C under P, denoted by LC(C,P), is the
smallest integer d ≥ 0 such that C is learnable with at most d queries under P.
If no such integer d exists, then LC(C,P) = ∞.

In order to characterize the learning complexity of a concept class C under
an arbitrary protocol P, Balcázar et al. introduce the general dimension of C
under P. The definition is based on the notion of an answering scheme, i.e., a
subset T ⊆ P such that for all queries q ∈ Q the set Tq = {Λ | (q, Λ) ∈ T }
is non-empty. Note that, in contrast to a protocol P, an answering scheme T
need not be complete since there might exist a query q ∈ Q and a function
f ∈ Bn such that no answer Λ ∈ Tq contains f . The general dimension of C
under P, denoted by Gdim(C,P), is the smallest integer d ≥ 0 such that for all
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answering schemes T ⊆ P there exists a set S ⊆ ⋃
q∈Q Tq of cardinality at most

d such that ‖{f ∈ C | (∀Λ ∈ S)[f ∈ Λ]}‖ ≤ 1. If no such integer d exists, then
Gdim(C,P) = ∞.

It is shown in [5] that for each concept class C and protocol P it holds that
Gdim(C,P) ≤ LC(C,P) ≤ Gdim(C,P)�ln ‖C‖�. Thus, the general dimension is
in fact a combinatorial characterization of the learning complexity.

3 Polynomial Learning Complexity and Dimension

To define polynomial learning complexity and, in particular, polynomial-time
learnability under an arbitrary protocol, we need to specify a way to represent
concept classes and protocols. For concept classes, we use the following notations
from [3] adapted to the boolean case.

Definition 1. Let Σ and Γ be finite alphabets. A representation of (boolean)
concepts is a set C ⊆ 0∗ × Γ ∗ × Σ∗. With respect to any given n ∈ IN, we
let Cn = {〈u, x〉 | 〈0n, u, x〉 ∈ C}. The concept represented by a concept name
u ∈ Γ ∗ is κCn

(u) = {x | 〈u, x〉 ∈ Cn}, and the concept class represented by Cn

is K(Cn) = {κCn(u) | u ∈ Γ ∗}.
Here we always assume that Σ = {0, 1}. For the sake of notational brevity we

simply write κn instead of κCn whenever C is clear from the context. Further-
more, by abusing the notation, we identify the set κn(u) with its characteristic
function. Thus, we can view K(Cn) as a subset of Bn.

The above definition allows us to regard a representation C of concepts as
a decision problem. This means that we can express the usual assumption that
the concept class represented by C can be evaluated in polynomial time by the
fact that C is decidable in the complexity class P.

Example 1. The circuit representation of boolean concepts, denoted by Circ, is
the set of all tuples 〈0n, c, x〉 such that c is an encoding of a boolean circuit over
the basis {∧,∨,¬} with n input gates, x is a binary string of length n, and the
circuit encoded by c accepts x.

Now we define representations of protocols in a similar style as we defined
representions of concepts. To illustrate the underlying idea let us reconsider
the model of learning with equivalence queries with respect to a represention
of concepts C. Here, a query is a concept name h, and the answer is either a
counterexample in form of a binary string x, or the token “Yes”. A counterex-
ample x as an answer to some query h means that the target concept does not
agree with the concept represented by h on x, i.e., the answer x to the query h
means that the target is contained in the set of all concepts κn(u) such that x
is contained in the symmetric difference of κn(u) and κn(h). Similarly, the an-
swer “Yes” to a query h means that the target is contained in the singleton set
{κn(h)}. Consequently, with respect to some fixed arity n, we represent a proto-
col P as a set P of triples 〈0n, q, a, u〉, where q ∈ ∆∗ is a query and a ∈ ∆∗ is an
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answer, for an additional finite alphabet ∆, and u ∈ Γ ∗ is a concept name. An
answer a together with a query q determine a set of concept names u satisfying
〈0n, q, a, u〉 ∈ P , which, when interpreted with respect to a given represention of
concepts C, describes the property associated with q and a.

Definition 2. Let C be a representation of concepts, and let ∆ be a finite
alphabet. A representation of a (boolean) protocol with respect to C is a set
P ⊆ 0∗ ×∆∗ ×∆∗ × Γ ∗ which satisfies the following conditions for all n ∈ IN.

1. For all concept names u, and for all queries q, there exists an answer a such
that 〈0n, q, a, u〉 ∈ P .

2. For all concept names u and v, and for all queries q and answers a it holds
that if 〈0n, q, a, u〉 ∈ P and κn(u) = κn(v), then 〈0n, q, a, v〉 ∈ P .

With respect to any given integer n ∈ IN, we let Pn = {〈q, a, u〉 | 〈0n, q, a, u〉 ∈
P}, and for a query q and an answer a we let Pn(q, a) = {u | 〈q, a, u〉 ∈ Pn}.
The property associated with the pair 〈q, a〉 is ΛPn(q, a) = {κn(u) | u ∈ Pn(q, a)}
which we also denote by Λn(q, a), and the protocol represented by Pn is K(Pn) =
{(q, Λn(q, a)) | q, a ∈ ∆∗}.

By the first condition, we have that K(Pn) is complete with respect to K(Cn)
in the sense that for all f ∈ K(Cn) and for all queries q ∈ ∆∗, there exists an
answer a ∈ ∆∗ with f ∈ Λn(q, a). Clearly, completeness with respect to some
proper subset K(Cn) of Bn is a strictly weaker condition than completeness with
respect to Bn as required in [5]. It is, however, easy to see that the combinatorial
characterization of [5] also holds if K(Pn) is only complete with respect to K(Cn).

The second condition is merely for the sake of notational convenience and
implies that a concept κn(u) is in the property Λn(q, a) if and only if 〈q, a, u〉 ∈
Pn.

Example 2. Let C ⊆ 0∗ × Γ ∗ ×Σ∗ be a representation of concepts.

– The representation of the protocol for equivalence queries to C is the set
Eq(C) = {〈0n, h, x, u〉 | h, u ∈ Γ ∗, x ∈ κn(h)�κn(u)} ∪ {〈0n, h, “Yes”, u〉 |
h, u ∈ Γ ∗, κn(h) = κn(u)}.

– The representation of the protocol for membership queries is the set
Mem(C) = {〈0n, x, “Yes”, u〉 | u ∈ Γ ∗, x ∈ κn(u)} ∪ {〈0n, x, “No”, u〉 | u ∈
Γ ∗, x �∈ κn(u)}.

– The representation of the protocol for subset queries to C is the set Sub(C) =
{〈0n, h, x, u〉 | h, u ∈ Γ ∗, x ∈ κn(h) \ κn(u)} ∪ {〈0n, h, “Yes”, u〉 | h, u ∈
Γ ∗, κn(h) ⊆ κn(u)}.

– The representation of the protocol for subset and superset queries to C
is the set Sub(C) ⊕ Sup(C) = {〈0n, 0h, a, u〉 | h, u ∈ Γ ∗, 〈0n, h, a, u〉 ∈
Sub(C)}∪{〈0n, 1h, a, u〉 | h, u ∈ Γ ∗, 〈0n, h, a, u〉 ∈ Sup(C)}, where Sup(C) is
the representation for superset queries which is similarly defined as Sub(C).

We now define polynomial learning complexity by imposing a polynomial
bound both on the number of queries and the length of queries required for
successful learning.
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Definition 3. Let C be a representation of concepts, and let P be a protocol
representation with respect to C. Then C has polynomial learning complexity
under P if there exist polynomials p and m, and an algorithm A which gets
inputs s and n and may ask queries q of size at most m(s, n), such that for all
concept names u of size at most s, the following implication holds: If A always
receives an answer a for each of its queries q satisfying κn(u) ∈ Λn(q, a), then
after at most p(s, n) queries, A eventually halts and outputs a concept name h
with κn(h) = κn(u).

In contrast to the definition of learning complexity, where the success con-
dition is expressed in terms of the current version space, in the definition of
polynomial learning complexity we require that a successful learning algorithm
has to produce a concept name h for the target κn(u). It is, however, easy to see
that in the resource unbounded setting, both success conditions are equivalent.

Next we consider the corresponding notion of polynomial general dimension.
We call a set T ⊆ ∆[m] × ∆∗ an answering scheme for the length bound m, if
for each query q of length at most m there is an answer a with 〈q, a〉 ∈ T . We
further use Cs,n = Cn ∩ (Γ [s] ×Σn) to denote the representation of concepts of
size at most s.

Definition 4. Let C be a representation of concepts, and let P be a protocol
representation with respect to C. Then C has polynomial general dimension
under P if there exist polynomials p and m, such that for all size bounds s,
for all n, and for all answering schemes T ⊆ ∆[m(s,n)] × ∆∗ for the length
bound m(s, n) there exists a set S ⊆ T of cardinality at most p(s, n) such that
‖{f ∈ K(Cs,n) | (∀〈q, a〉 ∈ S)[f ∈ Λn(q, a)]}‖ ≤ 1.

Now we can use the arguments of [5] to show that polynomial learning com-
plexity is equivalent to polynomial general dimension. The implication from poly-
nomial general dimension to polynomial learning complexity is based on the fact
that there always exists an inverse polynomially good query q for the current
version space of any learning algorithm, where a good query q (with respect to
C and P ) is defined as follows.

Definition 5. A query q is δ-good for a set of concepts V if each answer a to
q eliminates at least a δ-fraction from V, i.e. ‖{f ∈ V | f �∈ Λn(q, a)}‖ ≥ δ‖V‖.

Lemma 1 (cf. [5]). Suppose that C has polynomial general dimension under
P , and let p and m be the corresponding polynomials. Then, for all s and n,
and for all non-empty sets V ⊆ K(Cs,n), there exists a query q of length at most
m(s, n) that is (1− 1/‖V‖)/p(s, n)-good for V.

By Lemma 1, for any set S of queries and answers received thus far, we
can find a query q of polynomial length such that any answer to q elimi-
nates at least an inverse polynomial fraction from the current version space
V = {f ∈ K(Cs,n) | (∀〈q, a〉 ∈ S)[f ∈ Λn(q, a)]}. Hence, after at most a poly-
nomial number of queries, the only concept left in V is the target. This shows
that polynomial general dimension implies polynomial learning complexity and
we have the following equivalence.
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Theorem 1. Let C be a representation of concepts, and let P be a protocol
representation with respect to C. Then the following are equivalent.

1. C has polynomial learning complexity under P .
2. C has polynomial general dimension under P .

4 Polynomial-Time Learning with an Oracle in the
Polynomial Hierarchy

In this section we show that any representation of concepts C ∈ P with polyno-
mial general dimension under some representation P of a protocol can be learned
in polynomial time with the help of an oracle whose complexity depends on the
complexity of the decision problem P . We consider the following time-bounded
analogue of polynomial learning complexity.

Definition 6. A representation of concepts C is polynomial-time learnable un-
der a protocol representation P if there is an algorithm A which fulfills all the
conditions required in Definition 3, and whose running time is polynomially
bounded in s and n.

Obviously, any polynomial-time learning algorithm should be able to read the
complete answer received at any stage. Thus, it is natural to require a polynomial
bound on the possible answers in a protocol P .

Definition 7. A representation of a protocol P is polynomially (p-) honest if
there exists some polynomial l such that |a| ≤ l(n, |q|) for all 〈q, a, u〉 ∈ Pn.

As we will see below, if P can be decided in NP, then we get polynomial-time
learnability with an oracle in ΣP

2 . In fact, we only need that the restriction of
P specifying the properties Λn(q, a) with ‖Λn(q, a)‖ > 1 can be decided in NP.
This allows us to apply our theorem also to the important case of equivalence
queries, where, in general, the part of P specifying “Yes” answers can only be
decided in coNP.

Definition 8. Let P be a protocol representation with respect to some represen-
tation of concepts C. An admissible subset of P is a set P ∗ ⊆ P satisfying the
following conditions for all n, q and a.

1. If ‖Λn(q, a)‖ �= 1, then P ∗
n(q, a) = Pn(q, a).

2. If ‖Λn(q, a)‖ = 1, then P ∗
n(q, a) = Pn(q, a) or P ∗

n(q, a) = ∅.
Note that if C ∈ P, then the protocol representation Eq(C) as given in Exam-

ple 2 is p-honest. Moreover, Eq(C) is decidable in coNP and has the admissible
subset {〈0n, h, x, u〉 | h, u ∈ Γ ∗, x ∈ κn(h)�κn(u)} that is decidable in P.

Now we are ready to present our main theorem.

Theorem 2. Let C ∈ P be a representation of concepts, and let P ∈ ΣP
2 be

a p-honest protocol representation with respect to C with an admissible subset
P ∗ ∈ NP. If C has polynomial general dimension under P , then C is polynomial-
time learnable under P with an oracle in ΣP

2 .
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Before we proceed to the proof of Theorem 2, let us first discuss some con-
sequences. By the remark above, it follows that for all representations C ∈ P,
C has polynomial learning complexity with respect to equivalence queries if and
only if C is polynomial-time learnable with equivalence queries and an oracle in
ΣP
2 . This holds also for equivalence and membership queries, and for membership

queries alone. Thus, Theorem 2 subsumes all the results shown in [11].
Since Theorem 2 holds relative to any oracle A we get the following corollary.

Corollary 1. Let i ≥ 1, let C ∈ P be a representation of concepts, and let P ∈
ΣP

i+1 be a p-honest protocol representation with respect to C with an admissible
subset P ∗ ∈ ΣP

i . If C has polynomial general dimension under P , then C is
polynomial-time learnable under P with an oracle in ΣP

i+1.

For any C ∈ P, the protocol representation Sub(C)⊕ Sup(C) for subset and
superset queries can be decided in ∆P

2 ⊆ ΣP
2 . Hence, for all C ∈ P, C has

polynomial learning complexity with respect to subset and superset queries if
and only if C is polynomial-time learnable with subset and superset queries and
an oracle in ΣP

3 . Since the concept class of DNF-formulas can be learned with
polynomial subset and superset queries (with DNF-formulas as hypotheses) [4],
we get that this can be done also in polynomial time with an oracle in ΣP

3 .

Corollary 2. DNF is polynomial-time learnable under Sub(DNF)⊕ Sup(DNF)
relative to an oracle in ΣP

3 .

4.1 Proof of Theorem 2

Let C be a representation of concepts with polynomial general dimension under
a p-honest protocol representation P ∈ ΣP

2 with an admissible subset P ∗ ∈ NP.
We have to show that C can be learned under P in polynomial time and with
the help of an oracle in ΣP

2 .
Our algorithm will proceed similarly as the algorithm for Theorem 1 in the

resource-unbouded setting. That is, for a given set S of queries and answers
received thus far, we will try to find an inverse polynomially good query q such
that any answer to q eliminates at least an inverse polynomial fraction from the
current version space

Vs,n(S) = {u ∈ Γ [s] | (∀〈q, a〉 ∈ S)[〈q, a, u〉 ∈ Pn]}.

Then after a polynomial number of queries, the only concept left in Vs,n(S) =
{κn(u) | u ∈ Vs,n(S) is the target.

To compute such a good query q in polynomial time with an oracle in ΣP
2 , we

will use well-known approximate counting techniques based on universal hashing,
as already be done in [5,11] for the specific case of equivalence queries. For this,
however, we will have to consider the fraction of concept names rather than the
fraction of concepts that are eliminated by any answer to q. That is, we will
try to find an inverse polynomially good query q for the set Vs,n(S) of concept
names.
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Definition 9. A query q is δ-good for a set of concept names V if each answer
a to q eliminates at least a δ-fraction from V , i.e. ‖{u ∈ V | 〈q, a, u〉 �∈ Pn}‖ ≥
δ‖V ‖ for all a ∈ ∆∗.

Because the fraction of a set of concepts in Vs,n(S) might be very different
from the fraction of the corresponding set of concept names in Vs,n(S), we cannot
use Lemma 1 directly to guarantee the existence of a sufficiently good query for
V . For the specific case of equivalence queries, it is shown in [11] that an analogue
of Lemma 1 also works for concept names rather than concepts. In the general
case, however, the goodness of the query q depends on the maximal size of the
equivalence classes [u] = {v | κn(v) = κn(u)}, u ∈ Vs,n(S). We use the following
notation.

Definition 10. Let V be a finite set of concept names. The weight of a concept
name u in V is µ(u) = ‖[u] ∩ V ‖/‖V ‖. The bias of V is µ = maxu∈V µ(u).

Now we can show the following analogue of Lemma 1 for concept names
rather than concepts.

Lemma 2. Suppose that C has polynomial general dimension under P via the
polynomials p and m. Then, for all s and n, and for all non-empty sets V ⊆ Γ [s]

with bias µ, there is a query q of length at most m(s, n) that is (1−µ)/p(s, n)-good
for V .

Proof. Fix s and n, some non-empty set V ⊆ Γ [s] , and assume that no query q
of length at most m(s, n) is (1 − µ)/p(s, n)-good for V , i.e., for all queries q of
length at most m(s, n) there exists an answer aq such that

‖{u ∈ V | 〈q, aq, u〉 �∈ Pn}‖ <
‖V ‖ −maxu∈V ‖[u] ∩ V ‖

p(s, n)
.

Consider the answering scheme T = {〈q, aq〉 | q ∈ ∆[m(s,n)]}. Then, for any
subset S ⊆ T of cardinality at most p(s, n), it follows that

‖{u ∈ V | (∃〈q, a〉 ∈ S)[〈q, a, u〉 �∈ Pn]}‖ ≤
∑

〈q,a〉∈S

‖{u ∈ V | 〈q, a, u〉 �∈ Pn}‖

< ‖V ‖ −max
u∈V

‖[u] ∩ V ‖,

which implies that

‖{u ∈ V | (∀〈q, a〉 ∈ S)[〈q, a, u〉 ∈ Pn]}‖ > max
u∈V

‖[u] ∩ V ‖

and hence

‖{κn(u) | u ∈ V ∧ (∀〈q, a〉 ∈ S)[〈q, a, u〉 ∈ Pn]}‖ > 1.

Since the set of concepts {κn(u) | u ∈ V } is contained in K(Cs,n), this constra-
dicts the assumption that C has polynomial general dimension under P . &'
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If the bias µ is not to large, i.e., 1 − µ is at least inverse polynomial, then
Lemma 2 guarantees the existence of an inverse polynomially good query for V ,
and as we will see below, we then are able to compute such a query in polynomial
time with an oracle in ΣP

2 . Thus, the remaining obstacle is to treat also the case
when µ is large. This is the main departure from the special case of equivalence
queries and the algorithm in the resource-unbouded setting.

However, if µ is large, then there exists a concept name u of large weight in
V . Hence, if we replace the whole equivalence class [u] with the single concept
name u within V , then we eliminate a large fraction of concept names from V ,
and this does not effect the set of concepts V represented by V . To implement
this idea, we maintain an additional set W of concept names, and we represent
the current version space Vs,n(S) by the set

Vs,n(S, W ) = (Vs,n(S) ∩W ) ∪ (Vs,n(S) \
⋃

w∈W

[w]

= Vs,n(S) ∩ {u ∈ Γ [s] | (∀w ∈ W \ {u})[κn(u) �= κn(w)]}
of concept names u ∈ Vs,n(S) that are not equivalent to some w ∈ W \ {u}.
This means, that for all concept names u ∈ W , Vs,n(S, W ) contains at most one
concept name from the equivalence class [u]. By moving some u from V to W ,
we can discard ‖[u]‖ − 1 elements from Vs,n(S, W ) without changing the set of
concepts represented by Vs,n(S, W ).

Now we are ready to describe our algorithm. We initially set S = W = ∅.
Then we repeat the following steps until ‖V‖ = 1, and thus the current version
space is reduced to the target. In each loop, we first compute an approximation
µ̃ of the bias µ satisfying |µ − µ̃| ≤ 1/12. If µ̃ ≤ 2/3, then µ ≤ 2/3 + 1/12 =
3/4, and hence, by Lemma 2, there exists a (1/4p(s, n))-good query. We then
compute a (1/6p(s, n))-good query, and thus any answer to q eliminates at least a
(1/6p(s, n))-fraction of concept names form V . If µ̃ > 2/3, then µ > 2/3−1/12 =
7/12, and we proceed by computing a concept name u of weight µ(u) ≥ 1/2 in V .
Note that µ > 7/12 implies ‖V ‖ ≥ 3, and hence by adding u to W we eliminate
at least [u]−1 ≥ ‖V ‖/2−‖V ‖/3 = ‖V ‖/6 concept names from V . Thus, in both
cases, we eliminate at least a 1/6p(s, n)-fraction of concept names form V , and
it follows that after at most polynomially many queries, the only concept left in
the current version space is the target. We then compute a concept name u in
V and output u.

In the remainder of this section we have to show that each step in our learning
algorithm can be done in polynomial time with an oracle in ΣP

2 .
First note that we only ask queries of length m(s, n), and the honesty condi-

tion on P implies that all answers a we receive have length at most l(n). Thus,
the set S contains at most polynomially many pairs of queries and answers of
polynomial length. Also note that the set W contains at most polynomially many
concept names of length bounded by s.

To analyze the uniform comlexity of our algorithm, let V ∗
s,n(S, W ) de-

notes the set Vs,n(S, W ) with the admissible subset P ∗ ∈ NP in place of
P ∈ ΣP

2 , and consider the sets V = {〈0s, 0n, S, W, u〉 | u ∈ Vs,n(S, W )} and
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V ∗ = {〈0s, 0n, S, W, u〉 | u ∈ V ∗
s,n(S, W )}. Note that since C ∈ P, V is in ΣP

2
and V ∗ is in NP. Further note that if ‖Vs,n(S)‖ > 1, then Vs,n(S, W ) coincides
with V ∗

s,n(S, W ). It follows that ‖Vs,n(S)‖ > 1 if and only if V ∗
s,n(S, W ) contains

two concept names u and v with κn(u) �= κn(v). Thus, we can test whether there
is more than one concept left in Vs,n(S, W ) in polynomial time relative to an
oracle in NP.

The final construction of a concept name u ∈ Vs,n(S, W ), when ‖Vs,n(S)‖ =
1, can be done by prefix search in polynomial time with an oracle in ΣP

2 that
contains all tuples 〈0s, 0n, S, W, u′〉 such that there exists some u extending u′

with 〈0s, 0n, S, W, u′〉 ∈ V .
For the remaining steps we use the already mentioned approximate counting

techniques, which we summarize in the following two lemmas (cf. [10]).

Lemma 3. Let f ∈ min max �NP. Then there exists an oracle A ∈ ΣP
2 such

that for all x ∈ Σ∗, and for all integers a ≥ 0 and e ≥ 1:

1. 〈x, a, 0e〉 ∈ A =⇒ f(x) ≤ (1 + 1
e )a

2. 〈x, a, 0e〉 �∈ A =⇒ f(x) > a.

Lemma 4. Let f ∈ min max �NP. Then there exists a function f̃ ∈ FP(ΣP
2 )

such that for all x ∈ Σ∗, and for all integers e ≥ 1, f(x) ≤ f̃(x, 0e) ≤ (1+ 1
e )f(x).

For all integers s, n, for all S and W , and for τ = 〈0s, 0n, S, W 〉 let t(τ)
be the cardinality of the set V ∗

s,n(S, W ). Since V ∗ is in NP, t(τ) is in �NP, and
it follows immediately from Lemma 4 that we can compute an approximation
t̃(τ, 0e) of t(τ) in polynomial time and with an oracle in ΣP

2 , such that for all
e ≥ 1, t(τ) ≤ t̃(τ, 0e) ≤ (1 + 1

e )t(τ).

Claim. For all integers s, n and e ≥ 1, for all S and W , and for τ = 〈0s, 0n, S, W 〉
it is possible to compute an approximation µ̃(τ, 0e) of the bias µ(τ) of V ∗

s,n(S, W )
satisfying |µ̃(τ, 0e)− µ(τ)| ≤ 1/e for all e ≥ 1 in polynomial time with an oracle
in ΣP

2 .

Proof. Let t(τ) and t̃(τ, 0e) as above, and consider the min �NP-function

b(τ) = min
v∈Γ [s]

‖V ∗
s,n(S, W ) \ [v]n‖.

By Lemma 4 there is an approximation b̃(τ, 0e) computable in polynomial time
with an oracle in ΣP

2 such that b(τ) ≤ b̃(τ, 0e) ≤ (1 + 1
e )b(τ).

Clearly, the bias µ(τ) can be expressed as µ(τ) = 1− b(τ)
t(τ) . Setting µ̃(τ, 0e) =

1− b̃(τ,0e)
t̃(τ,0e) , it follows that

µ̃(τ, 0e) =
t̃(τ, 0e)− b̃(τ, 0e)

t̃(τ, 0e)
≤ t(τ) + t(τ)/e− b(τ)

t(τ)
= µ(τ) +

1
e

and since b(τ) ≤ t(τ) it also holds that
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µ̃(τ, 0e) ≥ 1− b(τ) + b(τ)/e

t(τ)
≥ µ(τ)− 1/e.

&'
Now let us see how to construct a concept name of large weight in V ∗

s,n(S, W ).

Claim. For all integers s, n and e ≥ 1, for all S and W , and for τ = 〈0s, 0n, S, W 〉,
it is possible to compute a concept name u of weight µ(τ, u) ≥ µ(τ) − 1/e in
V ∗

s,n(S, W ) in polynomial time with an oracle in ΣP
2 .

Proof. Let b(τ) and b̃(τ, 0e) as in the proof of the previous claim, and consider
the �NP-function

b(τ, u) = ‖V ∗
s,n(S, W ) \ [u]n‖.

Applying Lemma 3 we get an oracle A in ΣP
2 such that for all integers a ≥ 0

and e ≥ 1, we have that

1. 〈τ, u, a, 0e〉 ∈ A =⇒ b(u) ≤ (1 + 1
e )a

2. 〈τ, u, a, 0e〉 �∈ A =⇒ b(u) > a

Let A′ be the oracle consisting of all tuples 〈τ, u′, a, 0e〉 for which there exists
some u ∈ Γ [s] with prefix u′ and 〈τ, u, a, 0e〉 ∈ A. Since there exists some concept
name u with b(τ, u) ≤ b(τ) ≤ b̃(τ, 0e), and hence 〈τ, u, b̃, 0e〉 ∈ A, it follows that
we can construct a concept name u with 〈τ, u, b̃, 0e〉 ∈ A by prefix search in
polynomial time and with the help of the oracle A′ in ΣP

2 . Since for the resulting
u it holds that 〈τ, u, b̃(τ), 0e〉 ∈ A, it follows that

b(τ, u) ≤ (1 +
1
e

)b̃(τ) ≤ (1 +
1
e

)2b(τ) ≤ (1 +
3
e

)b(τ)

and since b(τ) ≤ t(τ) we get

µ(τ, u) = 1− b(τ, u)
t(τ)

≥ 1− b(τ) + 3b(τ)/e

t(τ)
≥ µ(τ)− 3

e
.

&'
As our final application of Lemmas 3 and 4 we show how to construct a good

query q.

Claim. For all integers s, n and e ≥ 1, for all S and W such that for τ =
〈0s, 0n, S, W 〉 it holds that µ(τ) ≤ 3

4 , it is possible to compute a query q of
length m(s, n) that is ( 1

4p(s,n) − 1/e)-good for V ∗
s,n(S, W ) in polynomial time

with an oracle in ΣP
2 .

Proof. Consider the max �NP-function

c(τ, q) = max
a∈∆[l(n,|q|)]

‖{u ∈ V ∗
s,n(S, W ) | 〈q, a, u〉 ∈ P ∗

n}‖

and let A be the oracle in ΣP
2 provided by Lemma 3 such that for all integers

a ≥ 0 and e ≥ 1, we have that
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1. 〈τ, q, a, 0e〉 ∈ A =⇒ c(τ, q) ≤ (1 + 1
e )a,

2. 〈τ, q, a, 0e〉 �∈ A =⇒ c(τ, q) > a.

By Lemma 2, the assumption µ ≤ 3
4 implies that there exists a query q of length

m(s, n) such that q is 1/4p(s, n)-good for V ∗
s,n(S, W ). This means that for all

answers a it holds that

‖{u ∈ V ∗
s,n(S, W ) | 〈q, a, u〉 ∈ P ∗

n}‖ ≤ ‖{u ∈ V ∗
s,n(S, W ) | 〈q, a, u〉 ∈ Pn}‖

≤ (1− 1
4p(s, n)

)t(τ)

and hence c(τ, q) ≤ (1 − 1/4p(s, n))t(τ) ≤ (1 − 1/4p(s, n))t̃(τ, 0e). Setting a =
(1 − 1/4p(s, n))t̃(τ, 0e) it follows that 〈τ, q, a, 0e〉 ∈ A, and similarly as in the
previous claim we can construct query q in polynomial time and with the help
of an oracle in ΣP

2 such that 〈τ, q, a, 0e〉 ∈ A. Now, 〈τ, q, a, 0e〉 ∈ A implies

c(τ, q) ≤ (1 +
1
e

)a = (1 +
1
e

)(1− 1
4p(s, n)

)t̃(τ, 0e) ≤ (1 +
1
e

)2(1− 1
4p(s, n)

)t(τ)

≤ (1− 1
4p(s, n)

+
3
e

)t(τ).

Since c(τ, q) is defined in terms of P ∗ rather than P , this only means that for
all answers a with ‖Λn(q, a)‖ > 1 it holds that

‖{u ∈ V ∗
s,n(S, W ) | 〈q, a, u〉 ∈ Pn}‖ = ‖{u ∈ V ∗

s,n(S, W ) | 〈q, a, u〉 ∈ P ∗
n}‖

≤ (1− 1
4p

+
3
e

)t(τ).

The assumption µ ≤ 3
4 implies that also for all answers a with ‖Λn(q, a)‖ = 1 it

holds that ‖{u ∈ V ∗ | 〈q, a, u〉 ∈ Pn}‖ ≤ µ(τ)t(τ) ≤ ( 34 )t(τ). &'

5 Non-learnability with an Oracle in NP

In this section we show that the ΣP
2 oracle in our main theorem cannot be re-

placed by an oracle in NP, unless the polynomial hierarchy collapses to ∆P
2 . This

computational hardness result is based on the representation problem REP(C)
[14,1] for a representation C,

REP(C) = {〈0s, 0n, c〉 | (∃u ∈ Γ [s])[κCn(u) = κCircn(c)]},

where Circ is the circuit representation for boolean functions.
Aizenstein et al. [1] showed that there is a representation K ∈ P such that

its representation problem REP(K) is complete for ΣP
2 . The representation K

can be described as follows. Concept names are of the form c ∨ t, where c is a
boolean circuit over an even number of variables x1, . . . , xn, and t is a conjunction
containing exactly one literal for each of the first n/2 variables x1, . . . , xn/2. The
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concept represented by c ∨ t is the set of all x ∈ {0, 1}n such that c accepts x
or t is true under the assignment x. (In [1] a 3CNF formula is used in place
of a circuit as above. This, however, does not affect the ΣP

2 -completeness of
REP(K).)

Let us first consider the complexity of learning K with equivalence queries
to K. By answering each query c ∨ t with a counterexample x that fulfills the
conjunction t it is easy to see that any learner under Eq(K) needs at least 2n/2−1
queries to identify the target.
Proposition 1. K does not have polynomial learning complexity under Eq(K).

If we allow arbitrary circuits as hypotheses, then in contrast to the previous
proposition, K is learnable with a polynomial number of queries by using a
simple majority-vote strategy.
Proposition 2. K has polynomial learning complexity under Eq(Circ).

Recall that in our definition of polynomial learning complexity for a represen-
tation of concepts C, we insist that the learning algorithm A outputs a concept
name h such that independently of the protocol, the concept represented by h
with respect to C is equivalent to the target. This allows us to proof that if K
is polynomial-time learnable under Eq(Circ) with an oracle in NP, then the rep-
resentation problem for K is in ∆P

2 . Combining this with the ΣP
2 -completeness

of REP(K) we get the following theorem.
Theorem 3. K is not polynomial-time learnable under Eq(Circ) with an oracle
in NP, unless the polynomial-time hierarchy collapses to ∆P

2 .

Thus we have found representations C and P satisfying the conditions of
Theorem 2 but C is not polynomial-time learnable under P relative to an oracle
in NP, unless the polynomial hierarchy collapses to ∆P

2 . In fact, by Theorem 2,
K is polynomial-time learnable under Eq(Circ) with an oracle in NP if and only
if the polynomial-time hierarchy collapses to ∆P

2 .
The non-learnability of K under Eq(Circ) with an oracle in NP relies on the

fact, that we allow equivalence queries that are arbitrary circuits but we insist
that the output is of the form c ∨ t. For a similar non-learnability result for K
where both the output and the hypothesis are of the form c∨ t, we now consider
learning with projective equivalence queries [7,4]. A projective equivalence query
with respect to a representation C of hypotheses is a pair of the form 〈α, h〉,
where α ∈ {0, 1, ∗}n. The partial assignment α describes the hypercube Gα

consisting of all strings x ∈ {0, 1}n such that x coincides with α on all positions
where α is not ∗. In response to a query 〈α, h〉, the answer is “Yes” if κn(h)
coincides with the target on all strings in the hypercube Gα. Otherwise, the
answer consists of a string x in the hypercube Gα for which κn(h) does not agree
with the target. Let Proj-Eq(C) denote a representation of the corresponding
protocol. By adapting the proof in [11] that boolean circuits are polynomial-
time learnable under Eq(Circ) with an oracle in ΣP

2 we can show the following
theorem.
Theorem 4. K is polynomial-time learnable under Proj-Eq(K) relative to an
oracle in ΣP

2 .
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Similarly as in Theorem 3, the learnability of K under Proj-Eq(K) with an
oracle in NP implies that the representation problem from K is in ∆P

2 .

Theorem 5. K is not polynomial-time learnable under Proj-Eq(K) relative to
an oracle in NP, unless the polynomial-time hierarchy collapses to ∆P

2 .
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Abstract. This paper shows that if the curvature of the boundary of
the set of superpredictions for a game vanishes in a nontrivial way, then
there is no predictive complexity for the game. This is the first result
concerning the absence of complexity for games with convex sets of su-
perpredictions. The proof is further employed to show that for some
games there are no certain variants of weak predictive complexity. In the
case of the absolute-loss game we reach a tight demarcation between the
existing and non-existing variants of weak predictive complexity.

1 Introduction

In this paper we consider on-line prediction protocols. An on-line prediction
algorithm A receives elements of a sequence one by one and tries to predict each
element before it actually sees it. The discrepancy between the prediction and
the outcome is measured by a loss function and loss over several trials sums up
to the total loss LossA. A particular environment of this kind is called a game.

Predictive complexity was introduced in [VW98] as a natural development
of the theory of prediction with expert advice. Predictive complexity bounds
from below the cumulative error suffered by any on-line learning algorithm on
a sequence. It may be considered as an inherent measure of ‘learnability’ of a
string in the same way as Kolmogorov complexity reflects the ‘simplicity’ of a
string.

We investigate the problem of the existence of predictive complexity. Papers
[Vov90,VW98] introduce a property of a game called mixability, which is shown
to be sufficient for the existence of predictive complexity for the game. It remains
an open problem to show whether this is a necessary condition or to formulate
other necessary conditions.

The first (rather trivial) result along this line was obtained in [KVV01]. It
was proved that if the set of superpredictions for a game is not convex, then
there is no predictive complexity for the game. In fact, the convexity of the
set of superpredictions is a very weak condition. Most of the interesting games
satisfy it anyway. An example of a game that satisfies it but is not mixable is
given by the absolute-loss game.

N. Cesa-Bianchi et al. (Eds.): ALT 2002, LNAI 2533, pp. 164–172, 2002.
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The main result of the paper is a sufficient condition for the absence of
predictive complexity. This sufficient condition can apply to games with convex
sets of superpredictions as well. This development is based on a characterisation
of mixable games given in [KV02]. It is shown in [KV02] that, provided some
natural conditions hold, a game is mixable if and only if the curvature of the
nontrivial part of the boundary of the set of superpredictions does not vanish.
In this paper we prove that if the curvature vanishes, there is no predictive
complexity for the game. The absolute-loss game provides an example.

The results of [KV02] and this paper lead to a new open problem. If there is
no predictive complexity for a game, what is the strongest weak complexity for
this game? Our results allow us to give a complete result for the absolute-loss
game, which has predictive complexity up to the square root of the length of a
string.

2 Preliminaries

2.1 Games and Complexities

A game G is a triple (B, [0, 1], λ), where B = {0, 1} is an outcome space1, [0, 1]
is a prediction space, and λ : B × [0, 1] → [0,+∞] is a loss function. We suppose
that λ is continuous w.r.t. the extended topology of [−∞,+∞] and computable.
The square-loss game with λ(ω, γ) = (ω − γ)2, the absolute-loss game with
λ(ω, γ) = |ω − γ|, and the logarithmic game with

λ(ω, γ) =
{− log(1− γ) if ω = 0

− log γ if ω = 1 ,

where log stands for the binary logarithm log2, are examples of games.
A prediction algorithm A works according to the following protocol:

FOR t = 1, 2, . . .
(1) A chooses a prediction γt ∈ [0, 1]
(2) A observes the actual outcome ωt ∈ B

(3) A suffers loss λ(ωt, γt)
END FOR.

Over the first T trials, A suffers the total loss

LossGA(ω1, ω2, . . . , ωT ) =
T∑

t=1

λ(ωt, γt) .

By definition, put LossA(Λ) = 0, where Λ denotes the empty string.
A loss process is a function LossA : B

∗ → [0,+∞], where A is some prediction
algorithm. Our goal is to find a universal process. Unfortunately, the set of
1 In this paper we restrict ourselves to binary games of this kind. A more general
definition is possible.
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loss processes does not contain natural universal elements except for degenerate
games. We need to extend the class of loss processes to the class of superloss
processes, which exhibits nicer properties.

We say that a pair (s0, s1) ∈ [−∞,+∞]2 is a superprediction w.r.t. G if there
exists a prediction γ ∈ [0, 1] such that s0 ≥ λ(0, γ) and s1 ≥ λ(1, γ). If we let
P = {(p0, p1) ∈ [−∞,+∞]2 | ∃γ ∈ [0, 1] : p0 = λ(0, γ) and p1 = λ(1, γ)} (cf. the
canonical form of a game in [Vov98]), the set S of all superpredictions is the set
of points that lie ‘north-east’ of P .

A function L : B
∗ → R ∪ {+∞} is called a superloss process w.r.t. G

(see [VW98]) if

– L(Λ) = 0,
– for every x ∈ B

∗, the pair (L(x0)−L(x), L(x1)−L(x)) is a superprediction
w.r.t. G, and

– L is semicomputable from above.

Now we can define different variants of predictive complexity. A superloss
process K w.r.t. a game G = 〈B, [0, 1], λ〉 is called (simple) predictive complexity
w.r.t. G if for every other superloss process L w.r.t. G there is a constant C such
that the inequality K(x) ≤ L(x) + C holds for every x ∈ B

∗.
The definition can be relaxed as follows. A superloss process K is predictive

complexity up to f(n), where f : IN → [0,+∞), if for every other superloss
process L there is a constant C such that the inequality K(x) ≤ L(x)+Cf(|x|)
holds for every x ∈ B

∗ (|x| denotes the length of a string x). The definition
makes sense if f(n) = o(n) as n → +∞.

2.2 Mixability and the Existence of Complexity

For games G of the type (B, [0, 1], λ) the condition of mixability can be formu-
lated in the following way. Let S be the set of superpredictions for G. For every
β ∈ (0, 1) consider the homeomorphism Bβ : [−∞,∞]2 → [0,+∞]2 specified by
the formulae {

x → βx

y → βy .

We say that G is β-mixable if the imageBβ(S) is convex. The game G is mixable
if it is β-mixable for some β ∈ (0, 1).
Proposition 1 ([VW98]). If a game G is mixable, then there exists simple
predictive complexity KG w.r.t. G.

Remark 1. The concept of mixability originated from the theory of prediction
with expert advice (see [Vov98] for details). This theory addresses the follow-
ing problem. Suppose there are n experts E1, E2, . . . , EN that work according to
the same on-line protocol but on each trial they output their predictions earlier
than the prediction algorithm A. The prediction algorithm observes their pre-
dictions and then makes its own. No restrictions are imposed on the behaviour
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of the experts; they do not have to be computable, independent, or satisfy any
assumptions like i.i.d. The goal of the prediction algorithm is to suffer loss that
in not much worse than the loss of the best expert.

The papers [Vov90] and [Vov98] proposed a strategy called the Aggregating
Algorithm for the learner A. This strategy is optimal in some sence. Using this
strategy, it may be shown that a game G is mixable if and only if for any positive
integer N there is a constant CN such that for all sets of experts E1, E1, . . . , EN ,
all integers T and all sequences of outcomes ω1, ω2, . . . , ωT the learner A achieves
the loss satisfying the inequality

LossGA(ω1, ω2, . . . , ωT ) ≤ LossGEi
(ω1, ω2, . . . , ωT ) + CN

for any i = 1, 2, . . . , n. If the game is β-mixable, we can take CN = lnN/ ln(1/β).

If a game is mixable, then the real part of the set of superpredictions S ∩ IR2

is convex. However convexity does not imply mixability since the absolute-loss
game is not mixable.

The paper [KV02] contains a partial characterisation of mixable games. We
will discuss it here briefly.

Consider the real boundary the ∂(S ∩ IR2). It consists of, perhaps, one or
two open half-lines and a curve. The case when both half-lines are present is
especially important. If λ is bounded, then this situation occurs. Conversely, if
∂S contains a vertical and a horizontal half-line, it can be specified by a game
with a bounded loss function. We will call such games bounded.

Let this be the case, i.e., let ∂(S∩IR2) consist of two half-lines and a curve A.
Suppose that S ∩ IR2 is convex and A is twice continuously differentiable all the
way including the endpoints. If the curvature of A vanishes at an internal point
of A, the game is not mixable. If the curvature vanishes at an endpoint and the
corresponding half-tangent at that endpoint is neither vertical nor horizontal, the
game is not mixable either. On the other hand, if the curvature never vanishes,
the game is mixable. The case of the curvature vanishing at an endpoint where
A touches a horizontal or vertical line is trickier and is partly an open problem.

These considerations immediately imply that the square-loss game is mixable
and the absolute-loss game is not.

Remark 2. Suppose that two games, G1 and G2, have sets of superpredictions
S1 and S2 that differ by a shift, i.e., there is a pair of numbers (x0, y0) ∈ IR2

such that S2 = {(x + x0, y + y0) ∈ [−∞,+∞]2 | (x, y) ∈ S1}. Clearly, there is
predictive complexity w.r.t. G1 if and only if there is predictive complexity w.r.t.
G2. Indeed, there is a one-to-one correspondence between superloss processes for
the games. If L1 is a superloss process w.r.t. G1, then L2, defined by the formula
L2(x) = L1(x) + x0r + y0s, where r is the number of 0s and s is the number of
1s in x, is a superloss process w.r.t. G2.

A shift can alter the set of superpredictions S in such a way that it will no
longer be contained in [0,+∞]2. This does not present an obstacle to the theory
of predictive complexity. The definition of a loss function λ can be relaxed to
allow λ to accept values from [a,+∞], where a ∈ IR is an arbitrary number. All
definitions and results from this paper remain valid.
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P

B

Pε

(1− p)x+ py = B

S

B

B − ε

Fig. 1. Construction of the strategy Lε for Theorem 1.

3 Main Results

Our main result states that if the curvature of ∂S vanishes, the game does
not define predictive complexity. The proof works if the boundary is a smooth
curve at least on one side of a point P where the curvature vanishes; when
speaking about the derivatives at P , we mean one-sided derivatives. Therefore
the theorem can be applied to endpoints of bounded games. The only restriction
is that the tangent at P should be neither vertical nor horizontal. The situation
with horisontal and vertical tangents remain an open problem much in the same
way as in [KV02].

Theorem 1. Let G = (B, [0, 1], λ) be a game with the set of superpredictions
S and let P be an endpoint of an arc A ⊆ ∂(S ∩ IR2) such that A is a curve
that is twice continuously differentiable all the way from one point to another
and thrice differentiable at P and the corresponding half-tangent at P is neither
vertical nor horizontal. If the curvature vanishes at P , then there is no predictive
complexity w.r.t. G.

Proof. Assume the converse. Let K be (simple) predictive complexity w.r.t. the
game G.

Without restricting the generality, it can be assumed that P = (B,B) for
some positive B, since the games with sets of superpredictions that differ by a
shift of the extended plane [−∞,+∞]2 specify predictive complexities simulta-
neously. Figure 1 illustrates the proof.

Consider the half-tangent from the condition of the theorem. We can assume
that S lies above the straight line since otherwise S ∩ IR2 is not convex; it
was shown in [KV02] that if S ∩ IR2 is not convex, then there is no predictive
complexity. The equation of the line can be reduced to the form (1−p)x+py = B,
where p ∈ (0, 1).
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Consider random variables ξ(p)1 , . . . , ξ
(p)
n that are outcomes of independent

Bernoulli trials with the probability of 1 being equal to p. We need Lemma 3
from [Kal02] to bound the expectations of K(ξ(p)1 . . . ξ

(p)
n ) from below. According

to the lemma, since S lies above the line (1− p)x+ py = B, we have

EK(ξ(p)1 . . . ξ(p)n ) ≥ Bn (1)

for all n = 1, 2, . . ..
We now proceed to constructing an upper bound. Take θ > 0 and let

Pθ(n) = Pr(more than np+ θ
√
n variables among ξ(p)1 , . . . , ξ

(p)
n equal 1) . (2)

It follows from the DeMoivre-Laplace Limit Theorem (see, e.g., [Fel68]) that
Pθ(n) = δ + o(1) as n → ∞, where δ is a number from the interval (0, 1).

Suppose that P is the ‘upper’ end of the arc A; the other case can be treated
in a similar manner. Consider the point (B + p

1−pε,B − ε), where ε > 0. We
need to approximate it by a point from S. For the sake of being definite, take
the point Pε ∈ ∂(S ∩ IR2) with the second coordinate B − ε. Suppose that Pε is
thus defined for each ε ∈ (0, ε0].

Let Aε, where ε ∈ (0, ε0], be the strategy that outputs a prediction corre-
sponding to Pε and let Lε be the loss of this strategy. Consider a string x of
length n with more than np + θ

√
n elements equal to 1. It is easy to see that

there are positive numbers α and K such that

Lε(x) ≤ (B + αε3)n− εθ√n+K (3)

as ε → 0. Indeed, consider a pseudo strategy that suffers loss B+ p
1−pε on ω = 0

and B − ε on ω = 1. If the number of 1s in y of length n is exactly pn, this
pseudo strategy suffers loss Bn on y; on each step Aε would suffer loss different
by no more than O(ε3). If the number of 1s in x is greater than pn+ θ

√
n, the

loss on x is less by εθ
√
n.

We also need the trivial strategy A0 that always makes the prediction corre-
sponding to the point P ; let L0 be the loss of A0.

Now let us construct the strategy A. Consider a very rapidly increasing se-
quence of natural numbers. For definiteness sake, let it be the sequence defined
recursively by n1 = 1 and ni+1 = 2ni , i = 1, 2, . . .. Let i0 be minimal such
that ni0 ≥ s/ 4

√
ε0 (s will be specified below). The strategy A works as follows.

While the number t of the trial is less than or equal to ni0 , it imitates A0. If
t is such that ni < t ≤ ni+1 and i ≥ i0, the strategy A imitates Aεi+1 with
εi+1 = s/ 4

√
ni+1, where the value of s will be specified below. Let L be the loss

of A.
We can now construct the upper bound for the expectation. It follows from

the definition of predictive complexity that there is a positive constant C such
that the inequalities

K(x) ≤ LossA0(x) + C, (4)
K(x) ≤ LossA(x) + C (5)
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hold. Consider n = ni, i > i0. Take εi = s/ 4
√
ni. For each string x of length

n the difference between Lεi(x) and L(x) is bounded in the absolute value by
Rni−1 = R log n, where R is independent of i (indeed, all points (λ(0, γ), λ(1, γ))
for the predictions we have considered in building strategies are confined to a
certain finite velocity of the point P ).

We will use (5) to estimate K(x) on strings x of length n with more than
Bn + θε

√
n elements equal to 1 and (4) on the rest of strings of length n. We

get

EK(ξ(p)1 . . . ξ(p)n ) ≤ (1− Pθ(n))(Bn+ C) + Pθ(n)
((
B + αs3

1
n3/4

)
n

− 1
n1/4 θsn

1/2 +K +R log n+ C
)
.

It is easy to see that the constant s can be chosen in such a way as to ensure
that the term θsn1/4 dominates and therefore there are positive constants α1
and R̃ such that

EK(ξ(p)1 . . . ξ(p)n ) ≤ Bn− α1n1/4 + R̃ log n+ C . (6)

Comparing (6) against (1) yields

C ≥ α2n1/4 (7)

for some positive α2, where n obtains infinitely many values ni, i > i0. The
contradiction proves the theorem. ��

Compared with the results of [KV02], this theorem allows us to claim that,
under certain conditions, mixability is equivalent to the existence of predictive
complexity.

Corollary 1. Let G = (B, [0, 1], λ) be a bounded game with the set of superpre-
dictions S. Let the boundary ∂(S ∩ IR2) consists of two half-lines and a curve A
which is thrice differentiable all the way including endpoints. Suppose that each
endpoint satisfy the following condition: either the curvature does not vanish or
the half-tangent is neither vertical nor horizontal. Then G is mixable if and only
if there exists predictive complexity w.r.t. G.

4 Weak Complexities

The definition of predictive complexity given in Subsect. 2.1 can be relaxed in
the following way. Let G be a game as in Subsect. 2.1. A superloss process
K is predictive complexity up to f(n), where f : IN → [0,+∞), if for every
other superloss process L there is a constant C such that the inequality K(x) ≤
L(x) + Cf(|x|) holds for every x ∈ B

∗ (|x| denotes the length of a string x).
The definition makes sense if f(n) = o(n) as n → +∞. (Simple) predictive
complexity is complexity up to a constant.
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The paper [KV02] contains a number of sufficient conditions for a game to
specify weak predictive complexity. It is shown that for every bounded game
having the set of superpredictions S with the convex real part S ∩ IR2 there is
weak predictive complexity up to some f(n) = o(n). Under certain conditions
(e.g., under the conditions of Corollary 1) it may be shown that the game have
complexity up to

√
n.

The problem of finding a general criterion for the existence of complexity
can thus be generalised to the following problem. Given a game, what is the
strongest variant of predictive complexity it specifies?

The proof of Theorem 1 can be modified to prove the following.

Corollary 2. Under the conditions of Theorem 1, if f(n) = o(n1/4) as n →
+∞, then there is no predictive complexity up to f(n) w.r.t. G.

Proof. The constant C in the proof of Theorem 1 can be replaced by a function
in the length of a string. Inequality (7) transforms into the inequality C(n) ≥
α2n

1/4 that holds for infinitely many n ∈ IN. ��
This result can be strengthened in the following way. Suppose that ∂S is

smooth in a vicinity of P , i.e., smooth on both sides of this point. Let g be the
function whose graph represents ∂S in a vicinity of P = (B,B). If the curvature
vanishes at P , then g′′(B) = 0. However if S∩ IR2 is convex, the third derivative
g(3)(B) should vanish too.

Corollary 3. Let G = (B, [0, 1], λ) be a game having the set of superpredictions
S with the convex real part S ∩ IR2 and let P be an internal point of an arc
A ⊆ ∂(S ∩ IR2) such that A is a curve that is thrice continuously differentiable
all the way and four times differentiable at P and the tangent at P is neither
vertical nor horizontal. If the curvature vanishes at A and f(n) = o(n1/3) as
n → +∞, then there is no predictive complexity up to f(n) w.r.t. G.

Proof. The above remark shows that when choosing Pε in the proof of Theo-
rem 1, we can achieve better approximation. It is possible to ensure the existence
of constants α and K such that (3) can be replaced by

Lε(x) ≤ (B + αε4)n− εθ√n+K (8)

as ε → 0. On trials t such that ni < t ≤ ni+1 the strategy A should imitate Aεi

with εi = 1/ 6
√
ni+1. We finally get a tighter inequality instead of (7). ��

Our construction yields the strongest results for games with ∂S containing
line segments.

Corollary 4. Let G = (B, [0, 1], λ) be a game having the set of superpredictions
S with the convex real part S ∩ IR2. If ∂(S ∩ IR2) contains a line segment that
is neither vertical nor horizontal and there is predictive complexity up to f(n)
w.r.t. G, then f(n) = Ω(

√
n).

Proof. It is sufficient to consider Aε from the proof of Theorem 1 with a small
fixed ε. ��
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The known results on the existence of complexity (see [KV02]) allow us to
formulate the following statements:

Corollary 5. For the absolute-loss game there is predictive complexity up to√
n. If there is predictive complexity for the absolute-loss game up to f(n), then

f(n) = Ω(
√
n).

Corollary 6. Let G = (B, [0, 1], λ) be a bounded game with the set of superpre-
dictions S. Let the boundary ∂(S ∩ IR2) consists of two half-lines and a curve A
which is thrice differentiable all the way including endpoints. Suppose that each
endpoint satisfy the following condition: either the curvature does not vanish or
the half-tangent is neither vertical not horizontal. Then one of the following cases
holds:

– there is (simple) predictive complexity w.r.t. G
– there is predictive complexity up to

√
n w.r.t. G but if f = o( 4

√
n) then there

is no predictive complexity up to f(n) w.r.t. G.

Our demarcation for general games is not tight; to determine the best f(n)
remains an open problem.
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Abstract. A new formal framework of learning – learning by consis-
tency queries – is introduced and studied. The theoretical approach out-
lined here is implemented as the core technology of a prototypical devel-
opment system named LExIKON which supports interactive information
extraction in practically relevant cases exactly in the way described in
the present paper.
The overall scenario of learning by consistency queries for information
extraction is formalized and different constraints on the query learners
are discussed and formulated. The principle learning power of the result-
ing types of query learners is analyzed by comparing it to the power of
well-known types of standard learning devices including unconstrained
inductive inference machines as well as consistent, total, finite, and iter-
ative learners.

1 Motivation

The development of tools and technologies for information extraction (IE) from
the Internet is an urgent need to cope with the current flood of Internet pages
rapidly approaching the amount of 3 billions. There is an enormous variety of
approaches mostly aiming at indexing techniques which allow for a focussed
selection of source documents. Computational linguistics is frequently involved.

The authors are currently engaged in a rather different innovative endeav-
our of developing, investigating, and applying inductive inference technologies
for IE (cf. [4,5]), a project named LExIKON. In the next subsection, some se-
lected screenshots from an experimental session with the LExIKON development
system, version 1.2, are presented that may help to illustrate the application-
oriented origins of the theoretical work presented.

1.1 Knowledge Extraction in the LExIKON Development System

Imagine the user is searching the Internet for bibliographic information about
computational learning theory. What she finds on a certain source page are a
collection of files prepared for download together with some describing textual

N. Cesa-Bianchi et al. (Eds.): ALT 2002, LNAI 2533, pp. 173–187, 2002.
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information (see the lefthand frame in Fig 1). In such a situation, it might be
highly desirable to provide tool support for extracting the relational informa-
tion about file names and descriptions and for feeding this information into the
enterprise’s knowledge management infrastructure.

Fig. 1. Feeding the LExIKON system with a document and pointing to an example of
information pieces of interest by insertion into the system’s entry list ”Beispieleingabe”

In the LExIKON system, a user is providing documents and, by pointing
to information pieces of interest in a document under inspection, exemplifying
what she is interested in. Fig. 1 displays a screenshot where the user is providing
a single example of information which should be extracted from the document
contained in the lefthand frame.

The information (i.e., a document together with a few examples to be ex-
tracted from this document) is fed into a learning engine. This engine is per-
forming an inductive program synthesis task. It generates so-called wrappers,
i.e., programs that extract, when applied to a document, a set of extracted in-
formation pieces. Naturally, the wrapper generated by the learning engine is
hypothetical, since it originates from few examples only and may be the subject
of further revisions in subsequent steps.

Whereas specialists may inspect the wrappers generated and have permission
to download and, perhaps, modify these programs for their individual purposes,
the vast majority of users must not be confronted with those technicalities. In-
stead, the hypothetical result of the LExIKON learning engine is communicated
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to the user by illustrating the power of the learnt wrapper on the underlying
document. Instead of showing the current wrapper (written in some cumber-
some programming language), the user is shown what the wrapper is extracting
from the current document.

Fig. 2. The system returns
the current extraction re-
sult to the user

In the LExIKON development system, the user
simply receives a list of all information pieces that are
extracted from the underlying document (see Fig. 2).

As the current wrapper is generated on the basis
of very limited information, in some cases it might
happen that the wrapper is not doing what the user
expects. In these cases, the user is not required to
specify abstractly what is wrong with the system’s
hypothesis. It is sufficient, instead, if she provides
either an example that illustrates what is missing in
the extraction results of the system or an example
that illustrates what has been extracted erroneously.

In our example, the name of the last file and
the describing textual information are missing. In
Fig. 3, the corresponding example is provided. The
final screenshot displayed in Fig. 4 demonstrates the
LExIKON system’s learning success.

Fig. 3. Providing an example that is missed
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Fig. 4. The final wrapper
extracts correctly

When the user is satisfied with the result
achieved on a sample document, she may proceed
on another document or, alternatively, interrupt the
learning process and adopt the generated wrapper,
at least for a certain time. Learning may be contin-
ued later.

Naturally, in the LExIKON system there are
more options to communicate with the system.

The general scenario of the LExIKON system’s
human-machine-interaction is surveyed in Fig. 5. In
the context of this paper, we do not want to go into
further details. We hope that the experimental ses-
sion exemplified provides some impression of how in-
formation extraction with the LExIKON technology
really works.

User LExIKON System

Induction
generates a hypothetical wrapper
based on all previous user’s replies

❄
Extraction

applies the hypothetical wrapper to
the actual document

❄
Query User

asks the user whether the overall set
of extracted information pieces is

exactly what she wants

✲

✲

✲

selects an actual document

❄
replies by pointing to information
pieces in the actual document that

are missing or not expected
among the extracted ones

✲

selects another actual document ✲

stops the learning process and
saves the hypothetical wrapper for

further use

Fig. 5. The LExIKON Technology Interaction Scenario

1.2 Information Extraction by Consistency Queries

In this paper, we abstract the above scenario and introduce a novel inductive
inference idea named consistency queries (CQ).

Roughly speaking, IE by CQ works as follows. A user is providing documents
exemplifying in what she is interested in. The adaptive system supporting the
user in IE contains a query learner as a core component which generates wrap-
pers.
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As discussed in the last subsection, the hypothetical results of machine learn-
ing for IE are not shown to the user. Instead, the wrappers are communicated
by illustrating the power of the current wrapper by applying it on the underly-
ing document, i.e., it is demonstrated which information pieces the wrapper is
extracting from the current document.

In slightly more formal terms, the system is asking whether or not its current
hypothesis is consistent with the user’s expectations on some given document –
a consistency query. The user either accepts the extraction results of the system
or rejects them by providing a counter-example which is a information piece
from the symmetric difference of the extraction results of the system and the
extraction results the user expected.

When the user is satisfied with the result achieved on a sample document,
she proceeds on another document.

IE by CQ is ultimately implemented by inductive program synthesis, but the
computer programs synthesized are intentionally hidden from the user. Humans
are not expected to evaluate computer-generated programs, but to express their
(dis)satisfaction about a program’s behaviour in particular application cases.

To sum up, the paper on hand accentuates two main aspects: On the one
hand, we demonstrate how new concepts of recursion-theoretic inductive in-
ference grow out from application-oriented research and development projects,
what seems preferable to growing large varieties of definitions in the ivory tower
of pure theory. On the other hand, the theoretical concepts carefully derived
from application scenarios and from a truly implemented application system’s
behaviour allow for relating the system’s power to well-studied hierarchies of
learning problems. The potentials of the approach become understandable and
can be circumscribed clearly.

The remaining part of of the present paper is organized as follows. In Sec-
tion 2, we provide basic knowledge from inductive inference. The basic scenario
of IE by QCs is formalized in Section 3. In Sections 4 and 5, the learning power of
the different types of learning by CQs and of standard identification types is com-
pared to one another. While Section 4 paraphrases the main results, Section 5
contains the relevant technical details. Finally, some conclusions are presented
(see Section 6) and the relevant literature is given.

2 Basic Concepts from Inductive Inference

All unspecified notions can be found in [7].
IN denotes the set of all natural numbers and ℘(IN) denotes the powerset

of IN, i.e., the collection of all finite subsets of IN. Moreover, let (Fi)i∈IN be the
canonical enumeration of all finite subsets of IN, where, by convention, F0 equals
the empty set ∅.

Let σ be an infinite sequence. Then, σn is the initial segment of length n+1
and σ(n) is the (n + 1)-st element of σ. σ+

n denotes the set of all elements
contained in σn. Moreover, for any two finite sequences τ and ρ, we denote by
τ � ρ the concatenation of τ and ρ.
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By P and R we denote the set of all partial recursive and all total recursive
functions, respectively. Let f ∈ P and x ∈ IN. We write f(x) ↓ to indicate that
f(x) is defined. For the rest of this paper, we let ϕ be a fixed Gödel numbering
of all partial recursive functions, where ϕ0(x) = 0 for all x ∈ IN.

Let f ∈ R. An infinite sequence σ = ((xn, f(xn)))n∈IN constitutes a repre-
sentation of f , if {xn | n ∈ IN} = IN. In case where xn = n for all n ∈ IN,
σ is said to be the canonical representation of f . Seq(f) is the collection of all
representations of f .

The learning types defined below (cf. Definitions 1 and 2) have their origins
in the standard inductive inference literature (cf., e.g., [3,6]).

As usual, we distinguish learning from all representations and learning from
canonical representations.

Definition 1. Let C ⊆ R and let M be an IIM. Then, C ⊆ Limarb(M) iff for
all f ∈ C and all σ ∈ Seq(f):
1. For all n ∈ IN, M(σn) ↓.
2. There is a j ∈ IN with ϕj = f such that, for almost all n ∈ IN, j = M(σn).

By Limarb we denote the collection of all C′ ⊆ R for which there is an IIM M ′

such that C′ ⊆ Limarb(M ′).

If f ∈ Limarb(M), then M is said to learn f from all its representations. We
write f ∈ Lim(M), if M learns f from its canonical representation. Accordingly,
Lim denotes the collection of all C ⊆ R for which there is an IIM M that meets
f ∈ Lim(M) for all f ∈ C. We adopt these conventions for the definitions below.

Next, in case when it is decidable whether or not M ’s actual hypothesis is
correct, then M is a finite learner. Moreover, M is a consistent learner, if every
hypothesis of M correctly reflects the information it was built upon, while M is
said to be total, if every of its hypotheses is defined for all inputs. If M builds
its actual hypothesis exclusively on the basis of its last hypothesis and the new
example, M is said to work in an iterative manner. The corresponding learning
models are denoted by Fin, Total , Cons, and It , respectively.

Definition 2. Let Idt ∈ {Fin,Total ,Cons, It}, let M be an IIM, and let C ⊆
Limarb(M). Then, C ⊆ Idtarb(M) iff for all f, f ′ ∈ C, all σ ∈ Seq(f) all σ′ ∈
Seq(f ′), and all n,m ∈ IN, the corresponding defining constraint is fulfilled:

Idt Defining Constraint

Fin M(σn) = M(σn+1) implies ϕM(σn) = f .

Total ϕM(σn) ∈ R.

Cons For all (x, f(x)) ∈ σ+
n , ϕM(σn)(x) = f(x).

It M(σn)=M(σ′
m) and σ(n + 1)=σ′(m + 1) imply M(σn+1) = M(σ′

m+1).

The following theorem summarizes the known relations between the identi-
fication types defined above (cf., e.g., [6]).
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Theorem 1.
1. For all Idt ∈ {Fin,Total ,Lim}: Idtarb = Idt.
2. Fin ⊂ Total ⊂ Consarb ⊂ Cons ⊂ It ⊂ Lim.
3. Fin ⊂ Itarb ⊂ It.
4. Cons # Itarb.
5. Total # Itarb.

3 Learning for Information Extraction

In a characteristic scenario of system-supported IE, the user is taking a source
document and is highlighting representative information pieces that are of in-
terest. It is left to the system to understand how these information pieces are
wrapped into syntactic expressions and to learn a procedure (henceforth called
wrapper) that allows for an extraction of these information pieces.

3.1 Notions and Notations

A wrapper is a function that, given a document, returns a finite set of informa-
tion pieces contained in the document. In our formal treatment, we use natural
numbers to describe both documents as well as the information pieces extracted.
Thus, a wrapper can be seen as a computable mapping from IN to ℘(IN).

The rest of the paper relies on the following formalization which allows for a
much simpler treatment. A wrapper is considered to be a computable mapping f
from IN to IN, where, for all x ∈ IN with f(x) ↓, f(x) is interpreted to denote
the finite set Ff(x). (* Recall that (Fi)i∈IN is the canonical enumeration of all
finite subsets of IN, where F0 = ∅. *) If f(x) = 0, the wrapper f fails to extract
anything of interest from the document x.

3.2 Scenarios for Information Extraction

The figure below depicts an adaptive system for information extraction.

i

ri

q
h i

M xiQL

Examples

Fig. 6. A query learner as the core component of an adaptive system for IE

A query learner (QL, for short) constitutes the core component of an adap-
tive system for IE. Depending on the overall history of the interaction between
the system and the user, the query learner generates a wrapper that is stored
in the system. The system interacts with the user by asking consistency queries.
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Via consistency queries, the system provides the user information about the be-
haviour of the stored wrapper in a user-friendly way. It presents exactly the
information pieces (subsequently called data, for short) which can be extracted
when applying the stored wrapper to the most recent document. The user an-
swers a consistency query either by indicating that, focussing on the most recent
document, the stored wrapper meets her expectations or by providing a counter-
example that witnesses the weakness of the wrapper.

More formally speaking, the interaction between the system and the user
takes place in accordance with the following rules.

Initially, the system starts with a default wrapper h0 = 0 which does not
extract any data from any document. (* Recall that ϕ0(x) = 0 for all x ∈ IN and
that F0 = ∅. *) Furthermore, the user selects an initial document d and presents
d to the system.

The system applies the most recently stored wrapper hi to the current docu-
ment xi, where x0 = d. Let Fhi(xi) be the set of data that has have been extracted
from xi by the wrapper hi. (* Here, it has to be demanded that the wrapper
hi is defined on input xi. Otherwise, the interaction between the system and
the user will definitely crash. *) Now, the consistency query qi = (xi, Fhi(xi)) is
presented to the user for evaluation.

Depending on whether or not Fhi(xi) is correct (i.e., Fhi(xi) contains only
interesting data) and complete (i.e., Fhi(xi) contains all interesting data), the
user is going to answer the consistency query qi. If her expectations are met, she
signals that the wrapper hi is accepted for the current document xi. In doing
so, she selects another document d′ which is subject to further interrogation and
returns the accepting reply ri = d′. Otherwise, she selects either a data item
ni which was erroneously extracted from xi (i.e., a negative example) or a data
item pi which is of interest in xi and which was not extracted (i.e., a positive
example). As a result, she returns the rejecting reply ri = (ni,−) or ri = (pi,+).

Now, the system stores and analyses the user’s response. Based on all previous
interactions, the last consistency query qi, and the corresponding reply ri, the
query learner generates the wrapper hi+1 that is stored as its new hypothesis.
Afterwards, the process continues as described above.

In the rest of the paper, we do not further distinguish between the system
and its core component – the integrated query learner.

Definition 3. Let d ∈ IN and I = ((qi, ri))i∈IN be an infinite sequence. I is
said to be an interaction sequence between a query learner M and a user U with
respect to a target wrapper f iff for every i ∈ IN the following conditions hold:

1. qi = (xi, Ei), where
– x0 = d and E0 = ∅.
– xi+1 = ri, if ri is an accepting reply.
– xi+1 = xi, if ri is a rejecting reply.
– Ei+1 = FϕM(Ii)(xi+1).

1

1 Recall that it assumed that ϕM(Ii)(xi+1) ↓. Since M has seen the document xi+1

before computing its hypothesis M(Ii), it can exploit this a priori knowledge when
determining M(Ii). The latter guarantees the appropriateness of this assumption.
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2. If Ff(xi) = Ei, then ri is an accepting reply, i.e., ri ∈ IN.
3. If Ff(xi) �= Ei, then ri is a rejecting reply, i.e., it holds either ri = (ni,−)

with ni ∈ Ei \ Ff(xi) or ri = (pi,+) with pi ∈ Ff(xi) \ Ei.

Next, we formulate requirements that make the interaction between the sys-
tem and the user a reasonable one. In doing so, we formulate constraints on
both, the user and the query learner.

Let C be a class of wrappers.
A query learner M is said to be open-minded with respect to C iff for all

users U , all wrappers f ∈ C, and all interaction sequences I = ((qi, ri))i∈IN
between M and U with respect to f there are infinitely many i ∈ IN such that
ri is an accepting reply.

An open-minded query learner does not get stuck in a single document.
Conversely, if M is not open-minded, it might happen that the user does not get
the opportunity to inform the system adequately about her expectations.

On the other hand, a query learner can only be successful in case when the
user illustrates her intentions on various different documents. Consequently, a
user U is said to be co-operative with respect to C iff for all open-minded query
learners M , for all wrappers f ∈ C, all interaction sequences I = ((qi, ri))i∈IN
between M and U with respect to f , and all x ∈ IN there is an accepting
request ri with ri = x.

Definition 4. Let C ⊆ R and let M be an open-minded query learner. C ⊆
LimCQ(M) iff for all co-operative users U , all wrappers f ∈ C, and all inter-
action sequences I between M and U with respect to f there is a j ∈ IN with
ϕj = f such that, for almost all n ∈ IN, j = hn+1 = M(In).

By LimCQ we denote the collection of all C′ ⊆ R for which there is an
open-minded query learner M ′ such that C′ ⊆ LimCQ(M ′).

Let M be an open-minded query learner and let C ⊆ LimCQ(M). Analo-
gously to Definition 2, M witnesses C ∈ FinCQ , if it is decidable whether or not
the wrapper generated by M is correct. Moreover, M witnesses C ∈ ConsCQ ,
if every wrapper generated by M correctly reflects the information it was built
upon, while M witnesses C ∈ TotalCQ , if every wrapper generated by M is
defined for all inputs. Finally, M shows that C ∈ IncCQ , if M builds its actual
wrapper exclusively on the basis of its last wrapper and on the interactions that
concern the actual document.

For a formal definition, we need the following notions. Let σ be a prefix of
any interaction sequence between a query learner M and a user U with respect
to some wrapper f . Then, content+(σ) is the set of all pairs (x, y) such that
there is a consistency query (x,E) in σ that receives the rejecting reply (y,+)
or there is a consistency query (x,E) in σ that receives an accepting reply and
y ∈ E. Additionally, content−(σ) is the set of all pairs (x, y′) such that there is
a consistency query (x,E) in σ that receives the rejecting reply (y′,−) or there
is a consistency query (x,E) in σ that receives an accepting reply and y′ /∈ E.
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Definition 5. Let Idt ∈ {FinCQ ,TotalCQ ,ConsCQ , ItCQ}, let M be an open-
minded query learner, and let C ⊆ LimCQ(M). Then, C ⊆ Idt(M) iff for all
co-operative users U , U ′, for all f, f ′ ∈ C, all interaction sequences I and I ′

between M and U with respect to f resp. between M and U ′ with respect to f ′,
and all n,m ∈ IN, the corresponding defining constraint is fulfilled:

Idt Defining Constraint

FinCQ M(In) = M(In+1) implies ϕM(In) = f .

TotalCQ ϕM(In) ∈ R.

ConsCQ For all (x, y) ∈ content+(In) and all (x, y′) ∈ content−(In), it holds
y ∈ FϕM(In)(x) and y′ /∈ FϕM(In)(x).

ItCQ M(In) = M(I ′
m) and I(n+1) = I ′(m+1) imply M(In+1) = M(I ′

m+1).

4 Results and Messages

In the last section, a model of learning by consistency queries has been intro-
duced which is the immediate formalization of information extraction as it takes
place in the LExIKON technology and system. Opposite to other query types
investigated in learning theory (cf. [1,2]), consistency queries concern only local
properties of the learner’s actual hypothesis. Moreover, since learning is em-
bedded into a surrounding process certain additional requirements have to be
taken into consideration. For instance, it is required that the involved players
(query learner and user) have to meet fairness constraints (see the notions open-
mindedness and co-operativeness) and, according to the role of the user in the
overall scenario, the user is only willing (perhaps, even only capable) to process
implicit information about the learning progress made. The latter has the follow-
ing implication: although two different query learners may generate completely
different sequences of hypotheses, the resulting interaction sequences may be
identical, and therefore the user cannot distinguish both learners.

Fig. 7 relates the considered identification types to one another. Each iden-
tification type is represented by a vertex in a directed graph. A directed edge
(or path) from vertex A to vertex B indicates that the identification type A is
strictly less powerful than the identification type B, i.e., A constitutes a proper
subset of B. Moreover, no edge (or path) between A and B indicates that both
identification types are incomparable. In this picture, the term IdtCQ is used as
a shorthand for the learning types TotalCQ , ConsCQ , and LimCQ , respectively,
which coincide.

The identification type LimCQ describes unconstrained learning by consis-
tency queries. Consequently, it is the first key question to relate LimCQ . There
are at least three insights worth to be explicated.

First, LimCQ is situated quite far below in a larger hierarchy of identification
types well-studied before (cf., e.g., [6]). That means, IE as focussed here is quite
ambitious and doomed to fail in situations where other more theoretical learning
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Fig. 7. The relation of standard identification and learning with consistency queries

approaches still work. However, second, LimCQ is nicely characterized to coin-
cide with the known identification type Total , i.e., the power of IE as considered
here is well-understood. Third, there is the practically truly relevant discovery
that IE as supported by the LExIKON technology can always be consistent and
can return fully defined wrappers that work on every document potentially given.

Further key insights refer to the strength of more properties which might be
desirable from a practical point of view. Can IE as focussed here always work
incrementally by taking wrappers developed before and just presenting a few new
samples? Can a query learner decide when the work is done? The corresponding
formalizations are called IncCQ and FinCQ , respectively.

The one insight is that all those desirable properties turn out to be restric-
tions. The desired property cannot always be guaranteed. The other insight is
that, however, an incremental process can be realized in cases where the sys-
tem does not know about its potential success, i.e., IncCQ properly exceeds
FinCQ . Finally, FinCQ is well-characterized by the identification type Fin al-
ready known beforehand.

To sum up, the formal investigations to be reported below provide a deep
and systematic understanding of IE according to the LExIKON technology.

5 Ideas, Constructions, and Insights

A first new theorem in this section shows that ordinary IIMs are able to simulate
query learners.

Theorem 2. For all Idt ∈ {Fin,Total ,Cons,Lim}: IdtCQ ⊆ Idtarb.

Proof. Let M be a query learner and let Idt ∈ {Fin,Total ,Cons,Lim}. We
define an IIM M ′ such that IdtCQ(M) ⊆ Idtarb(M ′). Let f ∈ IdtCQ(M) and
let ((xj , f(xj)))j∈IN be any representation of f . The main idea is that M ′ uses
the information which it receives about the graph of f in order to interact with
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M on behalf of a user. Then, in case where M ’s actual consistency query will
receive an accepting reply, M ′ takes over the actual hypothesis generated by M .
The relevant details are as follows:

Initially, for the input (x0, f(x0)), M ′ presents x0 as initial document to M ,
and the first round of the interaction between M ′ and M starts. In general, the
(i+1)-st round of the interaction between M ′ and M can be described as follows.
Let (xi, Ei) be the actual consistency query posed by M . (* Initially, this is the
query (x0, ∅). *) Now, M ′ checks whether or not Ei equals Ff(xi). In case it does
not, M ′ determines the least element z from the symmetrical difference of Ei

and Ff(xi) and returns the counterexample (z, b(z)). (* Note that b(z) = +, if
z ∈ Ff(xi) \ Ei, and b(z) = −, if z ∈ Ei \ Ff(xi). *) In addition, M ′ and M
continue the (i+1)-st round of their interaction. Otherwise, the actual round is
finished and M ′ takes over M ’s actual hypothesis. Moreover, M ′ answers M ’s
last consistency query with the accepting reply xi+1 and the next round of the
interaction between M ′ and M will begin.

It should be obvious that M ′ learns as required and that M ′ meets all the
constraints which M fulfills. We omit the details. ✷

When finite learning is concerned, the opposite inclusion holds as well, i.e.,
every finite IIM can be replaced by an equally powerful finite query learner.

Theorem 3. Finarb ⊆ FinCQ.

Proof. First, we need some additional notion.
Recall that, in case where a consistency query (xi, Ei) receives an accepting

response, one knows for sure that f(xi) equals yi, where yi is the unique index
with Fyi

= Ei. Moreover, the element (xi, f(xi)) from the graph of f can be
effectively determined. In the rest of the paper, we use the following notion. For
any initial segment τ of an interaction sequence I between a query learner M
and a user U with respect to some target wrapper f , content(τ) is the set of
all pairs (x, f(x)) from the graph of f that can be determined according to the
accepting responses in τ .

Let an IIM M be given and let f ∈ Finarb(M). The required query learner
M ′ works as follows. Let τ be the most recent initial segment of the result-
ing interaction sequence between M and U with respect to f . (* Initially, τ is
empty. *) First, M ′ arranges all elements in content(τ) in lexicographical order.
Let σ be the resulting sequence. Now, M ′ simulates M when fed σ. If M out-
puts a final hypothesis, say j, M ′ generates the hypothesis j. Past that point, M ′

will never change its mind and will formulate all consistency queries accordingly
to ϕj . (* To see the appropriateness of this approach, recall that, since M finitely
learns f , ϕj equals f . *) Otherwise, M ′ starts a new interaction cycle with U .
Let xi be either the document that was initially presented or the document that
M ′ received as its last accepting response. Informally speaking, in order to find
f(xi), M ′ subsequently asks the consistency queries (xi, F0), (xi, F1), . . . until it
receives an accepting reply. Obviously, this happens, if M ′ queries (xi, Ff(xi)).
At this point, the actual interaction cycle between M ′ and U is finished and M ′
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continues as described above, i.e., M ′ determines σ based on the longer initial
segment of the interaction sequence.

Since U is a co-operative user and since M finitely learns f , one directly sees
that M ′ learns f as required. ✷

The idea used in the last proof can also be adapted for total learning:

Theorem 4. Totalarb ⊆ TotalCQ.

Every query learner M can be replaced by a learner M ′ of the same learning
power that exclusively generates wrappers being defined for all input documents.

Theorem 5. LimCQ ⊆ TotalCQ.

Proof. First, we have to introduce some notions and notations.
Let M be an open-minded query learner and let τ be an initial segment of

any interaction sequence. Then, τ l is the last element of τ and τ−1 is the initial
segment of τ without τ l. For the rest of the proof, we fix some effective enumer-
ation (ρi)i∈IN of all non-empty finite initial segments of all possible interaction
sequences which end with a query q that received an accepting reply r ∈ IN.
By #τ we denote the least index of τ in this enumeration. Let i ∈ IN. We call
ρi a candidate stabilizing segment for τ iff (i) content(ρi) ⊆ content(τ), (ii)
M(ρ−1

i ) = M(ρi), and (iii) M(ρj) = M(ρ−1
i ) for all ρj with j ≤ #τ that meet

content(ρj) ⊆ content(τ) and that have the prefix ρ−1
i .

The required query learner M ′ works as follows. Let τ be the most recent
initial segment of the interaction sequence between M ′ and a user U . Let x be
the most recent document. (* Initially, τ is the empty sequence and x is the first
document presented by U . *) First, M ′ searches for the least index i ≤ #τ such
that ρi is a candidate stabilizing segment for τ .

Case A. No such index is found.
Now, M ′ simply generates an index j as auxiliary hypothesis such that ϕj is

a total function that meets ϕj(x) = ϕM(τ)(x). (* Note that, by the constraints
on a query learner (see also Definition 3), ϕM(τ)(x) has to be defined. *)

Case B. Otherwise.
Now, M determines an index of a total function as follows. Let ρl

i = (q, r).
(* Note that, by the constraints on a query learner (see also Definition 3),
ϕM(ρ−1

i
�(q,x))(x) and ϕM(τ)(x) have to be defined. Thus, it can effectively be

determined whether or not both values are equal. *)
Subcase B1. ϕM(ρ−1

i
�(q,x))(x) = ϕM(τ)(x).

M determines an index k of a function that meets ϕk(z) = ϕM(ρ−1
i

�(q,z))(z)
for all z ∈ IN. (* Note that, by the constraints on a query learner (see also
Definition 3), M(ρ−1

i � (q, z)) is defined for all z ∈ IN, since ρi ends with an
accepting reply. *)

Subcase B2. ϕM(ρ−1
i

�(q,x))(x) �= ϕM(τ)(x).
M generates an index j of a total function as in Case A.
It remains to show that M ′ is an open-minded query learner with f ∈

TotalCQ(M ′).
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So, let I be the resulting interaction sequence between M and U with respect
to f .

First, by definition of M ′, M ′ obviously outputs exclusively indices of to-
tal functions (see the corresponding remarks in the description of Case A and
Subcases B1 and B2.).

Second, we show that M ′ is an open-minded query learner. Let x be the most
recent document. By definition, it is guaranteed that the most recent hypotheses
of M and M ′’s yield the same output on document x. Hence, the interaction
sequence I equals the corresponding interaction sequence between M and U ,
although M ′ may generate a sequence of hypotheses that is different from that
one produced by M . Since M is an open-minded learner, we may easily conclude
that M ′ is open-minded, too.

Third, we show that M ′ learns as required. Since f ∈ LimCQ(M), there
is a locking interaction sequence σ of M for f , i.e., ϕM(σ−1) = f and for all
interaction sequences I ′ of M and U with respect to f and all n ∈ IN, we have
that M(I ′

n) = M(σ) provided that σ is an initial segment of I ′
n. Let ρi be

the least locking interaction sequence of M for f that ends with an accepting
reply (* least with respect to (ρi)i∈IN *). Moreover, since I equals an interaction
sequence between M and U with respect to f , M has to stabilize on I. Moreover,
since M ′ is open-minded, there is an n such that content(ρi) ⊆ content(In) and
M outputs its final hypothesis when fed In. Hence, past this point, M ′ always
forms its actual hypothesis according to Subcase B1. Finally, taking into account
that M stabilizes on I to M(In), that ϕM(In) = f , and that ϕM(ρ−1

i
) = f , we

may easily conclude that ϕM ′(In) = f . Consequently, M ′ learns as required, and
thus we are done. ✷

By applying ideas similar to those used in the demonstration of Theorem 2,
it can be shown that every incremental query learner can be simulated by an
equally powerfull iterative IIM. Hence, we obtain:

Theorem 6. IncCQ ⊆ Itarb.

Finally, using the same idea as in the proof of Theorem 3, it can be shown
that FinCQ ⊆ IncCQ . Moreover, standard ideas can be exploited to show that
incremental query learners may outperfom finite query learners and that uncon-
strained query learners are more powerful than incremental ones.

Theorem 7. FinCQ ⊂ IncCQ ⊂ LimCQ.

6 Conclusions

Our efforts to bring inductive inference theory to application lead to the develop-
ment and implementation of the LExIKON technology for information extraction
from semi-structured documents. Did the theory benefit in any way from this
application oriented work? Does the application development truly depend on
our theoretical background?
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The answer to both questions is clearly yes. The present paper does bring
the community of theoreticians a new concept – consistency queries, and the
investigations and results presented here have set up the stage for implemen-
tational work that aims at automatically learning wrappers that work always
consistently and that are defined everywhere. The solvability of this practical
task is justified by theoretical results of the present paper.

Future work should be directed towards a formal modelling that captures
the underlying information extraction approach even closer. This might lead to
refined insights. Here is a prototypical example.

When any document page is given, we currently consider the space of poten-
tially extractable information as being finite. The reason is that we extract only
pieces of information which are substrings of the given document. Though the
number of combinations may be usually huge, it is bounded in dependence on
the document size.

In formal terms, there is a computable function ct, where the ct refers to the
fact that it is estimating the content of any given document. Functions f to be
identified are constrained by f(x) ⊆ ct(x) for every document x.

Because this provides additional information, the identification types based
on consistency queries might become more comprehensive. In case this really
happens, it points to an extra power to be exploited within practical information
extraction. These theoretical questions deserve further investigations.
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Abstract. In the fields of data mining and knowledge discovery, many
semistructured data such as HTML/XML files are represented by rooted
trees t such that all children of each internal vertex of t are ordered and t
has edge labels. In order to represent structural features common to such
semistructured data, we propose a regular term tree which is a rooted
tree pattern consisting of ordered tree structures and internal structured
variables. For a regular ordered term tree t, the term tree language of
t, denoted by L(t), is the set of all trees which are obtained from t by
substituting arbitrary trees for all variables in t.
In this paper, we consider a polynomial time learnability of the class
OTTL = {L(t) | t ∈ OTT } from positive data, where OTT denotes the
set of all regular ordered term trees. First of all, we present a polynomial
time algorithm for solving the minimal language problem for OTT which
is, given a set of labeled trees S, to find a term tree t in OTT such
that L(t) is minimal among all term tree languages which contain all
trees in S. Moreover, by using this algorithm and the polynomial time
algorithm for solving the membership problem for OTT in our previous
work [15], we show that OTTL is polynomial time inductively inferable
from positive data. This result is an extension of our previous results in
[14].

1 Introduction

In the fields of data mining and knowledge discovery, many researchers have
developed techniques based on machine learning for analyzing electronic data.
Many semistructured data such as HTML/XML files have no rigid structure
but have tree structures. Such semistructured data are called tree structured
data, in general. Tree structured data are represented by rooted ordered trees
t such that all children of each inner vertex of t are ordered and t has edge
labels [1]. As examples of a representation of tree structured data, we give rooted
ordered trees T and T ′ in Fig. 1. In order to extract structural features from tree
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Fig. 1. Ordered trees T , T ′, g1, g2 and g3, and ordered term trees t and s. The ordered
term tree s represents the tree pattern f(b, x, g(a, z), y). A variable is represented by a
box with lines to its elements. The label of a box is the variable label of the variable.
The number in the left side of a vertex denotes the ordering on its siblings.

structured data, we propose an ordered tree pattern, called an ordered term tree,
which is a rooted tree pattern with ordered children consisting of tree structures
and internal structured variables. A variable in an ordered term tree consists
of some number of vertices and it can be substituted by an arbitrary tree. An
ordered term tree is more powerful than a standard tree pattern, which is also
called a first order term in formal logic, in computational learning theory [2]. For
example, in Fig. 1, the tree pattern f(b, x, g(a, z), y) can be represented by the
ordered term tree s, but the ordered term tree t can not be represented by any
standard tree pattern because of the existence of internal structured variables
represented by x2 and x3 in t. An ordered term tree t is said to be regular if
all variable labels in t are mutually distinct. For a set Λ of edge labels, OTT L,K

Λ

denotes the set of all regular ordered term trees t with edge labels in Λ such that
each variable in t consists of at most L+1 vertices for some L ≥ 1 and any path
from the root to a leaf in t has at most K variables for some K ≥ 1. For a set Λ
of edge labels, let OTT L,∗

Λ =
⋃

K≥1 OTT L,K
Λ and OTT ∗,∗

Λ =
⋃

L≥1 OTT L,∗
Λ . For a

set Λ of edge labels, the term tree language of a term tree t, denoted by LΛ(t),
is the set of all labeled trees which are obtained from t by substituting arbitrary
labeled trees for all variables in t.

In this paper, we consider polynomial time learnability of the class of regular
term tree languages from positive data. In our previous work [14], we showed that
the two fundamental classes OTTL1,1

Λ = {LΛ(t) | t ∈ OTT 1,1
Λ } and OTTL1,∗

Λ =
{LΛ(t) | t ∈ OTT 1,∗

Λ } are polynomial time inductively inferable from positive



190 Y. Suzuki et al.

data. Our main result of this paper is to show that the class OTTL∗,∗
Λ = {LΛ(t) |

t ∈ OTT ∗,∗
Λ } is polynomial time inductively inferable from positive data. In order

to prove our main result, we need polynomial time algorithms for solving the
membership problem and for solving the minimal language problem for OTT ∗,∗

Λ .
Let R be a set of regular term trees. The membership problem for R is,

given a term tree t ∈ R and a tree T , to decide whether or not T ∈ LΛ(t).
Consider the examples of the ordered term tree t and the ordered trees T and
T ′ in Fig. 1. It holds that LΛ(t) includes T and T ′. In fact T is obtained from
t by replacing variables x1, x2 and x3 in t with the ordered trees g1, g2 and
g3 in Fig. 1, respectively. Similarly T ′ is shown to be obtained from t. In our
previous work [15], we already gave a polynomial time algorithm for solving the
membership problem for OTT ∗,∗

Λ . The minimal language (MINL) problem for R
is, given a set of labeled trees S, to find a term tree t ∈ R such that LΛ(t) is
minimal among all languages LΛ(t′) for t′ ∈ R with S ⊆ LΛ(t′). That is, the
MINL problem is to find one of the least generalized term trees whose language
contains all trees in S. In this paper, we present a polynomial time algorithm for
solving the MINL problem for OTT ∗,∗

Λ . Our algorithm uses a set of operations,
which are sometimes called refinement operators [5,11].

As previous works, in [6,12], we gave some sets of unrooted regular term
trees with unordered children whose languages are polynomial time inductively
inferable from positive data. In [7,13], we considered the complexities of the
membership problem and the MINL problem for a set of rooted regular term
trees with unordered children. In [13], we gave a polynomial time algorithm for
solving the MINL problem for regular unordered term trees and showed that
two MINL problems with optimizing the size of an output term tree are NP-
complete. In [8,9], we gave data mining systems having special types of rooted
regular term trees with unordered children and ordered children as knowledge
representations, respectively. As the other related works, the works [2,4] show
the learnabilities of extended tree patterns in query learning models.

This paper is organized as follows. In Section 2, we propose ordered term
trees as tree structured patterns. In Section 3, we define formally the membership
problem and the MINL problem for OTT ∗,∗

Λ . As our main result of this paper,
we show that OTT ∗,∗

Λ is polynomial time inductively inferable from positive data
for any set of edge labels Λ. In Section 4, we give a polynomial time algorithm
for the MINL problem for OTT ∗,∗

Λ .

2 Preliminaries – Ordered Term Trees

Let T = (VT , ET ) be an ordered tree with a vertex set VT and an edge set ET . A
list h = [u0, u1, . . . , u�] of vertices in VT is called a variable of T if u1, . . . , u� is a
sequence of consecutive children of u0, i.e., u0 is the parent of u1, . . . , u� and uj+1
is the next sibling of uj for j with any 1 ≤ j < �. We call u0 the parent port of the
variable h and u1, . . . , u� the child ports of h. Two variables h = [u0, u1, . . . , u�]
and h′ = [u′

0, u
′
1, . . . , u

′
�′ ] are said to be disjoint if {u1, . . . , u�}∩{u′

1, . . . , u
′
�′} = ∅.
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Definition 1. Let T = (VT , ET ) be an ordered tree and HT a set of pairwise
disjoint variables of T . An ordered term tree obtained from T and HT is a triplet
t = (Vt, Et, Ht) where Vt = VT , Et = ET − ⋃

h=[u0,u1,...,u�]∈HT
{{u0, ui} ∈ ET |

1 ≤ i ≤ �}, and Ht = HT . For two vertices u, u′ ∈ Vt, we say that u is the parent
of u′ in t if u is the parent of u′ in T . Similarly we say that u′ is a child of u in t
if u′ is a child of u in T . In particular, for a vertex u ∈ Vt with no child, we call u
a leaf of t. We define the order of the children of each vertex u in t as the order
of the children of u in T . We often omit the description of the ordered tree T
and variable set HT because we can find them from the triplet t = (Vt, Et, Ht).

For example, the ordered term tree t in Fig. 1 is obtained from the tree
T = (VT , ET ) and the set of variables HT defined as follows. VT = {v1, . . . , v11},
ET = {{v1, v2}, {v2, v3}, {v1, v4}, {v4, v5}, {v1, v6}, {v6, v7}, {v7, v8}, {v6, v9},
{v1, v10}, {v10, v11}} with the root v1 and the sibling relation displayed in Fig. 1.
HT = {[v4, v5], [v1, v6], [v6, v7, v9]}.

For any ordered term tree t, a vertex u of t, and two children u′ and u′′ of u,
we write u′ <t

u u
′′ if u′ is smaller than u′′ in the order of the children of u. We

assume that every edge and variable of an ordered term tree is labeled with some
words from specified languages. A label of a variable is called a variable label. Λ
and X denote a set of edge labels and a set of variable labels, respectively, where
Λ∩X = φ. An ordered term tree t = (Vt, Et, Ht) is called regular if all variables
in Ht have mutually distinct variable labels in X.

Note. In this paper, we treat only regular ordered term trees, and then we call
a regular ordered term tree a term tree, simply. In particular, an ordered term
tree with no variable is called a ground term tree and considered to be a tree
with ordered children.

For a term tree t and its vertices v1 and vi, a path from v1 to vi is a sequence
v1, v2, . . . , vi of distinct vertices of t such that for any j with any 1 ≤ j < i, vj

is the parent of vj+1. OTΛ denotes the set of all ground term trees with Λ as a
set of edge labels. Let L ≥ 1 and K ≥ 1 be integers. Let OTT L,K

Λ be the set of
all term trees t with Λ as a set of edge labels such that each variable in t has
at most L child ports and any path from the root to a leaf in t has at most K
variables. Let OTT ∗,∗

Λ =
⋃

L≥1
⋃

K≥1 OTT L,K
Λ .

Let f = (Vf , Ef , Hf ) and g = (Vg, Eg, Hg) be term trees. We say that f
and g are isomorphic, denoted by f ≡ g, if there is a bijection ϕ from Vf to Vg

such that (i) the root of f is mapped to the root of g by ϕ, (ii) {u, u′} ∈ Ef if
and only if {ϕ(u), ϕ(u′)} ∈ Eg and the two edges have the same edge label, (iii)
[u0, u1, . . . , u�] ∈ Hf if and only if [ϕ(u0), ϕ(u1), . . . , ϕ(u�)] ∈ Hg, and (iv) for
any vertex u in f which has more than one child, and for any two children u′

and u′′ of u, u′ <f
u u

′′ if and only if ϕ(u′) <g
ϕ(u) ϕ(u

′′).
Let f and g be term trees with at least two vertices. Let h = [v0, v1, . . . , v�]

be a variable in f with the variable label x and σ = [u0, u1, . . . , u�] a list of �+1
distinct vertices in g where u is the root of g and u1, . . . , u� are leaves of g. The
form x := [g, σ] is called a binding for x. A new term tree f ′ = f{x := [g, σ]} is
obtained by applying the binding x := [g, σ] to f in the following way. For the
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Fig. 2. The new ordering on vertices in the term tree f ′ = f{x := [g, [u0, u1, u2, u3]]}.

variable h = [v0, v1, . . . , v�], we attach g to f by removing the variable h from
Hf and by identifying the vertices v0, v1, . . . , v� with the vertices u0, u1, . . . , u�

of g in this order. We define a new ordering <f ′
v on every vertex v in f ′ in the

following natural way. Suppose that v has more than one child and let v′ and
v′′ be two children of v in f ′. We note that vi = ui for any 0 ≤ i ≤ �. (1) If
v, v′, v′′ ∈ Vg and v′ <g

v v
′′, then v′ <f ′

v v′′. (2) If v, v′, v′′ ∈ Vf and v′ <f
v v

′′,
then v′ <f ′

v v′′. (3) If v = v0(= u0), v′ ∈ Vf −{v1, . . . , v�}, v′′ ∈ Vg, and v′ <f
v v1,

then v′ <f ′
v v′′. (4) If v = v0(= u0), v′ ∈ Vf −{v1, . . . , v�}, v′′ ∈ Vg, and v� <

f
v v

′,
then v′′ <f ′

v v′. In Fig. 2, we give an example of the new ordering on vertices in
a term tree.

A substitution θ is a finite collection of bindings {x1 := [g1, σ1], · · · , xn :=
[gn, σn]}, where xi’s are mutually distinct variable labels in X. The term tree
fθ, called the instance of f by θ, is obtained by applying all the bindings
xi := [gi, σi] on f .Lastly we define the root of the resulting term tree fθ as the
root of f . Consider the examples in Fig. 1. Let θ = {x1 := [g1, [u1, w1]], x2 :=
[g2, [u2, w2]], x3 := [g3, [u3, w3, w

′
3]]} be a substitution, where g1, g2, and g3 are

trees. Then the instance tθ of the term tree t by θ is the tree T .

Definition 2. Let Λ be a set of edge labels. The term tree language LΛ(t) of a
term tree t ∈ OTT ∗,∗

Λ is defined as {s ∈ OTΛ | s ≡ tθ for a substitution θ}. The
class OTTL∗,∗

Λ of term tree languages is defined as {LΛ(t) | t ∈ OTT ∗,∗
Λ }.

3 Polynomial Time Inductive Inference of Ordered Term
Tree Languages from Positive Data

We give the framework of inductive inference from positive data [3,10] and show
our main theorem. Let U be a recursively enumerable set to which we refer as a
universal set. We call L ⊆ U a concept. An indexed family of recursive concepts
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or a class is a triplet C = (C,R, γ), where C is a family of nonempty concepts, R
is a recursively enumerable set, each element in R is called a representation, γ is
a surjection from R to C, and there exists a recursive function f : U×R → {0, 1}
such that f(w, r) = 1 if w ∈ γ(r), 0 otherwise. A class C = (C,R, γ) has finite
thickness if for any nonempty finite set T ⊆ U , the cardinality of {L ∈ C | T ⊆
L} is finite. For a class C = (C,R, γ), when the family of concepts C and the
surjection γ are clear from the context, we write only the representation R for
the class C.

An inductive inference machine (IIM, for short) for C is an effective procedure
which requests inputs from time to time and produces elements in R from time
to time. The outputs produced by the machine are called hypotheses. A positive
presentation of a nonempty concept L is an infinite sequence ρ = w1, w2, . . .
of elements in L such that {w1, w2, . . .} = L. We denote by ρ[n] the ρ’s initial
segment of length n ≥ 1 and by M(ρ[n]) the last hypothesis produced by M
which is successively presented w1, w2, . . . , wn on its input requests. An IIM is
said to converge to a representation r for a positive presentation ρ, if there is
an n ≥ 1 such that for any m ≥ n, M(ρ[m]) is r. An IIM M infers a class C
in the limit from positive data if for any L ∈ C and any positive presentation
ρ of L, M converges to a representation r for ρ such that L = γ(r). A class C
is said to be inferable in the limit from positive data if there is an IIM which
infers C in the limit from positive data. An IIM M is consistently working if
for any L ∈ C, any positive presentation ρ = w1, w2, . . . of L and any n ≥ 1
with M(ρ[n]) ∈ R, we have {w1, . . . , wn} ⊆ γ(M(ρ[n])). And an IIM M is
responsively working if for any L ∈ C, any positive presentation ρ of L and any
n ≥ 1, we have M(ρ[n]) ∈ R. Moreover, an IIM is conservatively working if for
any L ∈ C, any positive presentation ρ of L and any n,m with 1 ≤ n < m such
that M(ρ[n]),M(ρ[m]) ∈ R and M(ρ[n]) �= M(ρ[m]), we have {w1, . . . , wm} �⊆
γ(M(ρ[n])). A class C is polynomial time inductively inferable from positive data
if there exists a consistently, responsively and conservatively working IIM for C
which outputs hypotheses in polynomial time with respect to the length of the
input read so far, and infers C in the limit from positive data.

For a class C = (C,R, γ), let S be a nonempty finite set of U . We say that a
representation r ∈ R is minimal for (S, C) if S ⊆ γ(r) and γ(s) ⊆

/
γ(r) implies

S �⊆ γ(s) for any s ∈ R. Then, we define the following problems for C:
Membership Problem for C

Instance: An element w ∈ U and a representation r ∈ R.
Question: Is w included in γ(r) ?

Minimal Language Problem (MINL) for C
Instance: A nonempty finite subset S of U .
Question: Find a representation r ∈ R which is minimal for (S, C).

Angluin [3] and Shinohara [10] showed that if C has finite thickness, and the
membership problem and the minimal language problem for C are computable
in polynomial time then C is polynomial time inductively inferable from positive
data. Let Λ be a finite or infinite alphabet of edge labels. In this paper, we
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consider the class OTTL∗,∗
Λ a target of inductive inference. In this setting, the

universal set U is the set OTΛ of all ground term trees, and γ(t) is the term
tree language LΛ(t) for a term tree t ∈ OTT ∗,∗

Λ . It is easy to see that the class
OTTL∗,∗

Λ has finite thickness. In [15], we gave an algorithm for the membership
problem for OTT ∗,∗

Λ which runs in O(nN) time where n and N are the numbers
of vertices of an input term tree and an input tree, respectively. In Section 4, we
give a polynomial time algorithm for the minimal language problem for OTT ∗,∗

Λ .
Therefore, we show the following main result.

Theorem 1. For any set of edge labels Λ, the class OTTL∗,∗
Λ is polynomial time

inductively inferable from positive data.

4 A Polynomial Time Algorithm for Solving the MINL
Problem for OT T ∗,∗

Λ

4.1 Algorithm MINL

In this section, we give an algorithm, called MINL (Fig. 3), which outputs a
term tree t ∈ OT T ∗,∗

Λ which generates a minimal language for an input set of
ordered trees S = {T1, . . . , TM}. For a set S, the number of elements in S is
denoted by |S|.

The algorithm MINL consists of three procedures, Variable-Extension1,
Variable-Extension2 and Edge-replacing. The algorithm MINL starts
with a term tree consisting of two vertices and one variable connecting those
two vertices. Variable-Extension1 and 2 extend this initial term tree while
the temporary term tree matches all trees in S. After these stages terminate,
the third stage Edge-replacing begins to put an edge in the place of each
variable with one child of the temporary term tree if the new term tree still
matches all trees in S. In Fig. 3, we describe an algorithm for |Λ| = 1 and show
the correctness of the case below. We can give an algorithm for the other case
|Λ| ≥ 2 that is easier than the case |Λ| = 1.

Lemma 1 and 2 describe special features of our problem. We omit the proofs.

Lemma 1. Let t be a term tree which has an edge {u, v} (we assume that u is
the parent of v) such that the previous and next siblings of v connect to u by
variables and v connects to its children by exactly one variable (Fig. 4). A term
tree t′ is obtained by replacing the edge {u, v} with a variable [u, v] of one child
port (Fig. 4). If |Λ| = 1 then LΛ(t′) = LΛ(t).

A variable surrounded by other variables like the variable [u, v] of t′ in Fig. 4
is called a surrounded variable. Similarly an edge surrounded by variables like
the edge {u, v} of t in Fig. 4 is called a surrounded edge.

Lemma 2. Let g be a term tree which has a vertex v such that v connects to its
parent by a variable and has exactly two children connecting to v by a variable of
two child ports (Fig. 4). A term tree g′ is obtained by replacing the variable of two
child ports with two variables of one child port (Fig. 4). Then LΛ(g) = LΛ(g′).
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Algorithm MINL;
input: a set of trees S = {T1, . . . , TM} ⊆ OT Λ;
begin

Vt := {u, v1}; Et := ∅; Ht := {h = [u, v1]}; t := (Vt, Et, Ht); i := 2;
while true do begin
Let vi be a new vertex;
t′ := (Vt ∪ {vi}, Et, Ht ∪ {[u, v1, . . . , vi]} − {[u, v1, . . . , vi−1]});
if S ⊆ LΛ(t′) then begin t := t′; i := i+ 1 end else break

end;
Variable-Extension1(t, S, h = [u, v1, . . . , vi−1]);
foreach variable h ∈ Ht do Variable-Extension2(t, S, h);
Let r[t] be the root of t;
Edge-Replacing(t, S, r[t]);
output t

end.

Fig. 3. Algorithm MINL
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Fig. 4. LΛ(t′) = LΛ(t) if |Λ| = 1 (Lemma 1) and LΛ(g′) = LΛ(g) (Lemma 2). The
shaded regions represent sub term trees. The difference between t and t′ is only the
link between u and v, and the difference between g and g′ is the variables connecting
to v.
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Procedure Variable-Extension1;
input: a term tree t = (Vt, Et, Ht) ∈ OT T ∗,∗

Λ , a set of trees S, and
a variable h = [v, c1, . . . , cm];

begin
� := 1;
for i := 1 to m do
for j := m to i do begin
Let c′� be a new vertex and h′

� a new variable [c′�, ci, . . . , cj ];
t′ := (Vt ∪ {c′�}, Et,

Ht ∪ {h′
�, [v, c

′
1, . . . , c

′
�, cj+1, . . . , cm]} − {[v, c′1, . . . , c′�−1, ci, . . . , cm]});

if S ⊆ LΛ(t′) then begin t := t′; i := j; � := �+ 1; break end
end;

if � ≥ 2 then foreach h′ ∈ {h′
1, . . . , h

′
�−1} do

Variable-Extension1(t, S, h′);
output t

end;
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Fig. 5. Procedure Variable-Extension1

4.2 The Correctness of MINL

Let t = (Vt, Et, Ht) be a term tree and V ′
t a subset of Vt. The least common

ancestor of V ′
t is the vertex that is the furthest from the root that is an ancestor

of all vertices in V ′
t . The least common ancestor of V ′ is denoted by lca(V ′). Let

f = (Vf , Ef , Hf ) and g = (Vg, Eg, Hg) be two term trees. Let f ′ and g′ be term
trees obtained from f and g, respectively, by replacing all edges with variables
of one child port, and then we write g ≈ f if g′ ≡ f ′. For a vertex v ∈ Vt, we
denote the number of the children of v by cht(v) and the subtree of t rooted at
a vertex v by t[v]. Moreover we denote the number of the leaves of t by lf(t).
Let vk[t] be the kth vertex of t in the depth first order and r[t] the root of t.

We show that the algorithm correctly outputs a desired term tree.
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Procedure Variable-Extension2;
input: a term tree t = (Vt, Et, Ht) ∈ OT T ∗,∗

Λ , a set of trees S, and
a variable h = [v, c1, . . . , cm];

begin
if h has more than one child port then begin
i := 1;
for j := 1 to m− 1 do begin
t′ := (Vt, Et, Ht ∪ {[v, ci, . . . , cj ], [v, cj+1, . . . , cm]} − {[v, ci, . . . , cm]});
if S ⊆ LΛ(t′) then begin t := t′; i := j + 1 end

end
end;
output t

end;
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Fig. 6. Procedure Variable-Extension2

Lemma 3. Let t be the output term tree of MINL for an input S. If there exists
a term tree t′ such that S ⊆ LΛ(t′) ⊆ LΛ(t), then t ≈ t′.

Proof. From Lemma 1, we assume that t′ has no surrounded edge. Let t1 and t2
be the outputs of Variable-Extension1 and Variable-Extension2 (Fig. 7),
respectively. It is easy to see that ch(vk(t1)) = ch(vk(t2)) for all k. Moreover
we easily see that t2 ≈ t. Thus we show that ch(vk(t′)) = ch(vk(t1)) for all
k and t′ ≈ t2. Since lf(t) does not vary after the while-loop of MINL and
LΛ(t′) ⊆ LΛ(t), we have the following claim:

Claim 1 . lf(t) = lf(t′).

Variable-Extension1 calls itself recursively to attempt to add some new
vertices and variables (Fig. 5). Let tk1 be the term tree just after the double
for-loop of Variable-Extension1, called a variable-division stage, for the kth
variable h = [v, c1, . . . , cm] finishes. We note that v = vk[t]. We suppose that a
variable-division stage divides h = [v, c1, . . . , cm] into one upper variable h0 =
[v, c′1, . . . , c

′
m′ ] and � lower variables hi = [c′ji

, ci1, . . . , cimi ] for i (1 ≤ i ≤ �)
where 1 ≤ j1 < · · · < j� ≤ m′ and m1 + · · · +m� +m′ − � = m. Let v′ = vk[t′].
Then we have the following two claims:
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Procedure Edge-Replacing;
input: a term tree t ∈ OT T ∗,∗

Λ , a set of trees S, and a vertex u;
begin

if u is a leaf then return;
Let v1, . . . , vk be the children of u;
for i := 1 to k do Edge-Replacing(t, S, vi);
for i := 1 to k do begin
if 〈u, vi〉 is not a variable of one child port then return
else if 〈u, vi〉 is a surrounded variable and
〈u, vi+1〉 is a variable of one child port then begin

t1 := (Vt, Et ∪ {{u, vi}, {u, vi+1}}, Ht − {[u, vi], [u, vi+1]});
t2 := (Vt, Et ∪ {{u, vi+1}}, Ht − {[u, vi+1]});
t3 := (Vt, Et ∪ {{u, vi}}, Ht − {[u, vi]});
if S ⊆ LΛ(t1) or (S ⊆ LΛ(t3) and S �⊆ LΛ(t2)) then t := t3 return

end else begin
t′ := (Vt, Et ∪ {{u, vi}}, Ht − {[u, vi]});
if S ⊆ L(t′) then t := t′ return

end;
if a vertex vi has only two children w1, w2 and

〈u, vi〉, 〈vi, w1〉 and 〈vi, w2〉 are variables of one child port then begin
t = (Vt, Et, Ht ∪ {[vi, w1, w2]} − {[vi, w1], [vi, w2]});
Edge-Replacing(t, S, u)

end
end;
output t

end;

Fig. 7. Procedure Edge-Replacing

Claim 2 . cht′(v′) = m′.
We prove this by an induction on k. Let t01 be the first input for Variable-

Extension1. From Claim 1 , lf(t01) = lf(t′). We assume that the claim holds
for vk−1[t1] and vk−1[t′]. Since LΛ(t′) ⊆ LΛ(t) and a variable division stage
attempts to divide the variable h so that v has a smaller number of children,
it is not difficult to see that cht(v) ≤ cht′(v′). If cht(v) < cht′(v′) then tk1 can
not represent the ordered tree of the smallest size obtained from t′, denoted by
T , because there is no substitution θ such that tθ ≡ T , lf(t) does not increase
and the vertex of tθ corresponding to v′ of T has exactly cht′(v′) children. Thus,
cht(v) = cht′(v′).
Claim 3 . Let c′′j be the jth child of v′ (1 ≤ j ≤ m′). lf(t′[c′′ji

]) = mi (1 ≤ i ≤ �)
and lf(t′[c′′j ]) = 1 for j �∈ {j1, . . . , j�}.

It is not difficult to see that lf(t[c′j ]) ≥ lf(t′[c′′j ]) for all j (1 ≤ j ≤ m′).
If lf(t[c′j ]) > lf(t′[c′′j ]) for some j, there exists an integer p such that the pth
leaf w of t is a leaf of the subtree rooted at c′j but the pth leaf w′ of t′ is not
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a leaf of the subtree rooted at c′′j . Let C (resp. C ′) be the set of the leaves of
the subtree rooted at c′j (resp. c

′′
j ). Obviously the depth of lca({w′} ∪C ′) is less

than the depth of c′′j but the depth of lca({w} ∪ C) (= lca(C)) is greater than
or equal to the depth of c′j . Therefore LΛ(t′) ⊆ LΛ(t) does not hold. Thus we
have lf(t[c′j ]) = lf(t′[c′′j ]) for all j (1 ≤ j ≤ m′).

From Claims 2 and 3 , we have cht′(vk[t′]) = cht1(v
k[t1]) = cht1(v

k[t2]) for
all k.
Claim 4 . t′ ≈ t2.

Let v and v′ be vertices of t2 and t′ with m children, respectively. Let C(i) =
{ci1, . . . , ciji

} (resp. C ′(i) = {c′i1, . . . , c′ij′
i
}) be the set of the children of v (resp.

v′) which connect to v (resp. v′) by the ith variable or edge. Thus j1+ j2+ · · · =
j′1 + j

′
2 + · · · = m. We show that |C(i)| = |C ′(i)|. Since Variable-Extension2

attempts to divide a variable so that the parent port of it has a larger number of
variables, we have |C(i)| ≤ |C ′(i)|. If |C(i)| < |C ′(i)| then LΛ(t′) ⊆ LΛ(t) does
not hold except for the case of Lemma 2. For the case of Lemma 2, if v is not
the leaf of t2 and cht2(v) = 2, (|C(1)|, |C(2)|) = (1, 1) and (|C(1)|) = (2) are
considered to be identical. Therefore |C(i)| = |C ′(i)|. Thus t′ ≈ t2.

From these claims, we have t′ ≈ t. ✷

Lemma 4. Let S be an input set for Algorithm MINL. Let t = (Vt, Et, Ht) be
an output term tree by Algorithm MINL and t′ = (Vt′ , Et′ , Ht′) a term tree such
that S ⊆ LΛ(t′) ⊆ LΛ(t). Then t ≡ t′.

Proof. (Sketch) From Lemma 1, we assume that t′ has no surrounded edge. Let
t0 be the term tree just after the last Variable-Extension2 finishes. Let hk be
the kth variable of one child port which Edge-Replacing attempts to replace
with an edge. Let tk be the term tree just after Edge-Replacing works on hk.
We prove this by an induction on k. From Lemma 3, t0 ≈ t′. Then there exists
a bijection ξ from Vt′ to Vt which realizes t0 ≈ t′. Suppose that the statement
holds for t′ and tk−1. We show that for any u′, v′ ∈ Vt′ , [u′, v′] ∈ Ht′ if and only
if [ξ(u′), ξ(v′)] ∈ Htk

. The proof depends on the edges and variables around u′

and v′. We have the following three special cases (Fig. 9). The first case is not a
problem because Edge-Replacing always tries t′ before t.

1. u′ has exactly one child v′ which connects to u′ by an edge and v′ has one
variable of two child ports (Case 1 in Fig. 9).

Let x be the variable label of [u′, v′]. The most cases can be proved by showing
that if [ξ(u′), ξ(v′)] �∈ Htk

then {t′θA, t′θB , t′θC , t′θD} �⊆ LΛ(tk) (these substi-
tutions are described in Fig. 8). When |Λ| = 1, we have the two cases which
possibly satisfy that {t′θA, t′θB , t′θC , t′θD} ⊆ LΛ(tk) even if [ξ(u′), ξ(v′)] �∈ Htk

.
Let v′

i−1 and v
′
i+1 be the previous and the next sibling of v′, respectively.

2. [u′, v′
i−1] ∈ Ht′ , v′ has one child w′ with [v′, w′] ∈ Ht′ and {u′, v′

i+1} ∈ Et′

(Case 2 in Fig. 9).
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Fig. 8. Substitutions: let r(x) denote the number of child ports of the variable labeled
with x.
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3. {[u′, v′
i−1], [u

′, v′
i+1]} ⊆ Ht′ , v′ has one child w′ with [v′, w′] ∈ Ht′ and

{u′, v′
i+1} ∈ Et′ (Case 3 in Fig. 9).

For the case 2, Edge-Replacing tries t′ before tk and replaces with an edge.
Therefore [ξ(u′), ξ(v′)] is in Htk

. For the case 3, Edge-Replacing does not replace
[ξ(u′), ξ(v′)] with an edge. Then [ξ(u′), ξ(v′)] is in Htk

. ✷

We can immediately show the next lemma from Lemma 4.

Lemma 5. Let S be an input set of trees and t an output term tree of Algorithm
MINL. Then LΛ(t) is minimal for (S,OTTL∗,∗

Λ ).

Theorem 2. Minimal Language Problem for OTT ∗,∗
Λ is computable in polyno-

mial time.

Proof. The correctness follows Lemma 5. Let M be the number of trees in S.
Let Nmax and Nmin be the maximum and minimum numbers of vertices of trees
in S, respectively. Let ΛS = {a ∈ Λ | a appears on trees in S}. Let MAT(N,n)
be the time complexity of solving a membership problem for a tree with N ver-
tices and a term tree with n vertices. Since any variable of the output term
tree t has at most Nmin child ports, we need O(MNminMAT(Nmax, Nmin)))
time for dividing one variable into two variables. Since t has at most Nmin
variables, Variable-Extension1 and 2 totally need O(MN2

minMAT(Nmax, Nmin)))
time. Edge-Replacing also computes M membership problems for each labeled
edge replacement. Then it needs O(M |ΛS |NminMAT(Nmax, Nmin)) time to find
a final term tree. Then the total time complexity of the algorithm MINL is
O(M(|ΛS |+Nmin)NminMAT(Nmax, Nmin)). By using the membership algorithm
in [15] which runs in MAT(N,n) = O(Nn) time, the algorithm MINL runs in
O(M(|ΛS |+Nmin)N2

minNmax) time. ✷

5 Conclusions

We have presented a polynomial time algorithm for solving the MINL problem
for OTT ∗,∗

Λ . Then, we have shown that OTTL∗,∗
Λ is polynomial time inductively

inferable from positive data. In order to construct effective data mining tools
for semistructured data, we need to show the learnability of regular ordered
term tree languages on other learning models from the view point of machine
learning. Moreover, as an application of our results in this paper to data mining
and knowledge discovery, we are constructing effective data mining tools for real
world tree structured data such as HTML/XML files.
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Abstract. In this paper, we investigate reflective inductive inference
of recursive functions. A reflective IIM is a learning machine that is
additionally able to assess its own competence.
First, we formalize reflective learning from arbitrary example sequences.
Here, we arrive at four different types of reflection: reflection in the limit,
optimistic, pessimistic and exact reflection.
Then, for learning in the limit, for consistent learning of three different
types and for finite learning, we compare the learning power of reflective
IIMs with each other as well as with the one of standard IIMs.
Finally, we compare reflective learning from arbitrary input sequences
with reflective learning from canonical input sequences. In this con-
text, an open question regarding total-consistent identification could be
solved: it holds T-CONSa ⊂ T-CONS .

1 Motivation and Introduction

Learning theory aims to model and investigate the scenario that a learner has to
identify a target object from indirect information, i.e. examples, about it. Con-
sequently, since there are potentially infinitely many examples about an object,
sequences of hypotheses have to be considered. Gold [3] introduced the model of
learning in the limit where the learner (here called IIM) is required to converge
in the sense that there exists a point in time at which the learner has identified
the object and, furthermore, the learner’s guesses do not change any more.

However, the point in time at which the stabilization happens, is unknown
and in general even undecidable. Therefore, since the early days of learning
theory, alternative models has been developed to support the user of a learning
device. One of the most strongest forms here is finite learning [3,18] where the
user gets told the point when learning is finished.

However, from a user’s point of view, even this model has a drawback. Usu-
ally, learning is considered with respect to a set C of target objects. Correct
behaviour of an IIM is only required when presenting information about an ob-
ject of C. Outside of this scope, the IIM may behave arbitrarily. In the worst
case, the IIM pretends to learn correctly while in reality its outputs are rubbish.
However, a user relying on such an IIM cannot recognize this fact.

N. Cesa-Bianchi et al. (Eds.): ALT 2002, LNAI 2533, pp. 203–217, 2002.
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1.1 Machine Self-Assessment

Therefore, models to prevent this behaviour has been developed. Reliable infer-
ence machines [1,14] do only converge if they really learn an object. Kinber and
Zeugmann [9,10,22] generalized this model by letting an IIM explicitly output
some kind of error messages. Still, the messages output by such machines are
limiting recursive in character.

Mukouchi and Arikawa [15] developed the model of refutable inference. Here,
the learner is required either to identify the target object or to recognize that it
is not contained in its hypothesis space and therefore to refute this hypothesis
space. This allows the user to recognize a failure of the IIM and to react in
some way. This basic idea has been refined in many different directions. For
example, in [11], the cases in which a refutation has to take place, has been
tailored towards more realistic needs. Jain et al. [6] considered weaker variants
of refutation. Also, a lot of other investigations of the model of refutation as well
as applications in other scenarios took place (cf., e.g., [5,12,13,16]).

In parallel to that evolution, Jantke [7] changed the focus from refuting hy-
pothesis spaces to assessing the competence of an IIM. Whereas in the model of
refutable learning, the IIM has to signal if the object to be learnt does not be-
long to the target class, the competence of an IIM is defined with respect to the
information available. Here, a given chunk of information may be rejected when
recognizing that this information does not describe any of the target objects.
Such information pieces are called inacceptable in this paper.

In [4], the author consequently extended Jantke’s ideas and arrived at four
so called reflection types: exact, pessimistic, optimistic and limit-reflection. We
also underly these models in the present paper. An IIM which is exactly reflect-
ing has to reject an inacceptable information immediately. On the other hand,
if some information piece is acceptable (which means, that it is consistent with
at least one of the target objects), such an IIM must not reject this information.
Pessimistic and optimistic IIMs are allowed to make one-sided errors. A pes-
simistic IIM may underestimate its competence, i.e. it may erroneously reject
acceptable information. In turn, an optimistic IIM may overestimate its com-
petence, i.e. it may sometimes accept inacceptable information. Limit-reflecting
machines, finally, are allowed both types of error. However, in the limit all types
of reflecting machines have to converge to the correct assessment.

In this paper, we investigate the influence of the four reflection types to learn-
ing of recursive functions from arbitrary example sequences. Here, we consider
learning in the limit, different variants of consistent learning, and finite learning.

1.2 Results and Messages

The main results are as follows. (A complete overview over the relations of the
identification types investigated is displayed in figure 2.)

For learning in the limit (denoted as LIM , cf. definition 1), the actual choice
of the reflection type doesn’t influence the learning power (cf. corollary 1). More
precisely, a class of functions is reflectively learnable in the limit iff it is embedded
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in an initially complete learnable class. This has the following consequences.
First, there are learnable classes for which there exists no reflective IIM. Second,
reflective learning in the limit is only possible in cases when reflection is not
necessary at all, since every information piece is acceptable and hence the IIM
never has to reject something.

For finite learning (called FIN , cf. definition 2), the picture changes com-
pletely. Here, depending on which reflection requirement we demand the IIM
to fulfill, we arrive at different learning power (cf. corollary 7). Also, there are
classes which are finitely learnable but any IIM for it can not correctly assess its
own competence.

Finally, we consider consistent identification. Here, three different formaliza-
tions of consistency has been published in the literature which turned out to be
of different expressiveness. Surprisingly, these small differences heavily influence
the reflecting abilities of consistent IIMs.

An IIM is said to work total-consistently (called T-CONS , cf. definition 2),
if it is defined for every input and, furthermore, each hypothesis is consistent
with the information it was constructed from. Every such IIM can easily be
enriched by reflecting abilities (cf. corollary 2). However, this result is of the
same quality as the one for learning in the limit since a class of functions is
reflectively total-consistently learnable iff it is embedded in an initially complete
learnable class.

Whereas for total-consistent identification consistency is required for any hy-
pothesis, in the other two models of consistent learning this is weakened. Here,
consistency is demanded for hypotheses built from acceptable information only.
Whereas in the model R-CONS (see definition 2) the IIM still needs to be
defined on any input, a CONS-IIM (cf. definition 2) may be undefined on inac-
ceptable information. For both models, enlarging the IIMs by reflecting abilities
has nearly the same effects (cf. corollaries 5 and 6). First, exact and pessimistic
reflection are of the same power. Second, these two are less powerful than opti-
mistic reflection which itself is weaker than limit-reflection. Also here, there are
IIMs which cannot be made reflective.

To sum up, there is a subtle interplay between learning and reflection re-
quirements. The demand that an IIM additionally has to reflect about its own
competence is orthogonal to the classical identification requirements. In some
learning models, there is no difference between the reflection types. In other mod-
els, the differences are huge. Of special interest here is the relationship between
optimistic and pessimistic behaviour. There is no unique trend, which of both
is stronger than the other one. However, there seems to appear some tendency
that exact and pessimistic reflection as well as optimistic and limit-reflection
are similar in spirit. This nicely coincides with the well-known observation that
proving something is much harder than disproving it. In our model, pessimistic
and exact reflections have to prove that some information is acceptable whereas
optimistic or limit-reflective ones have to disprove this fact.
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Moreover, we learnt that in most cases a system cannot correctly assess its
competence. If this is possible, then such a system is very constrained. There is
no universal reflection mechanism.

The remaining paper is structured as follows. In section 2, we provide basic
knowledge from inductive inference. The scenario of reflection is introduced in
section 3. In section 4, we investigate the learning power of reflective IIMs. This
is done in that we compare different types of reflective identification types with
each other as well as with standard identification types. Furthermore, we show
some closedness properties. Moreover, we investigate whether reflective IIMs can
draw benefits from the knowledge that they know in advance the order in which
the information is presented. Here, we prove a long outstanding theorem about
total-consistent learning. Finally, the relevant literature is given.

2 Inductive Inference

Most notion is adopted from [17]. IN denotes the set of natural numbers. We
consider recursive functions on IN . The set of all unary partial and all unary
total-recursive functions is denoted by P and R, respectively.

For the rest of the paper, we fix a Gödel numbering ϕ of all partial recursive
functions as well as a corresponding Blum complexity measure φ (cf. [17,2]). Let
i ∈ IN and x ∈ IN . By ϕi we denote the ith function in ϕ. If the computation of
ϕi terminates on input x, we write ϕi(x)↓.

Let f ∈ R. An example for f is a pair (x, f(x)). Let σ = ((xn, f(xn)))n∈IN be
an infinite sequence of examples for f . σ is called a representation for f if {xn |
n ∈ IN} = IN . By σn we denote the initial segment (x0, f(x0)), . . . , (xn, f(xn)).
σ is in canonical order if xn = n, for all n. Repr(f) denotes the set of all
representations of f . Furthermore, by [f ] we denote the set of all initial segments
of representations from Repr(f). Repr(·) and [·] are canonically extended to
function classes C ⊆ R as well as to sets ID ⊆ ℘(R) of function classes. By [·]c
we denote the set of all initial segments of canonical representations of ·.

An inductive inference machine (IIM) receives finite segments of a represen-
tation of recursive functions as input and outputs natural numbers. For technical
reasons, we prefer to let an IIM map from IN to IN . For this, we implicitly as-
sume that any finite segment τ ∈ [R] is encoded into a natural number using
Cantors pairing function 〈·, ·〉 and identify a segment with its encoding.

Let σ be an infinite and let τ and τ ′ be two finite sequences. By τ+ we denote
the set of all elements of τ . τ � τ ′ and τ � σ denote the concatenations.

An infinite sequence of natural numbers (hn)n∈IN is said to converge in the
limit to h (denoted by limn hn = h) iff for all but finitely many n it holds hn = h.

Definition 1. [3] Let f ∈ R and M ∈ P be an IIM. M is said to LIM a-
identify f (denoted by f ∈ LIM a(M)) iff for every σ ∈ Repr(f) it holds:
1. M(σn)↓, for all n ∈ IN .
2. There exists an h such that limn M(σn) = h with ϕh = f .
M LIM a-identifies a class C ⊆ R iff M LIM a-identifies every f ∈ C.
LIM a denotes the set of all classes that are LIM a-identifiable by any IIM.
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In the above definition, LIM stands for learning in the limit and the super-
script a stands for learning from arbitrary representations.

Consistent and finite identification are defined as follows.

Definition 2. [1,3,8,18,20] Let C ⊆ R and ID ∈ {CONSa, R-CONSa,
T-CONSa, FIN a}. C ∈ ID iff there is an IIM M ∈ P with C ⊆ LIM a(M)
such that the following corresponding condition is fulfilled.
CONSa: For all τ ∈ [C] and for all (x, y) ∈ τ+ it holds ϕM(τ)(x) = y.
R-CONSa: M ∈ R and C ⊆ CONSa(M).
T-CONSa: M ∈ R and, for all τ ∈ [R] and all (x, y) ∈ τ+, it holds

ϕM(τ)(x) = y.
FIN a: There exists a d ∈ R such that for all f ∈ C and all τ ∈ [f ], it

holds d(τ) = 1 iff ϕM(τ) = f holds.1

Finally, C ⊆ R is exactly enumerable (C ∈ NUM! ), if there exists a g ∈ R
with C = {ϕg(n) | n ∈ IN}. NUM is the smallest superset of NUM! that is closed
under subsets.

Theorem 1 [1,8,19,20]
1. NUM! ⊂ NUM ⊂ T-CONSa ⊂ R-CONSa ⊂ CONSa ⊂ LIM a.
2. FIN a ⊂ R-CONSa.
3. FIN a # T-CONSa.
4. FIN a # NUM!.

3 Reflective Inductive Inference

We want to enrich IIMs by the ability of assessing its own competence. So, first,
we have to define what competence of an IIM means. Opposite to the approach of
refutable learning (cf. [15]), where competence is defined with respect to complete
representations, we define it based on initial segments.

Let M be an IIM and ID be any identification type.
Let τ ∈ [R] and σ ∈ Repr(R). τ is said to be acceptable if τ ∈ [ID(M)],

inacceptable otherwise. σ is acceptable iff σ ∈ Repr(ID(M)). σ is inacceptable
if it has an initial segment which is inacceptable. The reader should note that
by this definition some sequences may neither be acceptable nor inacceptable.

A reflection R for M with respect to ID is a total-computable function
Repr(R) → {0, 1} that satisfies the following constraints:
1. On every acceptable sequence σ, R converges to 1, i.e. limn R(σn) = 1.
2. On every inacceptable sequence σ, R converges to 0, i.e. limn R(σn) = 0.
R works optimistically, if, for any τ ∈ [R], R(τ) = 0 implies that τ is inac-
ceptable. R works pessimistically, if, for any τ ∈ [R], R(τ) = 1 implies that τ is
acceptable. Finally, R is exact, if it both works optimistically and pessimistically.

If a reflection outputs 0 for some input τ , we say thatR rejects τ . Analogously,
R agrees with τ if it outputs 1.

Reflective IIMs are pairs of an ordinary IIM and a corresponding reflection.
1 We call any hypothesis M(τ) with d(τ) a final hypothesis.
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Definition 3. Let C ⊆ R, M ∈ P be an IIM, R ∈ R be a reflection, and ID be
an identification type.
C ⊆ ID-Refl(M,R) iff C ⊆ ID(M) and R is a reflection for M with respect to
ID.
C ⊆ ID-oRefl(M,R) [C ⊆ ID-pRefl(M,R), C ⊆ ID-eRefl(M,R)] iff C ⊆ ID(M)
and R is an optimistic [pessimistic, exact] reflection for M with respect to ID.

As usual, ID-Refl is the set of all classes C for which there are an IIM M
and a corresponding reflection R with C ⊆ ID-Refl(M,R). For any λ ∈ {o, p, e},
ID-λRefl is defined analogously.

The relations between these four reflection types which hold by definition are
as follows.

Fig. 1. The basic relations between the reflective identification types

Moreover, for any identification type ID we know ID-Refl ⊆ ID.
Depending on the underlying identification type, each of the above inclusions

may be proper or not. So, as first question, we are interested in the actual
instances of these relations for the learning types introduced.

In general, we are interested in the hierarchy of reflective identification types
as well as their relation to the standard models.

4 Results

Now, we are ready to investigate reflective learning from arbitrary input se-
quences.

The results achieved are summarized in figure 2. Here, a line (or a path)
between two identification types depicts that the lower one is a proper2 subset
of the upper one. If there is no connection, they are incomparable2.

Before going into the investigations of the single identification types, it is
useful to have the following lemma, which should be obvious.

Lemma 1.
Let ID1, ID2 ∈ {LIM a, CONSa, R-CONSa, T-CONSa, FIN a} with ID1 ⊆

ID2. Then, we it holds ID1-λRefl ⊆ ID2-λRefl for all λ ∈ {e, p, o, ε}.
2 The exact relationship between R-CONSa-oRefl and R-CONSa-Refl as well
as CONSa-oRefl and R-CONSa-Refl is still open until now, we just know
R-CONSa-oRefl ⊆ R-CONSa-Refl and CONSa-oRefl \ R-CONSa-Refl �= ∅.
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1 : LIM a-Refl = LIM a-oRefl = LIM a-pRefl = LIM a-eRefl

2 : T-CONSa = T-CONSa-Refl = T-CONSa-oRefl =
T-CONSa-pRefl = T-CONSa-eRefl = R-CONSa-pRefl =
R-CONSa-eRefl = CONSa-pRefl = CONSa-eRefl

Fig. 2. The relation of the reflective and standard identification types

4.1 Learning in the Limit

Jantke [7] already proved LIM a-oRefl = LIM a-eRefl . In fact, he showed
LIM a-oRefl = IC(LIM a), where we call IC(ID) the initially complete core
of an identification type ID. For any ID ⊆ ℘(R), IC(ID) is the largest subset
of ID such that every class contained in it is initially complete. The technique
used in [7] can easily be adapted to show LIM a-Refl ⊆ IC(LIM a). Hence, we
arrive at LIM a-λRefl = IC(LIM a), for all λ ∈ {e, p, o, ε}.
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Furthermore, it is well-known that any class, which is initially complete and
which contains the class Cs = {f ∈ R | ϕf(0) = f} of self-referencing functions
can not be identified in the limit. On the other hand, Cs can clearly be identified
finitely, hence we have:

Theorem 2 FIN a \ LIM a-Refl �= ∅.
Since on the other hand there exists initially complete classes, which can not

be learned consistently (cf. [19,21]), we also know:

Corollary 1.

Reflective learning in the limit is orthogonal to all the standard identification
types below LIM a.

Theorem 3 For all λ ∈ {e, p, o, ε},
1. LIM a-λRefl # CONSa.
2. LIM a-λRefl # R-CONSa.
3. LIM a-λRefl # FIN a.
4. CONSa-λRefl ⊂ LIM a-λRefl.

Proof. By theorem 2, we know FIN a \ LIM a-Refl �= ∅.
Consider the following class introduced in [19]: C = {f ∈ R | ∃n ∈

IN : f(n) > 1, ϕf(n) = f, ∀m > n : f(m) < 1}. It is well-known that
C ∈ LIM a \ CONSa holds. Since C is initially complete, C ∈ LIM a-λRefl holds
as well. Together with theorem 1 and lemma 1 this yields the theorem. ✷

4.2 Consistent Learning

Next, we investigate the initially complete cores of the different types of consis-
tent learning: If constrained to initially complete classes, all types coincide.

Theorem 4 IC(T-CONSa) = IC(R-CONSa) = IC(CONSa) = T-CONSa.

Proof. Clearly, an IIM that consistently learns an initially complete class, is
consistent on any input segment. Hence, IC(CONSa) ⊆ T-CONSa holds.

On the other hand, T-CONSa is closed under finite union (cf. [1,21]). Since
the class Cffs of all functions of finite support is clearly T-CONSa-identifiable,
for every class C ∈ T-CONSa there exists a superclass C ′ in T-CONSa, namely
C ∪ Cffs . Hence, T-CONSa ⊆ IC(T-CONSa), and the theorem follows. ✷

This directly yields that all types of reflective T-CONSa-learning coincide.
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Corollary 2.

Since T-CONSa and FIN a are incomparable, theorem 2 yields the following
insights.

Corollary 3. For all λ ∈ {e, p, o, ε},
1. CONSa-λRefl # FIN a.
2. R-CONSa-λRefl # FIN a.
3. T-CONSa-λRefl # FIN a.
4. FIN a-λRefl ⊂ T-CONSa-λRefl.

For R-CONSa and T-CONSa-learning, the initially complete core exactly
describes the exact and pessimistic reflective learnable classes.

Theorem 5
1. R-CONSa-pRefl = R-CONSa-eRefl = IC(R-CONSa).
2. CONSa-pRefl = CONSa-eRefl = IC(CONSa).

Proof. By theorem 4, it suffices to prove CONSa-pRefl ⊆ IC(CONSa).
Let C ⊆ CONSa-pRefl(M,R). Then, an IIM M ′ that consistently identifies

an initially complete superclass of C can work as follows.
On input τ , determine R(τ). If R(τ) = 1, determine M ’s hypothesis h on

input τ and output h. Otherwise, i.e. if R(τ) = 0, output a fixed program for the
function fτ . Here, fτ denotes the ‘smallest’ function of finite support consistent
with τ , i.e. fτ (x) = y for any (x, y) ∈ τ+ and fτ (x) = 0, otherwise.

It is not hard to see that M ′ works as required, i.e. C ⊆ CONSa(M ′) and
CONSa(M ′) ∈ IC(CONSa) hold. We omit the details. ✷

We next investigate optimistic reflection.

Theorem 6
1. R-CONSa-oRefl \ T-CONSa �= ∅.
2. CONSa-oRefl \ R-CONSa �= ∅.
Proof. The proof idea is similar to the one usually used for diagonalization of
consistent IIMs (cf. [21], e.g.). First, we define two function classes Cg and Ch as
follows. Let i, j ∈ IN . Start with Stage 0.

Stage 0: Set τ = (0, i)(1, j) and x = 2. Define gi,j(0) = hi,j(0) = i and gi,j(1) =
hi,j(1) = j. Goto Stage 1.

Stage n > 0: Determine a = ϕi(τ), b = ϕi(τ � (x, 1)), and c = ϕi(τ � (x, 2)).
Set k = 〈φi(τ), φi(τ � (x, 1)), φi(τ � (x, 2))〉. Set yg and yh according to the
following cases:
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– If a �= b, set yg = 1 and yh = 1.
– If a = b and a �= c, set yg = 2 and yh = 2.
– If a = b = c, set yg = 1 and yh = 2.

Define gi,j(x) = yg, hi,j(x) = yh, and gi,j(x + 1) = hi,j(x + 1) = k. Set
τ = τ � (x, yg)(x+ 1, k), x = x+ 2, and goto Stage n+ 1.

We now let Cg and Ch be the sets of all functions gi,j and hi,j , respectively, which
are defined everywhere, i.e. Cg = {gi,j | i, j ∈ IN, gi,j ∈ R} and Ch = {hi,j |
i, j ∈ IN, hi,j ∈ R} . Obviously, Cg as well as Ch is not empty.

By construction, it holds Cg /∈ T-CONSa as well as Cg ∪ Ch /∈ R-CONSa (see
[21], e.g., for a discussion of this technique).

On the other hand, both classes can be optimistically reflected. This is due
to the fact that gi,j ’s as well as hi,j ’s value for every odd input x > 2 carries
complexity information which, together with the knowledge about the results for
the inputs 0, . . . , x− 2, is sufficient to verify the output for x− 1. The reflection
simply agrees with an input segment τ as long as consistency of τ with the
corresponding gi,j resp. hi,j has not been disproved.

CONSa-identification of Cg ∪ Ch as well as R-CONSa-identification of Cg is
trivial. The corresponding IIMs M1 and M2 may work as follows.

Let τ be any representation segment. Until i and j can be determined from τ ,
both machines output temporary hypotheses. When knowing i and j, M1 tests
consistency of gi,j with τ . If this consistency test does not terminate, also M1
does not. If gi,j is consistent with τ , M1 outputs a program for gi,j , otherwise a
program for hi,j .

M2 always hypothesizes gi,j .
Clearly, Cg∪Ch = CONSa(M1) and Cg = R-CONSa(M2). Since Cg∪Ch as well

as Cg can be optimistically reflected, we have Cg ∈ R-CONSa-oRefl \ T-CONSa

as well as Cg ∪ Ch ∈ CONSa-oRefl \ R-CONSa. ✷

This allows for the following conclusions.

Corollary 4.
1. R-CONSa-oRefl ⊂ CONSa-oRefl.
2. R-CONSa-Refl ⊂ CONSa-Refl.
3. CONSa-oRefl # R-CONSa.
4. CONSa-Refl # R-CONSa.

Finally, we can also prove a separation between optimistic CONSa reflection
and reflection in the limit.

Theorem 7 CONSa-Refl \ CONSa-oRefl �= ∅.
Proof. We show this by diagonalizing against all potential optimistic computable
reflections. Let (αn)n∈IN be a computable enumeration of [Ri,j ]c, where Ri,j =
{f ∈ R | f(0) = i, f(1) = j}. For any i, j ∈ IN , a function ri,j is defined as
follows.

Search for the least n such that ϕj(αn) = 0. If this computation does not
terminate, ri,j is undefined everywhere. If the least n with ϕj(αn) = 0 has been
found, we define ri,j(x) = y for all (x, y) ∈ α+

n and ri,j(x) = 0 otherwise.
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Again, we set Cr = {ri,j | i, j ∈ IN, ri,j ∈ R}.
An IIM that CONSa-identifies exactly Cg ∪ Cr can be defined analogously to

M1 in the previous proof.
Clearly, Cr can be pessimistically reflected by simulating the search for αn.

Since the class Cg ∪ Cr is discrete, Cg ∪ Cr can be reflected in the limit. Hence,
we have Cg ∪ Cr ∈ CONSa-Refl .

By construction, Cg ∪ Cr /∈ CONSa-oRefl . This can be seen by assuming the
contrary, let Cg ∪ Cr ∈ CONSa-oRefl(M,R). Let i and j be such that ϕi = M
and ϕj = R. Now, we distinguish two cases. First, if ri,j ∈ R holds, one directly
sees that R does not work optimistically since it rejects an acceptable segment,
namely αn which is used to define ri,j .

Therefore, we now assume that ri,j is undefined for some input. Since R ∈ R,
this implies R(τ) = 1, for any τ ∈ [Ri,j ]c. However, since then every τ ∈ [Ri,j ]c

is acceptable, M is defined on every τ ∈ [Ri,j ]c, which in turn implies gi,j ∈ R
and hi,j ∈ R. However, by construction of gi,j and hi,j , M cannot consistently
identify both functions. Thus, at least one of its canonical initial segments is not
acceptable, which violates our assumption on R.

Hence, Cg ∪ Cr can not be optimistically reflected wrt. a consistent IIM. ✷

Finally, by putting all these insights together, the structure of reflective
CONSa- and R-CONSa-identification is as follows, where the properness of
R-CONSa-oRefl ⊆ R-CONSa-Refl is still open.

Corollary 5.

Corollary 6.

4.3 Finite Learning

It is well-known that there does not exist any finitely learnable initially complete
class. So, IC(FIN a) = ∅. But clearly, there exist function classes in FIN a-eRefl ,
hence IC(FIN a) ⊂ FIN a-eRefl . Nevertheless, the requirement that a class can
both be finitely identified and pessimistically reflected is very strong.
Theorem 8 FIN a-pRefl ⊆ NUM.
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Proof. Let C ∈ FIN a-pRefl(M,R) and let (αn)n∈IN be a computable enumera-
tion of [R]c. A mechanism g enumerating C can be defined as follows. Let n ∈ IN .

First, on input n, compute R(αn). If R(αn) = 1, then compute M(αn) and
d(αn) (which has to be defined if R(αn) = 1). If d(αn) = 1, then output M(αn).
In all other cases, output some default value.

The correctness of this construction should be obvious. ✷

By the last proof, one is tempted to guess FIN a-pRefl ⊆ NUM! . However, this
is not the case since NUM! is not closed under subsets, whereas this is the case
for FIN a-pRefl .

For optimistic reflection, the learnable classes become much more powerful.
Theorem 9 FIN a-oRefl \ T-CONSa �= ∅.
Proof. In fact, the IIM M2 defined in the proof of Theorem 6 finitely identifies
Cg. Since Cg /∈ T-CONSa, we are done. ✷

For all the identification types ID considered until now, always ID-pRefl ⊆
ID-oRefl holds. For finite learning, this is no longer the case. The construction
from [4] can be adapted to arbitrary information sequences yielding the following
result.
Theorem 10 FIN a-pRefl \ FIN a-oRefl �= ∅.
Proof. The construction from [4] also applies to arbitrary representation order.
We prove the theorem by reducing the halting problem. We define Cc = {f ∈
R | i = f(0), ϕi(i)↓, card{x ∈ IN | f(x) > 0} = φi(i)}. Cc ∈ FIN a-pRefl
obviously holds. On input τ , a reflection may simply determine i = f(0) as well
as k = card{(x, y) ∈ τ+ | y > 0}. Only if φi(i) = k holds, it agrees with τ .

Now, assume to the contrary that Cc ∈ FIN a-oRefl(M,R). Then, R can be
used to decide the halting problem as follows: Let i ∈ IN . Search for a τ ∈ Ri

with R(τ) = 0. (Since R is an optimistic reflection of M and since M finitely
identifies Cc, such a τ must exist.) Now determine k = card{(x, y) ∈ τ+ | y > 0}.
If φi(i) ≤ k, set χK(i) = 1, otherwise set χK(i) = 0. ✷

Standard techniques can be applied to show the following relations.

Theorem 11 For all λ ∈ {e, p, o, ε}, λ1 ∈ {e, p}, and λ2 ∈ {o, ε},
1. FIN a-λRefl # NUM!.
2. FIN a-λ1Refl ⊂ NUM.
3. FIN a-λ2Refl # NUM.
4. FIN a-λ2Refl # T-CONSa.

Finally, the complete picture regarding reflective finite learning is as follows.

Corollary 7.
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4.4 Closedness Properties

Next, we study whether the reflective identification types are closed under union.
It is not hard to verify the following propositions, most of them directly follow

from the characterizations we achieved above.

Theorem 12 Let λ ∈ {e, p, o, ε}, λ1 ∈ {e, p}, and λ2 ∈ {o, ε}.
1. LIM a-λRefl is not closed under finite union.
2. T-CONSa-λRefl is closed under recursively enumerable union.
3a. CONSa-λ1Refl and R-CONSa-λ1Refl are closed under recursively enumer-
able union.
3b. CONSa-λ2Refl and R-CONSa-λ2Refl are not closed under finite union.
4. FIN a-λRefl is not closed under finite union.

4.5 Influence of Information Order

Originally, learning of recursive functions has been considered from canonical
representations, only. For any of the identification types IDa defined above, we
let ID denote the resulting identification type where we require the conditions
of the definitions 1 and 2 for canonical representations, only.

The next theorem summarizes the known relations from the literature.

Theorem 13 [8]
1. LIM a = LIM .
2. CONSa ⊂ CONS .
3. R-CONSa ⊂ R-CONS .
4. FIN a = FIN .

For total-consistent learning, the relation was still open.

Theorem 14 T-CONSa ⊂ T-CONS .

Proof. T-CONSa ⊆ T-CONS holds by definition. We use a diagonalization tech-
nique to prove T-CONS \ T-CONSa �= ∅. Let i ∈ IN . We now define a function
ti in stages as follows. Start with Stage 0.

Stage 0: Set τ = (0, i), x = 1 and define ti(0) = i. Goto Stage 1.
Stage k > 0: Search for the least c ∈ IN and the least l ≤ c such that the

following conditions are fulfilled: (1) φi(τ) ≤ c, (2) φi(τ ′) ≤ c, and (3)
ϕi(τ ′) �= ϕi(τ), where τ ′ = τ � (x+ 1, l).
If such c and l has been found, we define ti(x) = c as well as ti(x + 1) = l
and set τ = τ � (x+ 1, l)(x, c). Set x = x+ 2 and goto Stage k + 1.

We now let Ct be the set of all functions ti which are defined everywhere, i.e.
Ct = {ti | i ∈ IN, ti ∈ R}. Obviously, Ct is not empty.

First, we see that that Ct ∈ T-CONS . This is due to the fact that [Ct]c is
recursive, i.e. for every initial segment τ of the canonical representation of any
f ∈ R it is decidable whether τ is consistent with some function ti ∈ Ct. For this,
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we can exploit the fact that ti’s value for every odd input x carries complexity
information which, together with the knowledge about ti(0), . . . , ti(x − 1), is
sufficient to verify ti’s outputs for x+ 1 as well as for x.

Second, assume Ct ⊆ T-CONSa(M) for some M ∈ R. Select i with ϕi = M .
Now, first, assume ti /∈ Ct. This implies that some stage, say k, in ti’s def-

inition is never left. Let τ be the segment used in Stage k. Then, we know
M(τ � (2k, 0)) = M(τ � (2k, 1)). Hence, at least one of both hypotheses is incon-
sistent which contradicts our assumption on M .

Therefore, ti ∈ Ct holds. On the other hand, by construction, M
changes infinitely often its hypothesis on a representation of ti, namely on
(0, ti(0)),(2, ti(2)) (1, ti(1)),(4, ti(4))(3, ti(3)), . . . Hence, M cannot identify ti,
and we finally arrive at Ct ∈ T-CONS \ T-CONSa. ✷

Theorem 15 Select ID ∈ {LIM , CONS , R-CONS , T-CONS , FIN } and λ ∈
{e, p, o, ε}. Let ◦ be the relation in the corresponding cell (i.e. ◦ ∈ {=,⊂}):

LIM CONS R-CONS T-CONS FIN
ε = ⊂ =
o = ⊂ =
p = ⊂ ⊂ ⊂ =
e = ⊂ ⊂ ⊂

Then, IDa-λRefl ◦ ID-λRefl holds.

Proof. Having theorems 13 and 14 in mind, for ID ∈ {LIM , CONS , R-CONS ,
T-CONS } the relations are direct consequences from the former results.

For finite IIMs, the proof is a little more involved. First, it is easy to see that
any IIM M finitely learning from canonical representations can be transformed
into an IIMM ′ which identifies exactly the same class, i.e. FIN (M) = FIN a(M ′)
holds.

Hence, it suffices to show that any reflection of some type λ working on
canonical input sequences can be transformed into a λ-reflection for arbitrary
input sequences.

In the following, we need some notation. Let τ ∈ [R]. By τ c we denote the
longest initial segment of a canonical representation which is contained in τ .

First, we consider optimistic reflection. So, let M be a finite IIM with predi-
cate d and let R be an optimistic reflection for M . Furthermore, let M ′ (and its
predicate d′) be such that FIN (M) = FIN a(M ′). Then, we define a reflection
R′ as follows. On input τ , determine τ c and R(τ c). Output R(τ c).

It is obvious that R′ is an optimistic reflection which works on arbitrary
input sequences, hence FIN a-oRefl(M,R) = FIN-oRefl(M ′, R′) holds.

Analogously, FIN a-Refl = FIN-Refl can be verified.
For proving FIN a-pRefl = FIN-pRefl , let M be a finite IIM with predicate

d and let R be a pessimistic reflection for M . Let M ′ be as above. Then, the
following reflectionR′ obviously pessimistically reflects FIN a(M ′) from arbitrary
input sequences: On input τ , determine τ c and R(τ c). If R(τ c) = 0 output 0.
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Otherwise, i.e. if R(τ c) = 1, determine M(τ c) and d(τ c). If d(τ c) = 0, output
0. Otherwise, test whether or not M(τ c) is consistent with τ . In case M(τ c) is
consistent with τ , output 1, otherwise output 0. ✷
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Abstract. Let Ex denote the explanatory model of learning [3,5]. Var-
ious more restrictive models have been studied in the literature, an ex-
ample is finite identification [5]. The topic of the present paper are the
natural variants (a) and (b) below of the classical question whether a
given learning criteria is more restrictive than Ex-learning. (a) Does ev-
ery infinite Ex-identifiable class have an infinite subclass which can be
identified according to a given restrictive criterion? (b) If an infinite Ex-
identifiable class S has an infinite finitely identifiable subclass, does it
necessarily follow that some appropriate learner Ex-identifies S as well
as finitely identifies an infinite subclass of S? These questions are also
treated in the context of ordinal mind change bounds.

1 Introduction

Gold [5] introduced a model of learning computable functions, where a learner
receives increasing amounts of data about an unknown function and outputs a
sequence of hypotheses. The learner has learned or identified the function, if it
converges to a single explanation, i.e. a program, for the function at hand. This
concept of explanatory or Ex-learning has been widely studied [3,5,7,9].

An explanatory learner is often not aware of the fact whether it has already
learned the function f or whether the current hypothesis is a preliminary one
which must be revised later. It is well-known that, for various restrictive learning
criteria, there is a class S which is explanatorily learnable but cannot be learned
according to the more restrictive learning type. One might ask, whether there
are at least sufficiently large subclasses U of S with better learnability proper-
ties. For example, one could impose that the learner on functions from U follows
the criterion of finite learning [5] and never replaces any hypothesis. That is, the
learner knows after outputting the first hypothesis that either the hypothesis
is correct or the data is from a function f /∈ U . So the learner is aware of the
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fact when learning is completed — this is not possible in the general setting of
explanatory learning.

A well-behaved learner only outputs hypotheses which are extended by total
functions from the class to be learned. Furthermore such a learner is consistent
whenever it outputs a hypothesis. Theorem 2.5 states that there is an infinite
well-behaved learnable class which has only finite intersections with recursively
enumerable classes of total functions. On the other hand, every recursively enu-
merable class of total functions has a well-behaved learner and by Theorem 3.1
there is such a class without any infinite finitely learnable subclass. Confidently
learnable classes generalize finitely learnable classes and Theorem 3.1 provides
even an example of an infinite recursively enumerable class of total functions
which does not have an infinite intersection with any confidently learnable class.

Sublearning deals with questions like the following: Is there a learner M
which explanatorily learns a class S and – at the same time – finitely learns an
infinite subclass U? In Theorem 4.1 it is shown that there is an explanatorily
learnable class S which has an infinite finitely learnable subclass but which does
not have a sublearner.

Ordinal counters are used to introduce a hierarchy of mind changes within
the concept of confident learning. It turns out that ordinals which are a power
of ω, in the way defined in Remark 1.4, play a special role in this theory. The-
orem 3.6 states that for a recursive ordinal α = ωγ , with γ ≥ 1, the following
holds: There is an infinite class, which has a learner using αmind changes, but no
infinite subclass of this class can be learned by a learner using β mind changes,
for β < α. For other recursive ordinals α ≥ 2 such a class does not exist. The
case α = 1 = ω0 is omitted as it is too sensitive to the definition of ordinal
counters: if one would count hypotheses instead of mind changes and define that
exactly the empty class can be learned with 0 hypotheses, then one could omit
the condition “α ≥ 2” in Theorem 3.6. Theorem 4.4 is the version of Theorem 3.6
in the context of sublearning.

Notation 1.1. Recursion theoretic notation mainly follows the books of
Odifreddi [9] and Soare [12]. Let IN = {0, 1, . . .} be the set of natural numbers.
For any set A ⊆ IN, A∗ is the set of finite strings over A and A∞ the set of total
functions from IN to A (viewed as infinite strings). Furthermore, sets are often
identified with their characteristic functions, so we may write A(n) = 1 for n ∈ A
and A(n) = 0 for n ∈ A. For a function f , f [n] denotes the string f(0)f(1)f(2) . . .
f(n−1). λ denotes the empty sequence. στ denotes the concatenation of strings
σ and τ . σam denotes the function coinciding with σ on the domain of σ, taking
the value a on the next m inputs and being undefined after that in the case
of m < ∞; σa∞ is total. Strings are viewed upon as partial functions; σ ⊆ ψ
denotes that ψ extends σ as a partial function. σ ⊂ τ denotes that τ extends
σ properly. Let ϕ be a standard acceptable numbering, and ϕe denote the e-th
partial recursive function in this numbering.

Definition 1.2 (Explanatory Learning and Mind Changes). A learner is a
total recursive function mapping finite sequences of natural numbers to IN∪{?}.
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An output of M is called hypothesis if it is different from ?. Hypotheses are
viewed upon as indices for partial recursive functions according to our underlying
acceptable numbering ϕ.

A learner M Ex-learns (= Ex-identifies) [5] a recursive function f if the
limit e = limn→∞M(f [n]) exists, is different from ? and is a code for f , that
is, ϕe = f . In this respect, we say that M converges on f to e, iff for all but
finitely many n, M(f [n]) = e. We say that M Ex-identifies a class S of recursive
functions if and only if M Ex-identifies each function in the class. Ex denotes
the family of classes that are learnable by a recursive Ex learner. “Ex” stands
for “explanatory learning”.

Note that the symbol ? stands for the case that the learner cannot make
up its mind about what hypothesis to output. The concept of Ex-learning itself
does not need this special symbol but additional requirements like bounds on
the number of mind changes below will make use of ? in order to avoid mind
changes caused by the lack of data which shows up later. Here we say that a
learner M makes a mind change on f at n, if there is an m < n such that
M(f [n]) 
= M(f [k]) for k = m,m+1, . . . , n− 1 and M(f [n]),M(f [m]) are both
different from ?. A class of recursive functions S is in Exm, if there is a recursive
learner that Ex-learns every f ∈ S by making at most m mind changes on f [3].
Ex0-learning without any mind changes is also called finite learning.

Definition 1.3 (Further Learning Criteria). A learner M , learning a class
S, is said to be consistent [1], if for all f ∈ S, for all n, ϕM(f [n]) is an extension of
f [n]. A learner M is said to be globally consistent [13], if for all strings σ ∈ IN∗,
ϕM(σ) is an extension of σ, even if σ is not extended by any f ∈ S.

M is reliable [2,8] iff, for all total f , M Ex-identifies f whenever M converges
on f to some index. A learner M is prudent [11] if it Ex-identifies ϕi, for each i
in its range. In particular, all hypotheses output by a prudent learner are indices
of total functions. A learner M is said to be an exact learner for S, if it identifies
all functions in S, and no other function [11]. A learner M is said to be confident
[11] if it converges on every total function, even the non-recursive functions.

Remark 1.4 (Ordinals). Let <0, <1, . . . be an enumeration of all recursively
enumerable partial orders. If an ordering <e is a well-ordering, it is called a
notation for ordinals. The natural numbers equipped with <e are isomorphic
to an initial segment of the class of all countable ordinals and one can identify
every number x with that ordinal α for which {y : y <e x} and {β : β < α} are
order-isomorphic sets.

Cantor introduced a non-commutative addition + on the ordinals which is
invertible: if α ≤ β, there is a γ such that α+γ = β. This difference γ is denoted
as β−α. Halmos [6, Section 21] gives an overview on ordinal arithmetic. If <e is
a notation for ordinals having a representative x for α, then there is a notation
<e′ such that whenever y represents an ordinal α + β with respect to <e then
y represents the ordinal β with respect to <e′ . The ordering <e′ is constructed
by shifting the part of the ordering strictly below x to the top so that <e′ still
is a well-ordering and x represents 0:
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y <e′ z ⇔ (x ≤e y <e z) ∨ (y <e z <e x) ∨ (z <e x ≤e y)

where x ≤e y stands for x = y ∨ x <e y.
Furthermore, Cantor introduced the formal powers of ω, the first infinite

ordinal. Cantor showed that one can represent every non-null ordinal by a finite
sum

α = a1ω
α1 + a2ω

α2 + . . .+ anω
αn

where 0 ≤ αn < . . . < α2 < α1 as ordinals and a1, a2, . . . , an are non-null natural
numbers [10, page 280].

This representation permits to look upon the ordinals as a semimodule over
the semiring of the natural numbers with pointwise operations ⊕,�,⊗. Given
ordinal α and natural number c, one can define c ⊗ α as follows. If c = 0 or
α = 0 then c ⊗ α is just 0. Otherwise α has the unique representation a1ωα1 +
a2ω

α2 +. . .+anω
αn and one defines c⊗α = (a1c)ωα1 +(a2c)ωα2 +. . .+(anc)ωαn .

Similarly, one can define the pointwise addition α⊕ β which is different from +
as it is commutative but has the minimum compatibility α ⊕ 1 = α + 1. Note
that α � β, the pointwise subtraction, can be undefined even in the case that
β < α: for example, ω � 1 is undefined.

Definition 1.5 [4]. A class S is Exα-identifiable for a recursive ordinal α iff
there is an Ex-learner M and a notation for ordinals <e permitting to represent
α and a total recursive function ord mapping IN∗ to IN such that the following
hold.

(a) M Ex-identifies every f ∈ S.
(b) ord(λ) = α.
(c) For all total f and m,n such that m < n, ord(f [n]) ≤e ord(f [m]).
(d) For all f ∈ S and m,n such that m < n and M(f [n]),M(f [m]) are different

hypotheses, ord(f [n]) <e ord(f [m]).

Remark 1.6. Freivalds and Smith postulated that (d) holds also for all func-
tion f /∈ S. The resulting concept is the same, but in the present paper the
restrictions to functions in S will be necessary for studying simultaneous learn-
ers. For example, we will consider the case where a learner M simultaneously
Ex-identifies R and Exα-identifies some S ⊆ R. As this class R might not be
Exα-identifiable itself, the existence of such a simultaneous learner is only pos-
sible in a setting where condition (d) is defined as above.

Note that for some α ≥ ω and some classes S ∈ Exα, one must carefully
choose the adequate notation for ordinals in order to construct a recursive Exα-
learner using this notation. If the notation is chosen inadequately, the corre-
sponding learner cannot be recursive.

2 Well-Behaved Learners

This section introduces the notion of well-behaved learners, which combines the
properties of exact, prudent and globally consistent learners.
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Definition 2.1. A learner M is well-behaved for S iff

(a) M Ex-identifies S;
(b) Whenever M outputs a hypothesis e (a hypothesis is by definition not the

symbol ?) then there is a function f ∈ S which extends ϕe;
(c) On every input σ, M(σ) is either the symbol ? or a hypothesis e such that
ϕe extends σ.

Furthermore, a learner M is almost well-behaved if M satisfies (a) and (b). M
is globally consistent if M satisfies (a) and (c).

Note that condition (c) is equivalent to the notion of consistency as defined
by Jain, Royer, Osherson and Sharma [7] – the notable difference is that these
authors do not permit the case that M(σ) = ?. One can repair this problem
without destructing the Ex-learnability of S by considering a modified learner
outputting the same hypothesis asM ifM(σ) 
=? and outputting any hypothesis
for σ0∞ if M(σ) = ?. The condition (b) is a variant of the notion prudence as
given by Osherson, Stob and Weinstein [11]. The definition implies that a well-
behaved learner is also reliable in the sense that, on every input function f , M
converges to an index e iff f ∈ S. Therefore, M learns only functions in S and
so M is also an exact learner [11].

A class is dense if, for every string σ, there is a function f in the class which
extends σ. Almost well-behaved learners are very powerful as every dense and
Ex-identifiable class has also an almost well-behaved Ex-learner. This relation is
lost in the case of mind change bounds, as the following result shows that only
recursively enumerable classes can have (but may not have) almost well-behaved
Ex0-learners. Note that there are many Ex0-identifiable classes which are not in
Num and in particular not recursively enumerable.

Definition 2.2. A class S of recursive functions is in Num, if some superset S′

of S is a recursively enumerable class of recursive functions.

Proposition 2.3. If an almost well-behaved learner Ex0-identifies S, then S is
recursively enumerable.

Proof. If M is an almost well-behaved Ex0-learner and M outputs on σ a
hypothesis e such that ϕe extends σ, then M learns some f ∈ S extending ϕe

and hence extending σ. As M does not revise the hypothesis on input f , e must
already be an index for f . Thus the equation

S = {ϕe : (∃σ) [M(σ) = e ∧ σ ⊆ ϕe] }
witnesses that S is a recursively enumerable class of total functions.

Proposition 2.4. There is a class R having an almost well-behaved Ex1-learner
but no well-behaved Ex-learner.

Proof. Consider the class R containing all functions f satisfying one of the
following conditions.
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– f = σ0∞ for some σ ∈ {1, 2}∗;
– f = ϕe and f ∈ {1e2} · {1, 2}∞.

Claim 1. There is no well-behaved Ex-learner for R.
For given well-behaved M and number e, construct the following function fe:

fe(x) =
{

1 if x < e or (x > e and M(fe[x]) = M(fe[x]2));
2 if x = e or (x > e and M(fe[x]) 
= M(fe[x]2)).

Assume now that x > e and M(fe[x]) is the hypothesis e′. By condition (c) of
the definition of a well-behaved Ex-learner, there is at most one a ∈ {1, 2} such
that M(fe[x]a) outputs e′. If a = 2, then fe(x) = 1; if a = 1, then fe(x) = 2.
So M(fe[x+ 1]) 
= e′. Thus Me does not converge to a hypothesis on any of the
functions fe. But, by the Fixed-Point Theorem [9, Theorem II.2.10], there is an
e such that fe = ϕe. Since fe ∈ 1e2 · {1, 2}∞, it follows that fe ∈ R and M does
not Ex-learn R. So R does not have a well-behaved learner.

Claim 2. There is an almost well-behaved Ex1-learner N for R.
As long as the input is in {1}∗ the learner N outputs ?. On input σ ∈

{1e2} · {1, 2}∗ the learner N outputs the index e′ given by

ϕe′(x) =
{
ϕe(x) if ϕe(y)↓ ∈ {1, 2} for all y ≤ x;
↑ otherwise.

On input of the form σ0k with σ ∈ {1, 2}∗, the output is a canonical index for
σ0∞. On all other inputs, N outputs ?.

It is easy to verify that N Ex1-identifies R. Furthermore, every function
output by N on input {1, 2}∗ is either a finite function τ ∈ {1, 2}∗ or a total
self-describing and {1, 2}-valued function. In the first case, the extension τ0∞

is in R. In the second case, the function ϕe′ is equal to ϕe, is total and is in R
itself. If the input is of the form σ0k with σ ∈ {1, 2}∗, the hypothesis is also in
R. So N is an almost well-behaved learner for R.

Although almost well-behaved learners are more general than well-behaved ones,
there are also classes which can be learned by a well-behaved learner, but which
are not in Num.

Theorem 2.5. There is an infinite class S, which is Ex-identifiable by a well-
behaved learner, such that intersection of S with any class in Num is finite.

Proof. Let σ0, σ1, . . . be enumeration of all strings. Let Φ0, Φ1, . . . be the step
counting functions associated with ϕ0, ϕ1, . . . such that Φe(x) is the number of
steps needed to compute ϕe(x), if ϕe(x) is defined, and Φe(x) = ∞ otherwise.
Now define for every e the value ae as

ae = min({∞} ∪ {x : Φe(x) = ∞ ∨ (∃y < x) [Φe(x) < Φe(y)] } ).
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The ae’s can be approximated from below; that is, there is a total recursive
mapping e, s → ae,s such that ae,s ≤ ae,s+1 for all e, s and ae = lims ae,s.
Note that one can without loss of generality have that ae,s ≤ s and thus the
approximation never takes the value ∞. Now let

Ψe(x) =
{
σe(x) if x ∈ domain(σe);
max({0} ∪ {Φd(y) : d ≤ e ∧ y < min({1 + x, ad}) } ) otherwise.

We cannot recursively know the values a0, a1, . . . but can only approximate them
in the limit. So we consider the following enumeration of partial functions con-
taining all the Ψe. For each tuple (b0, b1, . . . , be) ∈ (IN ∪ {∞})∗, let

Θ(b0,b1,...,be)(x) =




σe(x) if x ∈ domain(σe);
max(B ∪ {0}) if the following conditions hold:

(i) B = {Φd(y) : d ≤ e ∧ y < min({1 + x, bd}) }
exists and can be completely enumerated,

(ii) ad,x ≤ bd for all d ≤ e,
(iii) Φd(y) ≤ Φd(y + 1),

for all y < min({1 + x, bd}) − 1 and d ≤ e,
(iv) x /∈ domain(σe);

↑ otherwise.

Note that in (i) above, B exists if bd ≤ ad, for all d ≤ e.
On the one hand, one can show that the set

{(b0, b1, . . . , be, x, y) : x < ∞ ∧ y < ∞ ∧Θ(b0,b1,...,be)(x) = y}

is recursive. Therefore, there exists a learner M which consistently learns the
class of all total Θ(b0,b1,...,be), where M outputs only hypotheses for functions of
the form Θ(b0,b1,...,be). As Θ(b0,b1,...,be) is total iff a0 = b0∧a1 = b1∧. . .∧ae = be, it
follows that the total functions in this list are exactly the functions Ψe and so M
is a consistent learner for S = {Ψ0, Ψ1, . . .}. In particular, M satisfies conditions
(a) and (c) in Definition 2.1 of well-behaved learner.

Furthermore, if some bk 
= ak for k ≤ e, then Θ(b0,b1,...,be) is equal to a finite
string σe′ and the function Ψe′ extends σe′ . As all indices output by M are
indices for functions of form Θ(b0,b1,...,be), one can conclude that condition (b) in
Definition 2.1 of well-behaved learner is also satisfied.

On the other hand, if f0, f1, . . . is a recursive enumeration of total functions,
then the function g given by

g(x) = f0(x) + f1(x) + . . .+ fx(x) + 1

dominates all these functions and there is a total and ascending function Φe

dominating g. It follows that the functions Ψe, Ψe+1, . . . are different from all
functions f0, f1, . . . and so the intersection of S and any class in Num is finite.
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3 Subclasses of Confidently Learnable Classes

Recall from Definition 1.3 that Osherson, Stob and Weinstein [11] defined that
a learner M is confident iff M always comes up with a final hypothesis about
the data seen in the input, that is,

(∀f) (∃e) (∀∞n) [M(f [n]) = e].

So a confident learner converges on every input function, even if this function is
not recursive and therefore cannot be learned at all. Thus, confident learning is a
generalization of learning with mind change bounds. The first result below shows
that some learnable classes do not have infinite confidently learnable subclasses;
the further results deal with the question when Exα-identifiable classes have
infinite Exβ-identifiable subclasses for β < α.

Theorem 3.1. There is an infinite recursively enumerable class GEN such that
intersection of GEN with any confidently learnable class is finite.

Proof. Recall that a 1-generic set G has the property that for every recursive
set U of strings there is a k such that either the string G(0)G(1) . . . G(k) itself is
in U or no extension of G(0)G(1) . . . G(k) is in U . One can choose G such that
G is Turing reducible to K [10, Section XI.2]. Therefore, there is a recursive
enumeration f0, f1, . . . of {0, 1}-valued recursive functions pointwise converging
to (the characteristic function of) the set G. Let GEN = {f0, f1, . . .} for these
functions. As G is not recursive and differs from every function fk, the set GEN
is infinite.

Now consider any class S with a confident learner M . By confidence, M
converges on G. Thus there exists a σ ⊆ G such that M(η) = M(σ) whenever
σ ⊆ η ⊆ G. As G is 1-generic and as G does not contain any string of the
recursive set {η : η ⊇ σ ∧ M(η) 
= M(σ)}, there is a τ with σ ⊆ τ ⊆ G and
M(η) = M(σ) for all η ⊇ τ . Furthermore, using the nonrecursiveness of G,
one may assume that τ is long enough, so that the hypothesis M(σ) does not
compute an extension of τ .

As the functions fk approximate the set G, and τ ⊆ G, almost all fk extend
τ . Thus the set {fk : fk = ϕM(σ)∨τ 
⊆ fk} is finite and also contains all functions
in the intersection of S and {f0, f1, . . .}. Theorem follows.

As all recursively enumerable classes have a well-behaved learner, the following
corollary is immediate.

Corollary 3.2. There is a class R having a well-behaved Ex-learner such that
R ∩ S is finite for every confidently learnable class S.

Theorem 3.3. If an infinite class S has a confident and well-behaved learner,
then S has an infinite recursively enumerable subclass U which is Ex0-identifi-
able.
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Proof. Let M be a confident and well-behaved learner for S such that M(λ)
outputs a hypothesis for the everywhere undefined function. Now consider the
tree T ⊆ IN∗, with root λ, defined as follows. A node σ of T has as successors
all the nodes τ ⊃ σ such that M outputs at τ for the first time a hypothesis
different from M(σ); that is, (i) M(τ) /∈ {M(σ), ?} and (ii) M(η) ∈ {M(σ), ?}
for all η with σ ⊆ η ⊂ τ . An invariant of this construction is that M never
outputs ? on the nodes of T . The tree T is well-founded as M converges on all
functions, that is, the tree does not have infinite branches. By König’s Lemma,
T would be finite if T is finitely branching. As S is infinite and every hypothesis
of M is also in the range of T , T must be infinite. So there is a node σ ∈ T
having infinitely many successors τ0, τ1, . . . and there is a recursive enumeration
producing them. The subclass U is generated from these τk as follows.

The function fk is the limit of strings ηl, where η0 = τk and ηl+1 is the first
string found (in some standard search) such that ηl ⊂ ηl+1 and M(ηl+1) 
=?.

To see that all fk are total, assume by way of contradiction that for some fk,
the process terminates at some ηl. Then it would hold that (∀τ ⊃ ηl) [M(τ) = ?]
and M would not Ex-identify any extension of ηl. However M(ηl), by condition
(c) in Definition 2.1, computes a partial function extending ηl and, by condition
(b), some total extension of ϕM(ηl), which is also a total extension of ηl, is in S.
A contradiction. Thus each fk is total.

The definition of fk ensures that M outputs on fk infinitely often a hypoth-
esis. As M is confident, M converges on fk to a hypothesis e. The consistency
condition (c) from Definition 2.1 implies that ϕe extends infinitely many σ ⊆ fk

and so ϕe = fk. As ϕe is total, ϕe ∈ S and thus {f0, f1, . . .} ⊆ S.
An Ex0-learner for {f0, f1, . . .} can be built as follows: on input σ, the learner

outputs a hypothesis ek for fk whenever τk ⊆ σ ⊆ fk for some k. Otherwise the
learner outputs ?.

Freivalds and Smith [4, Theorem 6] showed that classes of step functions like the
below separate the various levels of the hierarchy for learning with an ordinal
bound on the number of mind changes.

Proposition 3.4 [4]. For every ordinal α represented by an element y0 with
respect to a suitable notation <e of ordinals, define the class DECα,e to be the set
of all decreasing functions f : IN → IN with f(0) = y0 and (∀x) [f(x+1) ≤e f(x)].
Then DECα,e is Exα-identifiable, but not Exβ-identifiable for any β < α.

Proof. DECα,e contains only functions which are decreasing with respect to
a well-ordering. So they can properly decrease only finitely often and are thus
eventually constant. So the class DECα,e consists of recursive functions which
is a precondition for being learnable.

DECα,e has an Exα-learner M defined as follows. On input λ, M(λ) = ? and
the ordinal is initialized as y0. On input y0y1 . . . yn with y0 ≥e y1 ≥e . . . ≥e yn

let m be the minimal number with ym = yn. Then M outputs the canonical
index for y0y1 . . . ym(ym)∞ and the value of the ordinal counter is ym, that is,
the counter is counted down iff m = n > 0. On all other inputs, M outputs ?
and does not change its ordinal counter.
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Now we show that there is no Exβ-learner for DECα,e as follows. Suppose
by way of contradiction that there exists such a learner N with ordinal counter
ord using some notation <e′ . Define that y <′ z if the ordinal represented by y
with respect to <e is below that represented by z with respect to <e′ , similarly
define y =′ z and y ≤′ z.

We construct a counterexample f to N being an Exβ-learner for DECα,e. In
this construction, we use that without loss of generality, N updates its ordinal
only if necessary, that is, N outputs a new hypothesis on some f ∈ DECα,e and
there had already been a previous hypothesis. We now define the diagonalizing
f inductively and start with f(0) = y0. Assume that f [x] is defined and x > 0.
If there is a b such that

(i) For every y, z such that y < z ≤ x and N(f [y]), N(f [z]) are neither equal
nor ?, ord(f [z]) <e′ ord(f [y]);

(ii) b =′ ord(f [x]) and b <e f(x− 1);
(iii) ϕN(f [x]) extends f [x] but does not extend (f [x])b;

then let f(x) = b else let f(x) = f(x− 1).
It is easy to see that the resulting function f is total and in DECα,e. Now

we look at the behaviour of N on f assuming that N satisfies (i) on f .
Note the following invariant of the above construction: ordinal represented

by ord(f [x]) (in <e′ notation) is not greater than the ordinal represented by
f(x) (in <e notation).

Let y be the first number with f(z) = f(y) for all z > y and x be the first
number with N(f [x]) being the final hypothesis of N . Let b be the number with
b =′ ord(f [x]).

If y = 0 then N(f [x]) is not a hypothesis for the function (y0)∞ since other-
wise (i), (ii) and (iii) would be satisfied as y0 >′ ord(f [x]).

If y > 0 and x ≤ y then N(f [x]) = N(f [y]) and ϕN(f [x]) does not extend
f [y + 1], so N does not learn f .

If x > y > 0 then ord(f [x]) <e′ ord(f [y]). It follows, using invariant stated
above, that b <e f(x). As f(x) 
= b, (iii) must be violated and whenever ϕN(f [x])
extends f [x], it also extends f [x]b and is thus different from f .

This case-distinction is complete and in all cases, N does not Exβ-learn f .
Thus N is not Exβ-learnable.

Freivalds and Smith [4, Theorem 10] showed that
⋃

α Exα is closed under union,
where the number of mind changes needed to show the closure can go up. If one
does not require the new learner to be recursive, one can get very tight bounds.
Recall the definitions of ⊕ and ⊗ from Remark 1.4.

Fact 3.5 [4]. If S1 is Exα-identifiable and S2 is Exβ-identifiable then S1 ∪ S2
has a not necessarily recursive Exα⊕β⊕1-learner. In particular, if S1, S2, . . . , Sn

are Exα-identifiable then S1 ∪ S2 ∪ . . . ∪ Sn has a not necessarily recursive
Ex(n⊗α)⊕(n�1)-learner.

Theorem 3.6. Let α ≥ 2 be a recursive ordinal. If α = ωγ for some γ
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Then there is an infinite Exα-identifiable class Sα such that for every β < α,
Sα does not have an infinite Exβ-identifiable subclass,

Else there is a β < α such that every infinite Exα-identifiable class S has an
infinite Exβ-identifiable subclass.

Proof. Then-Case. Let e be such that <e is a notation for ordinals having a
representative for α. Now one constructs Sα ⊆ DECα,e as follows.

Let M1,M2, . . . be a (not necessarily recursive) list of all recursive learners
equipped with an ordinal mind change counter. Let βk be the initial value of
the ordinal counter of Mk. If βk < α then let Sk be the set of all functions
Exβk

-learned by Mk and if βk ≥ α then let Sk = ∅. Without loss of generality,
β0 = 1. As α = ωγ , the expression (k ⊕ 1) ⊗ max({βl : l ≤ k ∧ βl < α}) ⊕ k is
again strictly below α. So it follows from Fact 3.5 that there is a not necessarily
recursive learner Nk which Exδ-identifies Rk = S0 ∪S1 ∪ . . .∪Sk for some δ < α.
The negative part of Proposition 3.4 does not use the fact that the Exβ-learner
is recursive. So it follows that there is a function fk ∈ DECα,e which is not
Exδ-learned by Nk and thus fk /∈ S0 ∪ S1 ∪ . . . ∪ Sk. Now let Sα = {f0, f1, . . .}
for these functions fk.

As Sα ⊆ DECα,e it follows that Sα is clearly Exα-identifiable. On the other
hand, every Exβ-identifiable class with β < α has an Exβ-learner Mk. Thus
every Exβ-identifiable class with β < α is contained in some Sk. It follows from
the construction that Mk can Exβ-identify only functions fl with l < k. Thus
Sα has no infinite Exβ-identifiable subclass. This completes the first part of the
proof.

Else-Case. The ordinal α can be represented as c ωγ +δ for some ordinal γ with
c > 0 and ωγ > δ. If δ = 0 then let β = (c− 1)ωγ else let β = cωγ . Note that in
both possible definitions it holds that β < α ≤ β + β as the first one implicitly
requires c > 1 by α 
= ωγ . Let M be an Exα-learner for a given class S and ord
be its ordinal counter. Let U be the set of all f ∈ S such that ord(f [x]) ≥ β for
all x. Now consider the following two subcases.

Subcase U finite. We define the following Exβ-learner N for the whole class S,
and the associated ordinal counter ord′ as follows:

If ord(σ) is at least β, then ord′(σ) = β. If exactly one function in U is
consistent with the input σ, then N outputs an index for this function. Otherwise
N outputs ?.

If ord(σ) is below β, then ord′(σ) = ord(σ), and N(σ) = M(σ).
It is easy to see that N Exβ-identifies all the functions in U , as well as all

the functions in S on which the ordinal counter of M eventually goes below β.
Thus M Exβ-identifies the whole class S.

Subcase U infinite. One takes the same learner M but adjusts the mind
change counter to the following ord′. Let x be the representative of β with
respect to <e and let <e′ be such that whenever y represents β + ε with respect
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to <e then y represents ε with respect to <e′ . Now the new ordinal counter does
the following.

If ord(σ) ≥e x then ord(σ) represents some ordinal β+ ε with respect to <e.
Now ord′(σ) = ord(σ) and represents the ordinal ε with respect to <e′ .

Otherwise ord(σ) <e x and the data is from a function not in U . Then let
ord′(σ) = x and note that x represents 0 with respect to <e′ .

As a consequence, M is an Exβ-learner for the infinite class U using that ord′

starts with an ordinal less or equal β with respect to the notation <e′ and that
the Ex-learning capabilities are the same. As long as the data is from functions
in U , each mind change is accompanied by counting down the ordinal.

This completes the proof for the second (Else) part of the theorem.

Note that, in the above Theorem, in Then case, one cannot have that Sα has a
well-behaved Exα-learner (as, by Theorem 3.3, Sα would then have an infinite
Ex0-identifiable subclass).

4 Sublearners

The main question considered in this section is the following: Given an Ex-
identifiable class S satisfying some additional constraints, is there an infinite
subclass U and an Ex-learner M for S such that M Exβ-identifies U? One
additional constraint is that S has an infinite Ex0-identifiable subclass. As con-
fidently learnable classes are Exα-identifiable for some α, Theorem 3.1 has been
adapted into this section as follows. There is a class S = GEN ∪ {g0, g1, . . .},
where GEN is from Theorem 3.1, such that {g0, g1, . . .} is Ex0-identifiable, S is
Ex-identifiable and no Ex-learner M for S is at the same time an Exα-learner
for an infinite subclass of S.

Theorem 4.1. There exists an infinite class S such that

(a) S is Ex-identifiable;
(b) S contains an infinite Ex0-identifiable subclass;
(c) For any learner M which Ex-identifies S, for any α, M does not Exα-
identify an infinite subset of S.

Proof. Let G and f0, f1, . . . be as in the proof of Theorem 3.1. Furthermore,
let gk = fk(0)fk(1) . . . fk(k)2∞, that is, gk coincides with fk on 0, 1, . . . , k and
takes the constant 2 from then on. Let S = {f0, g0, f1, g1, f2, g2, . . .}. The class
of all gk is an infinite subclass of {0, 1}∗ · {2}∞ which is clearly Ex0-identifiable.
Now consider any Ex-learner M for S equipped with an ordinal counter. As M
learns all functions fk, it follows from the proof of Theorem 3.1 that M makes
on the characteristic function of G infinitely many mind changes. Thus there is
a number l such that M has made a mind change on the input G(0)G(1) . . . G(l)
without counting down the ordinal. As almost all functions fk and gk extend
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the string G(0)G(1) . . . G(l), M can Exα-identify only finitely many functions
in S.

Theorem 4.2. For every infinite class S having a confident and well-behaved
learner M , there is a class U and a learner N such that

– U ⊆ S and U is infinite and U is recursively enumerable;
– N is an Ex1-learner for U ;
– N is a confident and well-behaved learner for S.

Proof. This is a generalization of the proof of Theorem 3.3. In the proof of
Theorem 3.3, we defined strings σ and τ0, τ1, . . . and functions f0, f1, . . . ∈ S
with the following properties.

(i) The τk’s are recursively enumerable and pairwise incomparable.
(ii) For any k, σ ⊆ τk and M(τk) /∈ {M(σ), ?}. Furthermore, for all k and all η

with σ ⊂ η ⊂ τk, M(η) ∈ {M(σ), ?}.
(iii) For all k, fk extends τk and belongs to S. Furthermore, there is a program
pk for fk which can be obtained effectively from k.

(iv) For all τ , if σ ⊆ τ and M(τ) /∈ {M(σ), ?}, then there exists a k such that
τk ⊆ τ .

We now define our learner N as follows.

N(τ) =




?, if τ ⊆ σ;
pk, for the unique k with τk ⊆ τ ⊆ fk, if there is such a k;
M(τ), otherwise.

We argue that the second clause above can be recursively decided. Note that the
τk are the places after σ where M outputs its first hypothesis not in {M(σ), ?}.
Also the τk and fk have both an effective enumeration. Thus, we can determine
effectively from τ , whether there exists a k (and find such a k if it exists) such
that τk ⊆ τ , and then use this k to check whether the data seen so far is consistent
with fk. It is now easy to verify that N Ex1-identifies each fk — N only outputs
M(σ) and then pk on fk; it is easy to assign the corresponding ordinal counter
to N . Furthermore, if the input is incomparable to any fk, then N follows M .
Thus, N inherits the property of being a well-behaved and confident learner for
S from M .

Note that in the above theorem, we are not able to achieve Ex0 instead of Ex1,
as shown by the following theorem.

Theorem 4.3. There exists a class S, such that

– some well behaved learner Ex1-identifies S;
– no learner which Ex-identifies S, can Ex0-identify an infinite subset of S.
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Proof. Let S = {f : f(x) 
= 0 for at most one x}. It is easy to verify that S can
be Ex1-identified by a well-behaved learner. On the other hand, any Ex-learner
for S has to identify 0∞ and can thus Ex0-identify only finitely many functions
in S. The theorem follows.

Theorem 4.4. Let α ≥ 2 be a recursive ordinal. If α = ωγ for some γ, then
there is a class Rα satisfying

(a) Rα is infinite and Exα-identifiable;
(b) Rα has an Ex0-identifiable infinite subclass;
(c) if M Ex-identifies Rα, then for every β < α, M does not Exβ-identify an
infinite subset of Rα.

If α is not of the form ωγ , there is no class satisfying all three conditions (a),
(b), (c).

Proof. Assume that α = ωγ for some γ. The construction of Rα to satisfy (a),
(b) and (c) is parallel to the construction in Theorem 3.6.

Rα is defined as the union of two sets {f0, f1, . . .} and {g0, g1, . . .} where
the functions fk are exactly as in Theorem 3.6. For each function fk, there is a
number ak such that, whenever some Ml with l ≤ k makes a mind change on
fk without counting down the ordinal, then this happens for the first time at
some place before fk[ak]. Without loss of generality suppose 0 also represents
the ordinal 0. The function gk is taken to be f [ak + 1]0∞.

(a): Rα is clearly infinite. As Rα ⊆ DECα,e for some e, Rα is Exα-identifiable.
(b): The class {g0, g1, . . .} is Ex0-identifiable as a learner can wait for the first

0 to show up in the input function gk, and then knows the whole function as
every 0 is followed by only 0 thereafter (for functions in the class Rα).

(c): Consider any β < α and any Exβ-learner. Such a learner is equal to some
Mk with βk ≤ β < α. SupposeMk Ex-identifies the whole class Rα, and consider
l ≥ k. The learner Mk Ex-identifies, but does not Exβk

-identify, fl. Therefore,
the counter of Mk is not counted down at some mind change occurring before it
sees fl[al]. As a consequence, Mk also does not Exβ-identify gl. Therefore, Mk

can Exβ-identify only finitely many functions in Rα, namely only some of those
fl and gl, with l < k. This completes the first part of the proof.

If α 
= ωγ for all γ, then there is an ordinal β < α such that the corresponding
part of the proof of Theorem 3.6 shows the following. One can construct from a
given Exα-learner for a given infinite class S a further Ex-learner for S which at
the same time is an Exβ-learner for an infinite subclass of S — if the construction
goes according to the first subcase, that subclass is the original class S, if the
construction goes according to the second subcase, the learner is not modified
but only the ordinal counter. So one cannot satisfy (a) and (c) simultaneously
for any class.

Remark 4.5. The negative results made use of the fact that the subclass has to
be infinite. Indeed, dropping this constraint destroys all negative results. Given
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any finite subclass U ⊆ S and any Ex-learner M for S, one can transform M
into an Ex-learner N for S, such that N is also an Ex0-learner for U : There is a
number n such that M has converged on every f ∈ U to the final index for f by
the time it has seen f [n]. In particular, M(f [m + 1]) = M(f [m]) for all m ≥ n
and f ∈ U . The new learner N given by

N(σ) =
{

? if |σ| < n;
M(σ) if |σ| ≥ n;

has the desired properties: N Ex-identifies the same functions as M but on the
functions f ∈ U , N only outputs the symbol ? before outputting the correct
hypothesis M(f [n]).
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Abstract. The central topic of the paper is the learnability of the re-
cursively enumerable subspaces of V∞/V , where V∞ is the standard re-
cursive vector space over the rationals with countably infinite dimension,
and V is a given recursively enumerable subspace of V∞. It is shown that
certain types of vector spaces can be characterized in terms of learn-
ability properties: V∞/V is behaviourally correct learnable from text iff
V is finitely dimensional, V∞/V is behaviourally correct learnable from
switching type of information iff V is finite-dimensional, 0-thin, or 1-thin.
On the other hand, learnability from an informant does not correspond
to similar algebraic properties of a given space. There are 0-thin spaces
W1 and W2 such that W1 is not explanatorily learnable from informant
and the infinite product (W1)∞ is not behaviourally correct learnable,
while W2 and the infinite product (W2)∞ are both explanatorily learn-
able from informant.

1 Introduction

A central theme in inductive inference is the relation between learning from all
data, that is, learning from informant, and learning from positive data only, that
is, learning from text. Learning from text is much more restrictive than learning
from informant, as shown by Gold [7]. Gold proved that the collection consist-
ing of an infinite set together with all of its finite subsets can be learned from
informant, but not from text. Sharma [23] showed that combining learning from
informant with a restrictive convergence requirement, namely, that the first hy-
pothesis is already the correct one, implies learnability from text, provided that
the usual convergence requirement is applied and the hypothesis may be changed
finitely often before converging to the correct one.

Hence it is natural to investigate what reasonable notions might exist be-
tween these two extremes. Using nonrecursive oracles as additional tools cannot
completely close the gap. Even the most powerful oracles do not permit learning
all sets [9], while the oracle K, the halting set, does for learning from informant.
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Restrictions on texts reduce their nonregularity and allow them to provide fur-
ther information implicitly [21,26]. Texts can be strengthened by permitting
additional queries [13] to retrieve information not contained in standard texts.
Ascending texts allow the learner to reconstruct complete negative information
in the case of infinite sets, but might fail to do so in the case of finite sets. Thus,
the class consisting of an infinite set together with all of its finite subsets remains
unlearnable even for learning from ascending text.

Motoki [16] and later Baliga, Case and Jain [3] added to the positive infor-
mation on the language L to be learned some, but not all, negative information
They considered two ways of supplying negative data: (a) there is a finite set of
negative information S ⊆ L such that the learner always succeeds in learning
the set L from input S plus a text for L; (b) there is a finite set S ⊆ L such that
the learner always succeeds in learning the set L from a text for L plus a text for
a set H, disjoint from L and containing S, that is, satisfying S ⊆ H ⊆ L. Since
in case (a) one can learn all recursively enumerable sets by a single learner, the
notion (b) is more interesting.

Jain and Stephan [10] treated positive and negative data symmetrically and
defined notions less powerful than the ones in [3] that we discussed. The most
convenient way to introduce these notions is to use the idea of a minimum ad-
equate teacher as, for example, described by Angluin [2]. Among the learning
concepts considered by Jain and Stephan [10], the following one turned out to
be most important. A learner requests positive or negative data items from a
teacher who has, whenever almost all requests are of the same type, to eventually
reveal all information of that type.

In the present work, this type of information is applied to a natural model-
theoretic setting: learning recursively enumerable subspaces of a given recur-
sive vector space. Such a subspace is given as the quotient space of the stan-
dard recursive infinitely dimensional space over the rationals with the de-
pendence algorithm, V∞, and its recursively enumerable subspace V . Alter-
natively, this can be viewed as learning the following class of vector spaces:
L(V ) = {W : V ⊆ W ⊆ V∞ ∧ (W is recursively enumerable)}. This class
forms a filter in the lattice L(V∞) of all recursively enumerable subspaces of V∞.
Stephan and Ventsov [25] have previously shown that, in the case of learning
all ideals of a recursive ring, learnability from text has strong connections to
the algebraic properties of the ring. Here, it also turns out that the two notions
of learnability of the class L(V ), from positive data or from switching type of
information, have corresponding algebraic characterizations. On the other hand,
we show that supplying complete information, that is, learning from informant,
no longer gives such nice algebraic characterizations. The reason is that while
switching type of information provides more learning power than giving posi-
tive information only, it is still much weaker than providing information from
informant.

Note that some of the proofs in this version are omitted due to size constraints.
You can obtain the complete paper as Forschungsberichte Mathematische Logik
55 / 2002, Mathematisches Institut, Universität Heidelberg, Heidelberg, 2002.
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2 Preliminaries

Notions from Recursion Theory. Let lN be the set of natural numbers. Sets
are often identified with their characteristic functions, so we may write X(n) = 1
for n ∈ X and X(n) = 0 for n ∈ X. A subset of lN is recursive if its characteristic
function is recursive. A set of natural numbers is recursively enumerable if it is
the domain of a partial recursive function or, equivalently, the range of a partial
(even total) recursive function. Let ϕ0, ϕ1, ϕ2, . . . be a fixed effective enumeration
of all unary partial recursive functions on lN, where ϕe is computed by the
Turing program with Gödel index (code) e. We write ϕe,s(x) = y if x, y, e < s
and y is the output of ϕe(x) in up to s steps of the Turing program with code
e. For e, s ∈ lN, let We be the domain of ϕe and We,s be the domain of the
finite function ϕe,s. Then W0,W1,W2, . . . is a fixed effective enumeration of all
recursively enumerable subsets of lN. A Turing degree is recursively enumerable
if it contains a recursively enumerable set. Let 〈·, ·〉 be a fixed recursive 1-1
pairing function. We define the set K = {〈e, x〉 : e ∈ lN ∧ x ∈ We}, where
〈e, x〉 is the natural number that codes the pair (e, x). The set K is a version of
the universal halting problem. It is a recursively enumerable and nonrecursive
set. Its Turing degree is 0′. A Turing degree a ≤ 0′ is high if its jump has the
highest possible value, that is a′ = 0′′. A set M ⊆ lN is called maximal if M is
recursively enumerable and its complement M is cohesive. A set M is cohesive
if it is infinite and there is no recursively enumerable set W such that W ∩M
and (lN−W )∩M are both infinite. Every maximal set has a high Turing degree.
Conversely, every recursively enumerable high Turing degree contains a maximal
set. This characterization was established by Martin. For more information, see
[12,22,24].

We consider only countable algebraic structures and computable first-order
languages. A countable structure for a computable language is recursive if its
domain is recursive and its operations and relations are uniformly recursive. An
example of a recursive structure is the field (Q,+, ·) of rational numbers.

Notions from Algebra. Let (F,+, ·) be a fixed recursive field. Then (V∞,+, ·)
is a computable ℵ0-dimensional vector space over (F,+, ·), consisting of all
finitely nonzero infinite sequences of elements of F , under pointwise operations.
Metakides and Nerode [14] showed that the study of recursive and other algo-
rithmic vector spaces can be reduced to the study of V∞ and its subspaces. A
standard (default) basis for V∞ is {ε0, ε1, . . .}, where εi is the infinite sequence
with the i-th term 1 and all other terms 0. Having a recursive basis is equivalent
to having a recursively enumerable basis, or to the existence of a dependence
algorithm. A dependence algorithm decides whether any finite subset of vectors
is linearly dependent. If B is a basis and v a vector, then the support of v with
respect to B is defined to be the least subset of B whose linear closure (span)
contains v.

Every vector in V∞ can be identified with its Gödel code, so the set V∞ can
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be identified with lN. A subspace V of V∞ is recursive (recursively enumerable,
respectively) if its domain is a recursive (recursively enumerable, respectively)
subset of the set V∞. In that case, we also say that the quotient space V∞/V
is recursive (recursively enumerable, respectively). Let W0,W1, . . . be an effec-
tive enumeration of all recursively enumerable subsets of V∞. For every e, let
Ve be the vector space generated by We, that is, the linear closure of We. Then
V0, V1, . . . is an effective enumeration of all recursively enumerable subspaces of
V∞. The set of all recursively enumerable vector subspaces of V∞ is denoted by
L(V∞). The class L(V∞), together with the operations of intersection and the
direct sums of vector spaces, forms a modular nondistributive lattice. Let V be
a fixed recursively enumerable subspace of V∞. By L(V ) we denote the lattice of
all recursively enumerable spaces W such that V ⊆ W ⊆ V∞. These spaces can
be viewed as representatives of the corresponding classes of recursively enumer-
able subspaces of V∞/V . For more information see [19]. In the next two sections
we assume that the field (F,+, ·) is infinite. Without loss of generality, we can
assume that it is (Q,+, ·).

Vector spaces are special cases of the so-called closure systems or matroids.
A matroid consists of a set X equipped with a closure operator Φ, which satisfies
certain axioms. In the case of vector spaces, the closure operator is the linear
closure of vector spaces. The full axiomatization of matroids will be given in
Section 5.

Notions from Learning Theory. The main setting in inductive inference is
that a learner receives more and more data on an object to be learned, and out-
puts a sequence of hypotheses that converges to the description of the object. In
general, learning can be viewed as a dialogue between a teacher and a learner,
where the learner must succeed in learning, provided the teacher satisfies a cer-
tain protocol. The formalization has two aspects: convergence behaviour and
teacher constraints.

Definition 2.1 [7,10]. A class L of subsets of V∞ is learnable according to the
criteria specified below iff there is a (total) recursive M , which alternately re-
quests new data items and outputs hypotheses, and which learns every W ∈ L,
whenever the corresponding teacher meets the following requirements.

– All models of learning have in common that the learner makes infinitely
many requests that are always either of type 0 (requesting negative data) or
of type 1 (requesting positive data). The teacher answers to each request of
type y, either by giving a pause symbol or a data item x such thatW (x) = y.

– Learning from Text: The learner requests only information of type 1, and
the teacher provides eventually all x with W (x) = 1.

– Learning from Negative Text: The learner requests only information of type
0, and the teacher provides eventually all x with W (x) = 0.

– Learning from Switching Type of Information: Whenever the learner almost
always requests information of the same type y, the teacher eventually gives
all x with W (x) = y.
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– Learning from Informant: The learner alternately requests information of
type 0 and type 1, and the teacher eventually provides every x ∈ V∞ after
some request of the type W (x).

The hypotheses output by the learner are indices in the enumeration of recur-
sively enumerable subspaces of V∞. Following the above protocol of the dialogue
with the teacher, the learner M has to converge in one of the models below,
where e0, e1, . . . is the infinite sequences of hypotheses output by M during the
learning dialogue.

– Explanatory Learning: For almost every n, en is the same hypothesis e, which
is the index of an enumeration of W .

– Behaviourally Correct Learning: For almost every n, the hypothesis en is the
index of an enumeration of W , although these indices are permitted to be
different (syntactically).

Txt, Sw, and Inf stand for the protocols of learning from text, switching type
of information, and informant, respectively. Ex and BC stand for explanatorily
and behaviourally correct learning. For example, L is SwBC-learnable iff there
is a recursive M which for every W ∈ L and every teacher for W , respecting the
constraints for the dialogue with the learner, outputs almost always a hypothesis
for W .

Jain and Stephan [10] introduced three main notions for switching protocols.
Among these three notions, the one denoted by NewSw in [10] turned out to
be most appropriate to model switching types of information. Since the other
notions are not considered here, NewSwEx and NewSwBC are just denoted
by SwEx and SwBC, respectively.

Theorem 2.2. Assume that there is W ∈ L such that for every finite set D,
there are U,U ′ ∈ L such that U ⊂ W ⊂ U ′ and D∩U = D∩W = D∩U ′. Then
L cannot be SwBC-learned.

Proof. Let M be a given SwBC-learner and let ≤ be the ordering induced by
some fixed recursive 1-1 enumeration of V∞, that is, x ≤ y iff x is enumerated be-
fore y or x = y. Then there is a teacher who knowsM and might be nonrecursive
doing the following.

– If the current hypothesis of M is correct and there is a finite sequence of
answers of some length k, a sequence x1, x2, . . . , xk, corresponding to requests
y1, y2, . . . , yk of M , such that after the hypothesis of M is incorrect, the
teacher gives x1 from one of the shortest such sequences.

– If the current hypothesis is incorrect and y is the request, then output the
least x, with respect to the ordering ≤, such that x has not yet appeared in
any output and W (x) = y.

– In the remaining case, all future answers to requests consistent withW result
in hypotheses for W . One considers the following two subcases.
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– If U and U ′ have already been chosen, then take the least x, with respect to
the ordering ≤, which has not yet appeared in the data given by the teacher,
and which satisfies x ∈ U in the case of a request of type 1, and x /∈ U ′ in
the case of a request of type 0. If such x does not exist or U,U ′ have not
been chosen, then give the pause symbol #.

– Otherwise, one chooses U,U ′ and gives to the learner the symbol #. Let D
be the set of examples given to the learner so far. Now, one just chooses U,U ′

according to the condition in the statement of the Theorem: U ⊂ W ⊂ U ′

and D ∩ U = D ∩W = D ∩ U ′.

For the verification, assume thatM infinitely often conjectures a false hypothesis.
Then the second case applies infinitely often and the teacher gives either all
elements or all nonelements of W to the corresponding requests. Otherwise, the
learner ends up in the third case and eventually chooses U and U ′ such that
U ⊂ W ⊂ U ′. If infinitely often a data item of type 1 is required, then M sees
all elements of U and some nonelements of U ′. If infinitely often a data item of
type 0 is required, then M sees all nonelements of U ′ and some elements of U .
In the first case, M is expected to learn U , in the second case, M is expected
to learn U ′. However, by choice, M in both cases almost always conjectures the
set W , and hence M does not learn L from switching type of information. Note
that this proof holds for both criteria, SwEx and SwBC.

This condition also implies SwBC-nonlearnability with respect to general learn-
ers, which are not required to be recursive. The reason is that the proof does not
use the fact that M is recursive, and, thus, also works for nonrecursive learners.

3 Learnability and Types of Quotient Spaces

For the criteria of learning from text and learning from switching type of infor-
mation, it is possible to characterize learnability in terms of algebraic properties
of the recursively enumerable subspaces of the quotient space V∞/V .

Theorem 3.1. The following statements are equivalent for any recursively enu-
merable subspace V ⊆ V∞.

(a) The dimension of V∞/V is finite.
(b) The class L(V ) is TxtEx-learnable.
(c) The class L(V ) is TxtBC-learnable.
(d) The class L(V ) is SwEx-learnable.

Proof. (a) ⇒ (b): Since the dimension of V∞/V is finite, there is an algorithm
that can check for every finite set D ⊂ V∞ and every vector x, whether x is in
the linear closure of V ∪D. As a consequence, the following learner is recursive.
– Initially set D = ∅.
– The current hypothesis of M is always the linear closure of V ∪ D, the
hypothesis changes iff a new element is put into D.
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– Whenever the teacher provides a data item x, M checks whether x is in the
linear closure of V ∪D.

– If yes, M does not change D and, therefore, keeps the current hypothesis.
– Otherwise, M updates D to D ∪ {x} and then also updates its hypothesis.

Since the dimension of V∞/V is finite, every space in L(V ) is generated by
V ∪D for some finite set D. It is easy to verify that the algorithm finds this D
in the limit. Furthermore,M makes a mind change iff the hypothesis is properly
increased. Thus, M does not make more mind changes than the dimension of
V∞/V , and so the algorithm converges.

(b) ⇒ (c) and (d): This follows directly from the definition.

(c) ⇒ (a): Assume V �= V∞. Let v0, v1, . . . be a recursive enumeration of V∞
and Un be the vector space generated by V ∪ {v0, v1, . . . , vn}. Clearly, V∞ is the
ascending union of all spaces Un. If follows from the basic results on learning
from text [7], that the class can only be learned if this ascending chain is finite,
that is, there is m with Un = Um for all m ≥ n. It follows that V∞ = Um and
the dimension of V∞/V is at most m+ 1, and hence finite.

(d)⇒ (a): Below, the construction from Theorem 2.2 is adapted to show that V is
recursive. Thus, if V∞/V is recursive, one can find a recursive basis {w0, w1, . . .}
of a vector space U with U ∩ V = {0}. Let W be the linear closure of V ∪ {wx :
x ∈ K}. The space W is not recursive, and one could now use the argument
below to show that L(W ) and, hence, also L(V ) are not SwEx-learnable.

Thus, let V be a nonrecursive, but recursively enumerable subspace of V∞.
Let M be a given recursive learner and let ≤ be the ordering defined on V∞ as
in Theorem 2.2. There is a teacher who knows M and who does the following.

– If the current hypothesis ofM is old and there is a finite sequence x1, x2, . . . ,
xk of answers, corresponding to requests y1, y2, . . . , yk of M , such that M
changes its hypothesis, then the teacher gives x1 from the shortest such
sequence.

– If the current hypothesis is new, then the teacher returns on a request of a
datum of type y, the least x, with respect to ≤, such that x has not yet been
given to the learner and V (x) = y.

If the protocol continues, then the learning process goes infinitely often through
both cases. It follows that the learner has made infinitely many hypotheses, and
that the teacher has either given all elements of V on requests of type 1, or all
elements of V on requests of type 0. Thus, the learner is given the required infor-
mation on V , without converging syntactically. Hence, M does not SwEx-learn
L(V ), and so this case need not be considered.

Therefore, there is a situation without further mind changes when data con-
sistent with V are fed continuously. One can assume that the current hypothesis
is a hypothesis for V , since, otherwise, M would not learn V . Now, there are
two cases.
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– In every situation the learner can find itself, one can give some elements of V
such that later a data item of type 0 is requested. This permits the teacher to
take some recursively enumerable superspace W of V , and at every request
for a datum of type 0, to feed into the learner the least x /∈ W that the
learner had not seen so far. Then the learner does not identify the space W ,
although it has seen an infinite data sequence for this space.

– Otherwise, one can feed into M finitely many data consistent with V , such
that M never later requests data of type 0. Let D be the set of data of type
0 seen so far. Now, one can enumerate V as follows: x /∈ V iff one can either
continue to feed M with data from the linear closure of V ∪ {x} until a
mind change occurs, or data of type 0 is requested, or some element of D is
enumerated into the linear closure of V ∪{x}. This contradicts the fact that
V is nonrecursive.

This completes the proof that if the dimension of V∞/V is infinite, then L(V )
is not SwEx-learnable.

Metakides and Nerode [14] defined a (recursively enumerable) space V ∈ L(V∞)
to be maximal if the dimension of V∞/V is infinite and for every recursively
enumerable space W such that V ⊆ W ⊆ V∞, we have that either V∞/W
is finitely dimensional or W/V is finitely dimensional. Metakides and Nerode
used Friedberg’s e-state method to construct a maximal space. Shore (see [14])
established that every maximal subset of a recursive basis of V∞ generates a
maximal subspace of V∞.

Kalantari and Retzlaff [11] defined a space V ∈ L(V∞) to be supermaximal
if the dimension of V∞/V is infinite and for every recursively enumerable space
W ⊇ V , either W = V∞ or W/V is finitely dimensional. Let k ≥ 0 be a natural
number. Kalantari and Retzlaff [11] further introduced the concept of a k-thin
space, and showed its existence. A space V ∈ L(V∞) is k-thin if the dimension of
V∞/V is infinite and for every recursively enumerable subspace W ⊇ V , either
the dimension of V∞/V is ≤ k or the dimension of W/V is finite, and there
exists U ∈ L(V∞) such that U ⊇ V and the dimension of V∞/U is k. Hence
supermaximal spaces are also called 0-thin.

Hird [8] introduced a concept of a strongly supermaximal space. A space
V ∈ L(V∞) is strongly supermaximal if the dimension of V∞/V is infinite and for
every recursively enumerable subsetX ⊆ V∞−V , there exists a finite subsetD ⊆
V∞ such that the set X is contained in the linear closure of V ∪D. Hird showed
that strongly supermaximal spaces exist. He also established that every strongly
supermaximal space is supermaximal, and that not every supermaximal space is
strongly supermaximal. Downey and Hird [4] showed that strongly supermaximal
spaces exist in every nonzero recursively enumerable Turing degree.

Theorem 3.2. The class L(V ) is SwBC-learnable iff either V∞/V is finite di-
mensional or V is 0-thin or 1-thin.

Proof. First assume that V∞/V has infinite dimension, and that V is neither
0-thin nor 1-thin. Then there is a recursively enumerable space W such that
V ⊂ W ⊂ V∞, the quotient space W/V has infinite dimension, and V∞/W has
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dimension at least 2. In particular, there are vectors x1, x2 /∈ W that are linearly
independent over W . Now, for every finite set D of vectors, one can choose a
positive integer n such that none of the vectors in D−W is in the linear closure
of W ∪ {x1 + nx2}. Furthermore, the linear closure of V ∪ (W ∩ D) has finite
dimension over V , and thus is different fromW . So the condition in Theorem 2.2
is satisfied, and hence L(V ) is not SwBC-learnable.

To prove the converse, we have to consider only the cases of 0-thin and 1-thin
spaces, since Theorem 3.1 deals with the case when the dimension of V∞/V is
finite. In these two cases, there is a minimal spaceW such that V ⊆ W andW/V
is infinitely dimensional. Furthermore, if V is 0-thin, we have thatW = V∞. If V
is 1-thin, we have thatW ⊂ V∞ and there is no other such recursively enumerable
vector space U with the quotient space U/V having infinite dimension. This
property allows us to give the following learning algorithm.

– The learner M requests examples of type 0 until one of them is enumerated
into W . The hypothesis is V∞ while no example of type 0 (except pause
signs) has shown up, and W otherwise.

– If some example of type 0 has shown up so far, then M requests examples
of type 1 and the current hypothesis is the linear closure of V ∪E, where E
is the set of all examples of type 1 seen so far.

In the cases of V∞ andW , the learner requests only information of type 0. If none
is supplied, the hypothesis V∞ is correct, if some examples are given, but they
are all outside W , then the hypothesis W is correct. Otherwise, the vector space
to be learned is the linear closure of V ∪D, for some finite set D. As that space
cannot cover W , an example of type 0 and inside W shows up and causes that,
from that time on,M only requests data of type 1. So the teacher has eventually
to reveal all elements of the linear closure of V ∪D and, from some time on, D
is contained in the set E of current examples used in the hypothesis.

4 Learning Vector Spaces from Informant

The two notions of learning from informant do not seem to have similar algebraic
characterizations. In the case of 0-thin vector spaces, the class L(V ) consists
just of V∞ and the vector spaces that are the linear closures of V together with
finitely many other vectors. Nevertheless, it depends on the actual choice of V
whether the class L(V ) is InfEx-learnable. Furthermore, the infinite product of
0-thin spaces (as formalized in Definition 4.3) can be InfEx-learnable, as well
as nonlearnable. Unfortunately, due to size limitations, this section had to be
shortened and we just state its major results.

Theorem 4.1. There is a recursively enumerable vector space V such that K,
the complement of the halting problem, is uniformly enumerable relative to every
recursively enumerable vector space W with V ⊆ W ⊂ V∞. In particular, L(V )
is InfEx-learnable.
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Theorem 4.2. There is a strongly supermaximal (and hence 0-thin) vector space
V such that the class L(V ) is not InfEx-learnable.
Definition 4.3. For i ∈ lN, let li be the linear mapping defined by li(εj) = ε〈i,j〉
for every j ∈ lN. Let Vlp be the linear closure of the union l0(V ) ∪ l1(V ) ∪ . . .
of linear projections and let, as usual, L(Vlp) be the class of all recursively
enumerable superspaces of Vlp.

Theorem 4.4. There is a 0-thin vector space V such that the class L(Vlp) is
InfEx-learnable. On the other hand, there is also a 0-thin vector space W such
that the class L(Wlp) is even not InfBC-learnable.

5 Generalizing the Results

The previous results hold when the vector space V∞ is over any infinite recursive
field F . If V∞ is over a finite recursive field, then one of the results changes,
namely, the characterization of SwBC-learnable classes of superspaces.

Proposition 5.1. Assume that V∞ is over a finite field F . Let V be a recursively
enumerable subspace of V∞.

(a) L(V ) is SwEx-learnable iff V∞/V is finite dimensional.
(b) L(V ) is SwBC-learnable if either V∞/V is finite dimensional or V is k-thin.
(c) L(V ) is not SwBC-learnable if there is a recursively enumerable subspace
W such that V ⊂ W ⊂ V∞ and the quotient spaces V∞/W and W/V both
have infinite dimension.

Proof. Part (a) follows from the proof of Theorem 3.1 since the proof does not
use the fact that V is vector space over an infinite field.

Part (b), in the case when V∞/V is finitely dimensional, is proven using the
same learning algorithm as in the case of an infinite field. So let V be k-thin
and let W ∈ L(V∞) be such that V∞ is the closure of W ∪ {w1, w2, . . . , wk}, for
some w1, w2, . . . , wk ∈ V∞. The set U of linear combinations of w1, w2, . . . , wk is
finite. Now one applies the following learning algorithm.

– As long as no element ofW shows up, the learner asks for negative examples
and considers the set Ũ of those elements of U that have not appeared so far
as negative examples in the data. Then the current hypothesis is the linear
closure of W ∪ Ũ .

– Otherwise, that is, when some element ofW had been returned as a negative
example, the learner starts requesting positive examples and always conjec-
tures the linear closure of W ∪ E, where E is the set of positive examples
seen so far.

The extension of learning L(V ) from the case of a 1-thin space V to an arbitrary
k-thin space V is based on the fact that, due to the finiteness of U , the set Ũ can
be completely determined in the limit. The subspace being learned is generated
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by W ∪ Ũ , unless a negative example belonging to W is found. Besides this fact,
the verification is the same as in the case of a vector space over an infinite field.

Part (c) is proven using Theorem 2.2 and the fact that the dimensions of the
spaces V∞/W and W/V are infinite. Let {v0, v1, . . .} be a linearly independent
set over W , that is, no vi is in the closure of W ∪ {vj : j < i}. Then W is the
lower bound of the linear closures of the sets W ∪ {vk}, k ∈ lN. Moreover, W is
the upper bound of the linear closures of V ∪ {u0, u1, . . . , ui}, where u0, u1, . . .
is an enumeration of W . Both sequences of spaces converge pointwise to W ,
from above and from below, and consist of members of L(V ). Thus, L(V ) is not
SwBC-learnable by Theorem 2.2.

A more general approach to learning recursively enumerable substructures of a
recursive structure with the dependence relations is to consider, instead of V∞,
recursive matroids (see [5,17,18]). A matroid consists of a set X and of a closure
operator Φ that maps the power set of X into itself and satisfies certain axioms
[15]. If we consider recursive infinite matroids, without loss of generality, we can
identify X with lN. The closure operator in matroids corresponds to the linear
closure in vector spaces.

Definition 5.2. We say that an infinite setX and an operator Φ define a recursive
matroid (X,Φ) if Φ maps recursively enumerable subsets of X to recursively
enumerable subsets of X and satisfies the following axioms:

(a) If Y ⊆ Z then Φ(Y ) ⊆ Φ(Z);
(b) We have that Y ⊆ Φ(Y ) and Φ(Φ(Y )) = Φ(Y );
(c) For all x ∈ Φ(Y ), there is a finite subset D ⊆ Y with x ∈ Φ(D);
(d) If Y = Φ(Y ) and x, y /∈ Y and x ∈ Φ(Y ∪ {y}), then y ∈ Φ(Y ∪ {x});
(e) There is a recursive function f with Φ(We) =Wf(e) for all e.

The axiom (e) can sometimes be strengthened by requiring that one can compute
from x and a finite set D, whether x ∈ Φ(D). However, this condition does
not always hold for vector spaces considered here, and we are interested in a
generalization of the classes L(V ) for V ∈ L(V∞). Thus, we adopt only the
weaker version (e). The set Φ(D) generalizes the concept of the linear closure
after adding V to D, and so x ∈ V iff x ∈ Φ(∅). Thus the axiom (e) corresponds
to the case where V is recursively enumerable, while the discussed strengthened
version corresponds to V being decidable. Decidability of V is equivalent to the
existence of a dependence algorithm over V , and implies recursiveness of V as a
set (see [14]).

The axiom (d) given here is omitted by some authors. The following remark
is a consequence of axiom (d) and shows that matroids are sufficiently similar
to vector spaces. In particular, one can for submatroids Y,Z of X with Y ⊆ Z
introduce a dimension of Z over Y . Here, Y is a submatroid of X if Y ⊆ X
and Y = Φ(Y ). As it is understood that the operator on the submatroid is
the restriction of Φ to Y , the operator is omitted from the submatroid and the
submatroid is identified with its domain Y .
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Remark 5.3. Assume that Y,Z are submatroids of a matroid (X,Φ). Further-
more, assume that Y ⊆ Z. One says that Z/Y has dimension n if there is
a set D with n elements, but not one with fewer than n elements, such that
Z = Φ(Y ∪D). The space Z/Y has finite dimension iff there is such a set D of
finite cardinality.

If n > 0, z ∈ Z − Y and Z/Y has dimension n, then Z/(Φ(Y ∪ {z})) has
dimension n − 1. To see this, first note that there is no set E of cardinality
strictly less than n − 1 such that Z = Φ(Y ∪ E ∪ {z}), so the dimension of
Z/(Φ(Y ∪ {z})) is at least n − 1. On the other hand, there is a maximal set
F ⊂ D such that z /∈ Φ(Y ∪ F ). Then d ∈ Φ(Y ∪ F ∪ {z}) for all d ∈ D − F .
It follows that Z = Φ(Y ∪ F ∪ {z}) and the dimension of Z/(Φ(Y ∪ {z})) is at
most the cardinality of F , in particular at most n− 1.

A consequence is that for every submatroid Y , where X/Y has finite di-
mension, and for every set U ⊆ X − Y , there is a finite set D such that
Φ(Y ∪ D) ∩ U = ∅ and Φ(Y ∪ D ∪ U) = X. Note that D is not empty iff
Φ(Y ∪ U) ⊂ X.
In the following proposition, we consider the class L of recursively enumerable
submatroids of a given matroid. Furthermore, general learners which do not have
to be computable are considered. Adleman and Blum [1] proposed to measure
the complexity of such learners in terms of their Turing degrees. Together with
Theorem 2.2, one has that, whenever a general SwEx-learner exists, this learner
can be chosen so that it is computable relative to the halting problem K.
Theorem 5.4. Given a matroid (X,Φ), let L be the class of its recursively
enumerable submatroids. Relative to the halting-problem K, the following con-
ditions are equivalent:

(a) the class L is SwEx-learnable relative to K;
(b) the class L is SwBC-learnable relative to K;
(c) the condition of Theorem 2.2 does not hold.

Proof. The part (a) ⇒ (b) follows directly from the definition, and (b) ⇒ (c)
follows from the proof of Theorem 2.2 since it does not use the property that the
learnerM is recursive. So it also works with general learners which are recursive
in K or even in a more powerful oracle. The part (c) ⇒ (a) is shown using
the following learning algorithm. Here Φ is defined as in the statement of the
theorem, Li = Φ(Wi) is the i-th recursively enumerable submatroid of X, and
Dj is the j-th finite subset of X. Furthermore, there are recursive functions f
and g such that Wf(i) = Φ(Wi) and Wg(j) = Dj . Let Xs consist of the first s
elements of X with respect to some recursive default enumeration.
Algorithm. After having seen s input examples, let P consist of the examples of
type 1 and N be the examples of type 0 seen so far. Find the first triple (i, j,pos)
or (i, j,neg) from an enumeration of all triples such that the triple satisfies the
following condition.

(pos) i = g(j) and Φ(Dj) = Φ(P );
(neg) N ⊆ Li and P ⊆ Li and Xs ⊆ Φ(Li ∪Dj) and Dj ⊆ Φ(Li ∪N).
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Output the index f(i). In the case of (pos), request positive data, otherwise,
request negative data.

Verification. Note that Φ(Dj) = Φ(P ) iff Dj ⊆ Φ(P ) and P ⊆ Φ(Dj). So
the algorithm only checks whether explicitly given finite sets are contained in
some recursively enumerable sets or their complements. Thus the learner is K-
recursive. Since there is a triple (i, j,pos) such that Dj = P and i = g(j), the
search always terminates and the learner is total.

Assume that Y is the submatroid to be learned. If the dimensions of X/Y
and Y/Φ(∅) are both infinite, then the condition of Theorem 2.2 is satisfied since
for every finite set D, there is a finite set E such that Φ(Y ∩D) ⊂ Y ⊂ Φ(Y ∪E)
and D ∩ Φ(Y ∪E) = D ∩ Y . So Y could be approximated from below and from
above by pointwise convergent series of sets different from Y . Since this cannot
happen, at least one of the dimensions X/Y and Y/Φ(∅) is finite.

Assume that the algorithm takes at some stage s the triple (i, j,pos). Then
Li = Φ(Dj) = Φ(P ) and the output is consistent with the input. Since P ⊆ Y ,
one has that Li ⊆ Y . Furthermore, the algorithm will then continue to request
positive data until some example outside Li is seen. This happens eventually iff
Y �= Li.

Assume that the algorithm takes at some stage s the triple (i, j,neg). Then
the algorithm will keep this index until it either becomes clear that X �⊆ Φ(Y ∪
Wj) or a negative example in Y − Li shows up. In the first case, Dj does not
witness that the dimension of X/Y is finite, in the second case, Y �= Li.

To see that the algorithm converges, let N ′ and P ′ be the sets of all negative
and positive examples seen by the learner throughout the overall running time
of the algorithm. If the dimension of Φ(P ′)/Φ(∅) is finite, then there is a triple
(i, j,pos) such that i = g(j) and Φ(Dj) = Φ(P ′). From some time on, enough
data has been seen so that this triple will be used unless some of the finitely many
triples before it is used almost always. Otherwise, the dimension of Φ(P ′)/Φ(∅)
is infinite and the dimension of X/Y is finite. Then the dimension of Y/Φ(∅)
is infinite since P ′ ⊆ Y . It follows that the dimension of X/Y is finite. By
Remark 5.3, there is a finite set E such that N ′ ∩ Φ(Y ∪ E) = ∅ and X =
Φ(Y ∪E∪N ′). There is a triple (i, j,neg) such that Li = Φ(Y ∪E) andDj∩Li = ∅
and X = Φ(Li ∪Dj). Again, this triple will be used almost always unless some
of the finitely many triples before it is used almost always. So it follows that the
algorithm converges to one triple that is used almost always. In the paragraphs
of the verification preceding this one, it has been shown that whenever a triple
is used almost always, then the learner converges to the correct hypothesis.

Each of the SwBC-learnable classes of subspaces required only one switch. First,
the learner observed negative examples. If these examples ruled out a fixed sub-
space W , then the learner switched to positive data, and never again abandoned
this type of data requests. The following examples give some matroids, where
infinitely many switches are required. This situation is more analogous to the
general case, for which Jain and Stephan [10] showed that there is a real hierar-
chy of learnability, depending on the number of switches allowed.

Furthermore, the examples below show that there are classes witnessing both
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extremes. The class in Example 5.5 has a recursive SwEx-learner, while every
SwBC-learner and thus also every SwEx-learner of the class in Example 5.6
needs a K-oracle.

Example 5.5. There is a recursive matroid such that every recursively enumer-
able submatroid is either finite or cofinite. The class of these submatroids can
be SwEx-learned, but not with any bound on the number of switches.

Proof. Let X = lN. Let A be a maximal subset of X [20, Definition III.4.13].
For any given set Y , let

Φ(Y ) = {x : (∃y ∈ Y ) [y = x ∨ (y < x ∧ {y, y + 1, . . . , x− 1} ⊆ A)
∨ (y > x ∧ {x, x+ 1, . . . , y − 1} ⊆ A) ] }.

Clearly, Φ(Y ) is recursively enumerable whenever Y is.
Let a0, a1, . . . be the ascending (and nonrecursive) enumeration of all ele-

ments of A. Let A0 = {0, 1, . . . , a0} and An = {an−1 + 1, an−1 + 2, . . . , an} for
any n > 0. Then Φ(Y ) is the union of all sets An that meet Y . If Y is finite,
so is Φ(Y ). If Y is infinite, then Y meets infinitely many sets An; in particular,
Φ(Y )− A is infinite. If Y is in addition recursively enumerable, then the maxi-
mality of A implies that Φ(Y ) contains almost all numbers an. For these n, the
corresponding sets An are subsets of Φ(Y ). In particular, Φ(Y ) is cofinite. So
whenever Y is recursively enumerable, Φ(Y ) is either finite or cofinite.

Thus, one can SwEx-learn all recursively enumerable submatroids, by SwEx-
learning all finite and cofinite sets, as it is done in [10].

Example 5.6. There is a recursive matroid whose class of all recursively enu-
merable submatroids can be SwBC-learned with the help of an K-oracle but
not with the help of any oracle A �≥T K.
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Abstract. Many connections have been established between learning
and logic, or learning and topology, or logic and topology. Still, the con-
nections are not at the heart of these fields. Each of them is fairly inde-
pendent of the others when attention is restricted to basic notions and
main results. We show that connections can actually be made at a fun-
damental level, and result in a parametrized logic that needs topological
notions for its early developments, and notions from learning theory for
interpretation and applicability.
One of the key properties of first-order logic is that the classical notion of
logical consequence is compact. We generalize the notion of logical con-
sequence, and we generalize compactness to β-weak compactness where
β is an ordinal. The effect is to stratify the set of generalized logical
consequences of a theory into levels, and levels into layers. Deduction
corresponds to the lower layer of the first level above the underlying the-
ory, learning with less than β mind changes to layer β of the first level,
and learning in the limit to the first layer of the second level. Refinements
of Borel-like hierarchies provide the topological tools needed to develop
the framework.

1 Introduction

There is an immediate similarity between the compactness theorem of first-order
logic and finite learning. Indeed, let T be a (possibly infinite) first-order theory
and let ϕ be a first-order formula. If ϕ is a logical consequence of T , then ϕ is a
logical consequence of a finite subset of T , which means that if all members of
T are enumerated then after some finite time, a learner can discover that T |= ϕ
and will not have to change its mind. This simple observation could have initiated
a common destiny for logic and learning, but the story of their developments is
different. Finite learning is hardly considered as learning, and learning theory
thrived over more complex criteria of learnability. On the other hand, classical
first-order logic promoted the view that the compactness theorem significantly
accounts for its successfulness. So the analogy between the compactness theorem
and finite learning seems more like a case for an early divorce than for a natural
union of logic and learning.
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The idea of a logic of induction has had advocates before formal deductive
logic was invented, even if the term ‘logic’ applied to induction could either mean
a framework that closely follows the line of deductive logic—define a syntax, a
semantics and a proof theory—or a framework based on probability theory, hence
quite different in nature from Frege’s creation. In any case, a ‘logic of induction’
is generally opposed to deductive logic: for instance, the former should be based
on nonmonotonic forms of reasoning [13] contrary to the latter. But is there
a natural formal system that would encompass both deduction and induction?
Such a system or paradigm P would be based on a notion of generalized logical
consequence that would not be compact. We would identify the ‘deductive con-
sequences’ (w.r.t. P) of a theory T with the generalized logical consequences of
T that enjoy the compactness property. And we could hope that a weaker form
of compactness would be the hallmark of the ‘inductive consequences’ (w.r.t. P)
of T [16]. As will be seen, this idea can be refined and results in a notion of
‘β-weak compactness’ that has a natural interpretation by the notion of learning
with less than β mind changes [1,6,9,23]. Such a correspondence is appealing,
and not just because the notion of β-weak compactness is formally amazingly
simple. It can also provide characterizations of the syntax of the hypotheses that
can be learned with less than β mind changes, and related to what is known in
topology as the difference hierarchy [10]. This kind of characterization has been
obtained when β is an integer [5], together with other results that relate various
learning paradigms derived from [8] to some topological spaces [12,19,20,22]. For
instance, it has been pointed out that learnability in the limit can be related to
being ∆2 in the Borel hierarchy defined over some topological space [7,22]. We
will reestablish and extend these connections in a more systematic and general
setting (in particular, for an arbitrary set of possible data), where logic, topology
and learning are interrelated.
We proceed as follows. We define the logical notions in Section 2, add the topo-
logical notions in Section 3, and finally the notions from learning theory in
Section 4. We give some of the results that bind the notions together, but space
limitations force us to omit some we would like to present. In particular, effective
versions of our results are not provided: our aim here is to provide the reader
with an overview of the concepts of this framework at a fundamental level. We
conclude in Section 5.

2 A Generalized Logic

2.1 Paradigms

Rather than one logic, our framework defines a parametrized logic, or set of six
parameters, called a paradigm. Classical first-order logic is a particular paradigm,
and some classical learning paradigms are other examples of paradigms. We now
define the six parameters. A vocabulary is a set of predicate symbols and function
symbols (constants are 0-ary function symbols), possibly containing equality.

Notation 1 We denote by S a countable vocabulary.
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All syntactic notions are defined using S. The natural classes of languages to
be dealt with in this framework are (maybe not proper) extensions of first-order
languages, called countable fragments of Lω1ω [14]. We denote by LS

ωω the set of
formulas built from S and a countable set of first-order variables using negation,
disjunction and conjunction of (possibly empty) finite sets of formulas, and quan-
tification. We denote by LS

ω1ω the extension of LS
ωω that accepts conjunctions

and disjunctions of countable sets of formulas. A fragment of LS
ω1ω is a subset L

of LS
ω1ω that extends LS

ωω, all of whose members contain at most finitely many
distinct free variables, and such that L is closed under subformulas, substitution
of free variables by terms, boolean operators, and quantification.

Notation 2 We denote by L a countable fragment of LS
ω1ω.

We refer to the members of L as formulas, to closed formulas as sentences,
and to subsets of L as theories. Given ϕ ∈ L, we represent the negation of
the universal closure of ϕ by ∼ ϕ. The third parameter is a metalanguage. We
identify a member ϕ of LS

ω1ω with the elementary metaformula �ϕ� . The sets
MS

ωω and MS
ω1ω of metaformulas, whose elementary members are respectively

{�ϕ� |ϕ ∈ LS
ωω} and {�ϕ� |ϕ ∈ LS

ω1ω}, are obtained by successive applications
of negation, and disjunction and conjunction over sets that are finite if dealing
with MS

ωω, or countable if dealing with MS
ω1ω. It is then possible to define the

countable fragments of MS
ω1ω based on L, that are the natural metalanguages of

the framework.

Notation 3 We denote by M a countable fragment of MS
ω1ω based on L.

Details of what counts as a countable fragment of MS
ω1ω are omitted. For this

paper, it is only essential to understand that if ϕ is a member of L, then ¬�ϕ� is
a member of M; it is a metalogical consequence of a theory T iff ϕ is not a logical
consequence of T . Negation as failure [3] is an instance of the metarule: from ¬�ϕ�

derive ¬ϕ. The fourth parameter is a class of structures (over S). Of particular
importance is the class of Henkin structures, all of whose individuals are the
nonempty sets of closed terms that they interpret, and the class of Herbrand
structures that is, Henkin structures all of whose individuals are singletons.
Suppose for instance that S = {P} ∪ {n |n ∈ N} where P is a unary predicate
symbol and for all n ∈ N, n is a constant. Obviously, ϕ = ∀xP (x) is not a logical
consequence of T = {P (n) |n ∈ N}, but every Herbrand model of T is a model
of ϕ. The latter could be a definition of ‘ϕ is a generalized logical consequence of
T ’ (w.r.t. the class of Herbrand structures), and arguably, we could expect that
ϕ would even be an inductive consequence of T . Moreover, we claim that when
learning theory is cast in a logical framework, the intended interpretations consist
of Herbrand or Henkin interpretations only. E.g., consider learning paradigms
where the aim is to identify an r.e. set of integers. Only standard integers are
considered, nonstandard models of arithmetics are implicitly ruled out.

Notation 4 We denote by W a class of structures. Given a set T of formulas,
we denote by ModW(T ) the class of models of T in W.
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Members of W will be referred to as possible worlds. The fifth parameter is a set
of formulas called set of possible evidence.

Notation 5 We denote by E a set of formulas.

Classical first-order logic, being purely hypothetico-deductive, basically sets E to
∅. On the other hand, E is one of the key parameters of any paradigm in learning
theory. It corresponds to the set of possible data. Natural choices for E are the
set of atomic sentences and their negations (when learning from both positive
and negative data), or the set of atomic sentences (when learning from positive
data only) [15]. In general, no condition is imposed on E . In the realm of classical
logic, the notion of possible evidence is void, but every set of formulas can be
the starting point for logical investigation. This means that every formula is a
possible axiom. In learning theory on the other hand, either it is assumed that
there is no possible axiom, because a learner has access only to data from the
environment, or a possible axiom can be conceived of as a member of some back-
ground knowledge, that could consist of formulas of a given kind, for instance,
definite Horn clauses [18]. The set of possible axioms is the last parameter of the
framework. For convenience, a possible evidence is a possible axiom.

Notation 6 We denote by A a set of formulas containing E.

We now have all the ingredients of our framework.

Notation 7 The sextuple (S,L,M,W, E ,A) is denoted P.

We refer to P, the paradigm under investigation, as a (logical) paradigm.

2.2 Generalized Logical Consequence

Given a structure M, the E-diagram of M, denoted DE(M), is the set of all
members of E that are true in M [11]. Intuitively, in case A = E , a learner
will be presented with an enumeration of DE(M) for some M ∈ W, and the
E-diagrams of the possible worlds will be the possible theories. In classical logic,
where E = ∅, a possible theory should be any (consistent) set of formulas. More
generally, we now have to answer two key questions: how does P determine the
kind of theory we want to consider? And how does P determine a notion of
generalized logical consequence? We start with the first question. The basic idea
is to generalize the notion of minimal Herbrand model of a set of definite clauses
[4]. It is in accordance with the fact that in learning theory, all possible data
that do not occur in a text e are tacitly false in the world for which e is a text.

Definition 8 Let a theory T and a structureM be given. We say thatM is an E-
minimal model of T in W just in case M ∈ ModW(T ) and for all N ∈ ModW(T ),
DE(N) �⊂ DE(M).1

1 Inclusion is denoted by ⊆, and strict inclusion by ⊂.
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Since W and E are arbitrary, a theory can have a unique E-minimal model in
W, many of them, or none at all.

Notation 9 Given T ⊆ L, we denote by ModE
W(T ) the class of all E-minimal

models of T in W.

We then define a possible theory as the E-diagram of a possible world, possibly
complemented with some possible axioms. This is achieved by the next definition
and notation.

Definition 10 Given a theory T , we say that T is E-minimally invariant in W
iff ModE

W(T ) �= ∅ and for all M ∈ ModE
W(T ), DE(M) ⊆ T .

Notation 11 We denote by T the set of all subsets of A that are E-minimally
invariant in W. We call T the set of possible theories.

Property 12 T consists of the theories of the form DE(M)∪A for some M ∈ W
and A ⊆ A with M |= A.

Note that every possible theory has at least one E-minimal model in W: for all
M ∈ W and A ⊆ A with M |= A, DE(M) is an E-minimal model of DE(M) ∪A
in W. Since the class of E-minimal models of a possible theory T is the class of
intended models of T , it is natural to define generalized logical consequences as
follows.

Definition 13 Given a theory T and ϕ ∈ LS
ω1ω, we say that ϕ is an E-minimal

logical consequence of T in W iff ModE
W(T ) ⊆ ModW(ϕ).

Notation 14 Given a theory T and ϕ ∈ LS
ω1ω, we write T |=E

W ϕ when ϕ is an
E-minimal logical consequence of T in W. We set CnE

W(T ) = {ϕ ∈ L |T |=E
W ϕ}.

Classical first-order logic and fundamental learning paradigms are particular
cases of, respectively, axiomatic and evidential paradigms, defined next.

Definition 15 P is said to be axiomatic if E = ∅, and evidential if A = E.

2.3 Hierarchies of Generalized Logical Consequences

Let T be a possible theory. The notion T |=E
W ϕ is not necessarily compact.

This suggests the stratification of CnE
W(T ) into a hierarchy of formulas, with the

‘compact’ generalized logical consequences of T just above T . Above that first
layer, we will find the ‘β-weakly compact’ generalized logical consequences of T
on layer β, where β is a nonnull ordinal. Weak compactness can be viewed as
compactness weakened with a notion of ‘refutability’ [21]. All these layers make
up the first level of the hierarchy. Reiterating the process will create levels above
the first level, indexed by an ordinal α, partitioned into layers indexed by β.
Let us denote the class of all ordinals by Ord. Given α, β, α′, β′ ∈ Ord, we write
(α, β) ≺ (α′, β′) iff (α, β) is lexicographically before (α′, β′), i.e., either α < α′,
or α = α′ and β < β′. The hierarchies of generalized logical consequences of T
are defined next, with (�) capturing the notion of β-weak compactness.
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Definition 16 Set ΛP
0 (T ) = T for all T ∈ T . Given nonnull α ∈ Ord, β ∈ Ord,

T ∈ T and ϕ ∈ L, ϕ belongs to ΛP
α,β(T ) iff there is a finite A ⊆ T and a finite

H ⊆ ⋃
(α′,β′)≺(α,0) Λ

P
α′,β′(T ) such that for all T ′ ∈ T , ϕ ∈ CnE

W(T ′) whenever:

(�) A ⊆ T ′, H ⊆ CnE
W(T ′) and ∼ ϕ /∈ ⋃

β′<β Λ
P
α,β′(T ′).

Note that compactness in first-order logic corresponds to L = LS
ωω, M irrele-

vant, W equal to all structures, E = ∅, A = L, α = 1, and β = 0: all logical
consequences of a possible theory T are in ΛP

1,0(T ). In full generality, we also
define similarly, hierarchies of metaformulas that are ‘generalized metalogical
consequences’ of T . This is the natural notion for an extremely general class of
paradigms, that encompasses evidential paradigms. For evidential paradigms on
the other hand, it is always possible to enrich the language and obtain a hierar-
chy of formulas that is basically the same as the hierarchy of metaformulas. The
‘logical complexity’ (in P) of a formula ϕ is then naturally defined as follows.

Definition 17 Let nonnull ordinals α, β and a formula ϕ be given. We say that
ϕ is ΣP

α,β just in case for all T ∈ T such that ϕ ∈ CnE
W(T ), ϕ ∈ Λd

α,γ(T ) for
some ordinal γ < β. We say that ϕ is ∆P

α,β iff both ϕ and ∼ ϕ are ΣP
α,β.

The following property can immediately be derived from Definitions 16 and 17.
When α = 1, it will also characterize learnability with less than β mind changes,
yielding a natural interpretation for the notion of β-weak compactness.

Property 18 Let nonnull ordinals α, β and ϕ ∈ L be such that for all T ∈ T ,
either T |=E

W ϕ or T |=E
W∼ ϕ. Then ϕ is ∆P

α,β iff there exists a sequence (βT )T∈T
of ordinals smaller than β such that for all T ∈ T , there exists a finite subset A
of T and a finite subset H of

⋃
(α′,β′)≺(α,0) Λ

P
α′,β′(T ) with the following property.

For all T ′ ∈ T , ϕ ∈ CnE
W(T ′) iff ϕ ∈ CnE

W(T ) whenever:

A ⊆ T ′, H ⊆ CnE
W(T ′) and βT ≤ βT ′ .

3 Topological Notions

The Borel hierarchy is usually defined over topological spaces whose closed sets
are countable intersections of open sets. This condition is not appropriate when
E is not closed under ∼ (hence for learning from positive data only). So we need
the following adjustements. Let a set X and a set B of subsets of X be given.
When we consider the topology over X generated by B, yielding a topological
space X , we call the sets built from B by finite unions and finite intersections,
the Π0 Borel sets of X . Their complements are the Σ0 Borel sets of X . Let
α > 0 be given. The Σα Borel sets of X are built from the Πβ Borel subsets of
X, with β < α, by countable unions. Their complements are the Πα Borel sets
of X . Subsets Y of X such that both Y and X \ Y are Σα Borel in X , are said
to be ∆α Borel in X . The difference hierarchy introduces a further granularity
in the Borel hierarchy. The natural way to introduce the difference hierarchy in
this framework is as follows.
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Definition 19 Let α > 0 and Z ⊆ X be given. We say that Z is Σα,1 Borel
in X iff Z is Σα Borel in X . Given β > 1, we say that Z is Σα,β Borel in X
iff there exists two families (Ai)i∈N and (Zi)i∈N of subsets of X and a family
(βi)i∈N of nonnull ordinals smaller than β such that the following holds.

– For all i ∈ N, Ai is Σα Borel in X and Zi is Σα,βi Borel in X .
– For all i, i′ ∈ N and x ∈ Ai ∩Ai′ , x ∈ Zi iff x ∈ Zi′ .
– Z =

⋃
i∈N

(Ai \ Zi).

The previous definition is equivalent to the classical definition (see [10]) of the
difference hierarchy over the Σα Borel sets of X for a given α > 0.

Proposition 20 Let a topological space X over a set X be second countable.
For all α, β > 0 and Z ⊆ X, Z is Σα,β Borel in X iff there exists a ⊆-increasing
sequence (Yγ)γ<β of Σα subsets of X with the following property. For all x ∈ X,
x belongs to Z iff x ∈ ⋃

γ<β Yγ and the parity of the least γ < β such that x ∈ Yγ

is opposite to the parity of β.

The following topological space is an essential tool to study the hierarchies of
generalized logical consequences (for the hierarchies of metaformulas, another
topological space, built over T , also needs to be introduced).

Definition 21 The canonical topological space of type (W, E), denoted W, is
the topological space over W generated by {ModW(ϕ) |ϕ ∈ E}.
Some formulas represent Σα Borel sets over W, in the following sense.

Definition 22 Let ϕ ∈ L be given. We say that ϕ is ΣL
0 (respect. ΠL

0 ) Borel in
W iff ModW(ϕ) is Σ0 (respect. Π0) Borel in W. Let α > 0 be given, and let X
be the set of sentences that are ΠL

β (respect. ΣL
β ) Borel in W for some β < α.

We say that ϕ is ΣL
α (respect. ΠL

α ) Borel in W iff ModW(ϕ) = ModW(ψ) for
some sentence ψ built from X using

∨
(respect.

∧
) only.

Some formulas represent Σα,β Borel sets over W, in the following sense.

Definition 23 Let α > 0 and a formula ϕ be given. We say that ϕ is ΣL
α,1

Borel in W iff ϕ is ΣL
α Borel in W. Given β > 1, we say that ϕ is ΣL

α,β Borel
in W iff there exists two families (ψi)i∈N and (ϕi)i∈N of sentences and a family
(βi)i∈N of nonnull ordinals smaller than β such that the following holds.

– For all i ∈ N, ψi is ΣL
α Borel in W and ϕi is ΣL

α,βi
Borel in W.

– For all i, i′ ∈ N, ModW(ψi ∧ ψi′) ⊆ ModW(ϕi ↔ ϕi′).
– ModW(ϕ) = ModW(

∨
i∈N

ψi ∧ ¬ϕi).

The previous notions have a syntactic counterpart, a normal form that is more
natural in this framework than disjunctive or conjunctive normal forms. We do
not give the definition of normal form for a (possibly infinitary) formula, but we
describe what is the normal form of a finite formula. Let α > 0 be given. Let Z
be a set of finite S-sentences in Σα prenex form, and let ϕ ∈ LS

ωω be a boolean
combination of members of Z. Let T be the (unique) tree over the set of finite
subsets of Z with the following properties.
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– The children of the empty sequence are the ⊆-minimal finite subsets of Z of
the form DZ(M) for some model M of ϕ.

– Let σ ∈ T and a structure M be such that D = DZ(M) is the set of formulas
occurring in σ. For all finite E ⊆ Z, σ � E is a child of σ in T iff:

• D ∩ E = ∅ and D ∪ E is the Z-diagram of some structure N such that
M |= ϕ iff N �|= ϕ;

• for all structures N with D ⊆ DZ(N) ⊂ D ∪ E, M |= ϕ iff N |= ϕ.

Given σ ∈ T and D ⊆ Z with σ � D ∈ T , we inductively define ϕσ�D as follows.

– Suppose that σ � D is a leaf in T . Then ϕσ�D =
∧
D.

– Suppose that σ � D is not a leaf in T . Let Y be the set of children of σ � D
in T . Then ϕσ�D =

∧
D ∧ ¬∨{ϕτ | τ ∈ Y }.

Finally we set ϕ� =
∨{ϕσ | σ is a child of the empty sequence}. The formula

ϕ� is in normal form. Clearly, ϕ� is logically equivalent to ϕ. The syntactic
complexity of a formula in normal form can then be related to its complexity
in terms of generalized logical consequence, in terms of the topological set it
represents, and in terms of its learnability when it is viewed as a hypothesis.
The next result shows that the topological hierarchy is embedded in the logical
hierarchy:

Proposition 24 Given α, β > 0, a formula that is ΣL
α,β Borel in W, is ΣP

α,β.

Proof. Proof is by double induction on ordinals, and uses the following lemmas.

Lemma 25 Let nonnull α ∈ Ord, β ∈ Ord, and T ∈ T be given. For all ϕ ∈ L,
ϕ ∈ ΛP

α,β(T ) iff there exists finite A ⊆ T and finite H ⊆ ⋃
(α′,β′)≺(α,0) Λ

P
α′,β′(T )

such that for all T ′ ∈ T , the following holds.
– A ⊆ T ′ and T ′ |=E

W H iff A ⊆ T ′ and H ⊆ ⋃
(α′,β′)≺(α,0) Λ

P
α′,β′(T ′).

– ϕ belongs to CnE
W(T ′) whenever A ⊆ T ′, H ⊆ CnE

W(T ′), and ∼ ϕ /∈⋃
β′<β Λ

P
α,β′(T ′).

Lemma 26 Let ϕ be a formula that is ΣL
α Borel in W for some ordinal α. For

all T ∈ T , ϕ ∈ CnE
W(T ) or ∼ ϕ ∈ CnE

W(T ).

To prove the proposition, we first note that the following holds for all α > 0.

Assume that for all nonnull α′ < α, all formulas that are ΣL
α′,2 Borel in

W are ΣP
α′,2. Then all formulas that are ΣL

α Borel in W are ΣP
α .

Let α > 0 and β > 1 be given, and assume that for all α′, β′ > 0 with (α′, β′) ≺
(α, β), all formulas that are ΣL

α′,β′ Borel in W are ΣP
α′,β′ . Given i ∈ N, let

a sentence ψi, a nonnull ordinal βi < β, and a sentence χi be such that the
following holds.

– For all i ∈ N, ψi is ΣL
α Borel in W and χi is ΣL

α,βi
Borel in W.

– For all i, i′ ∈ N, ModW(ψi ∧ ψi′) ⊆ ModW(χi ↔ χi′).
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Let ϕ be a sentence such that ModW(ϕ) = ModW(
∨

i∈N
ψi ∧¬χi). We show that

ϕ is ΣP
α,β . Let T ∈ T be such that T |=E

W ϕ. By Lemma 26, we can choose p ∈ N

such that T |=E
W ψp ∧ ¬χp. By inductive hypothesis, ψp is ΣP

α and χp is ΣP
α,βi

.
Since ψp is ΣP

α , Lemma 25 implies that there exists a finite A ⊆ T and a finite
H ⊆ ⋃

(α′,β′)≺(α,0) Λ
P
α′,β′(T ) such that for all T ′ ∈ T :

– A ⊆ T ′ and T ′ |=E
W H iff A ⊆ T ′ and H ⊆ ⋃

(α′,β′)≺(α,0) Λ
P
α′,β′(T ′);

– if A ⊆ T ′ and H ⊆ CnE
W(T ′) then ψp ∈ CnE

W(T ′).

Set T ′ = {T ′ ∈ T |A ⊆ T ′ and H ⊆ CnE
W(T ′)}. We prove that:

(∗) For all T ′ ∈ T ′ and β′ ∈ Ord, ¬χp ∈ ΛP
α,β′(T ′) iff ϕ ∈ ΛP

α,β′(T ′),
and χp ∈ ΛP

α,β′(T ′) iff ¬ϕ ∈ ΛP
α,β′(T ′).

Let T ′ ∈ T ′ be given. Assume that T ′ |=E
W ϕ. By Lemma 26 again, we can

choose q ∈ N such that T ′ |=E
W ψq ∧ ¬χq. Hence T ′ |=E

W ψp ∧ ψq, and we infer
that T ′ |=E

W ¬χp. Conversely, if T ′ |=E
W ¬χp then T ′ |=E

W ϕ. It is then easy to
verify (∗) by induction on β′. Let T ′ ∈ T be such that T ′ �|=E

W ϕ. From (∗) and
the fact that χp is ΣP

α,βp
, we infer that ¬ϕ ∈ ΛP

α,βp
(T ). We conclude that ϕ is

ΣP
α,β .

For evidential paradigms, the embedding is actually an equivalence. To prove
this result, we need a few preliminary definitions and lemmas.

Definition 27 A trace is a sequence that is empty or of the form ((α0, β0, H0),
. . . , (αi, βi, Hi)) where i ∈ N, H0, . . . , Hi are nonempty, finite subsets of for-
mulas, and α0, β0 . . . , αi, βi are ordinals such that for all j < i, (αj , βj) ≺
(αj+1, βj+1). The height bound of a trace that ends with a triple of the form
(α, β,H) is equal to (α, β).

Definition 28 A derivation is a trace of the form σ � ((α, β, {ϕ})) for some
α, β ∈ Ord, ϕ ∈ L, and trace σ which is either empty or whose height bound is
smaller than (α, 0). If σ is a derivation of the form τ � ((α, β, {ϕ})) then we say
that σ is a derivation of ϕ.

Definition 29 Let a possible theory T be given. The empty trace is from T (in
P). A trace ((α0, β0, H0), . . . , (αi, βi, Hi)) is from T (in P) just in case (1) if
α0 = 0 then H0 ⊆ T and (2)

⋃
j≤i Hj ⊆ CnE

W(T ).

Notation 30 We denote by D the maximal set of traces with the following prop-
erty. Let a trace σ be an initial segment of a member of D ending with (α, β,H)
for some α > 0, β ∈ Ord and H ⊆ L. Denote by τ the longest initial segment of
σ whose height bound is smaller than (α, 0). For all ϕ ∈ H, the following holds.

– τ � ((α, β, ϕ)) ∈ D.
– Let T ∈ T be such that τ is from T . If ϕ /∈ CnE

W(T ) then D contains a
derivation of ∼ ϕ from T whose height bound is greater than or equal to
(α, 0), and smaller than (α, β).
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Lemma 31 Let a possible theory T be given. For all nonnull ordinals α, ordinals
β and formulas ϕ, ϕ ∈ ΛP

α,β(T ) iff there exists a derivation of ϕ from T in D
whose height bound is (α, β) at most.

Lemma 32 Suppose that P is evidential. Let nonnull ordinal α, ordinal β, trace
σ, and formula ϕ be such that the height bound of σ is smaller than (α, 0), σ is
from a member of T , and σ � ((α, β, ϕ)) is a derivation in P. Let D be the set
of formulas that occur in σ.

–
∧
D is ΣL

α Borel in W.
– If β = 0 then ModW(D) ⊆ ModW(ϕ). If β > 0 then there exists a sentence
χ such that χ is ΣL

α,β Borel in W and ModW(D) ⊆ ModW(ϕ ↔ ¬χ).

Proof. Proof is by double induction on ordinals. Given a trace τ in D, denote
by Dτ the set of formulas occurring in τ . Let nonnull ordinal α and ordinal β be
given. Assume that for all nonull α′ ∈ Ord, β′ ∈ Ord, traces σ′ and formulas ϕ′,
if (α′, β′) ≺ (α, β), the height bound of σ′ is smaller than (α′, 0), σ′�((α′, β′, ϕ′))
belongs to D, and σ′ is from a member of T then the following holds.

–
∧
Dσ′ is ΣL

α′ Borel in W.
– If β′ = 0 then ModW(Dσ′) ⊆ ModW(ϕ′). If β′ > 0 then there is a sentence
χ such that χ is ΣL

α′,β′ Borel in W and ModW(Dσ′) ⊆ ModW(ϕ′ ↔ ¬χ).

Let a trace σ and a formula ϕ be such that the height bound of σ is smaller
than (α, 0), σ is from a member of T , and σ � ((α, β, ϕ)) belongs to D. We first
verify that

∧
Dσ is ΣL

α Borel in W. If the height bound of σ is equal to (0, β′)
for some β′ ∈ Ord, then Dσ ⊆ E , and

∧
Dσ is trivially ΣL

α Borel in W. Suppose
that the height bound of σ is equal to (α′, β′) for some α′ > 0 and β′ ∈ Ord. Let
σ′ be the largest initial segment of σ whose height bound is smaller than (α′, 0).
Let trace σ′′ be such that σ = σ′ � σ′′. It follows from the inductive hypothesis
that for all formulas ψ that occur in σ′′,

∧
Dσ′ ∧ψ is ΣL

α,β′′ Borel in W for some
ordinal β′′ ≤ β′, hence is ΣL

α Borel in W. So
∧
Dσ is logically equivalent to a

finite conjunction of formulas that are ΣL
α Borel in W, hence is ΣL

α Borel in W.
LetX be the set of all traces τ whose height bound is smaller than (α, 0), that

are from a member of T , and such that τ � ((α, γ,∼ ϕ)) belongs to D for some
γ < β. Set Y = {∧

Dτ∧ ∼ ϕ | τ ∈ X}. We show that ModW(Dσ) is included
in ModW(ϕ ↔ ¬∨

Y ). (Note that in case β = 0, this yields ModW(Dσ) ⊆
ModW(ϕ).) For a contradiction, choose M ∈ W with M |= Dσ ∪ {¬∨

Y,∼ ϕ}.
Using Lemma 26 together with the hypothesis that P is evidential, the derived
fact that

∧
Dσ is ΣL

α′ Borel in W for some α′ ∈ Ord, and the choice of M as a
model of Dσ, it can be easily derived that σ is from DE(M). It follows that there
exists a trace τ and γ < β such that τ � ((α, γ,∼ ϕ)) is a derivation from DE(M)
in D. Then

∧
Dτ∧ ∼ ϕ ∈ Y , hence M |= ¬∧

Dτ ∨ ϕ. But M �|= ϕ by the choice
of M, and M �|= ¬∧

Dτ since τ is from DE(M), contradiction. Conversely, it
is clear that if M is a model of Dσ ∪ {ϕ} then M is a model of ¬∨

Y . So we
have shown that ModW(Dσ) ⊆ ModW(ϕ ↔ ¬∨

Y ). Now assume that β > 0.
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To complete the proof of the lemma, it suffices to show that
∨
Y is ΣL

α,β Borel
in W. Let ψ ∈ Dσ be given. Let α′, β′ ∈ Ord be such that (α′, β′, ψ) occurs in σ.
If α′ = 0 then ψ ∈ E . Let τ ∈ X be given. The hypothesis that P is evidential
implies immediately that all members of Dτ are ΣL

α Borel in W. We distinguish
two cases.
Case 1: β = 1. By inductive hypothesis, for all τ ∈ X,

∧
Dτ is ΣL

α Borel in W

and ModW(
∧
Dτ∧ ∼ ϕ) = ModW(Dτ ). It follows immediately that

∨
Y is ΣL

α

Borel in W.
Case 2: β > 1. Without loss of generality, we can assume that for all τ ∈ X,
the height bound of τ is of the form (α, γ) where γ is nonnull. By inductive
hypothesis, for all τ ∈ X,

∧
Dτ is ΣL

α Borel in W and there exists a sentence
χτ and a nonnull ordinal γ < β such that such that χτ is ΣL

α,γ Borel in W

and ModW(
∧
Dτ∧ ∼ ϕ) = ModW(¬χτ ). Moreover, for all τ, τ ′ ∈ X and for all

members M of ModW(Dτ ∪ Dτ ′), M |= χτ iff M |= ϕ iff M |= χτ ′ . Also note
that ModW(

∨
Y ) = ModW(

∨{∧
Dτ ∧ ¬χτ | τ ∈ X}). We conclude immediately

that
∨
Y is ΣL

α,β Borel in W.

We can now state and prove the main result that relates logical and topological
complexity in the context of evidential paradigms.

Proposition 33 Let ϕ ∈ L be such that for all T ∈ T , T |=E
W ϕ or T |=E

W ¬ϕ.
If P is evidential then for all α, β > 0, ϕ is ΣP

α,β iff ϕ is ΣL
α,β Borel in W.

Proof. Let α, β > 0 be given. Proposition 24 implies one direction of the equiv-
alence. Conversely, suppose that ϕ is ΣP

α,β . Let X be the set of all possible
theories T such that T |=E

W ϕ. Given T ∈ X, choose a trace σT from T whose
height bound is smaller than (α, 0) and such that σ � ((α, β, ϕ)) belongs to
D. For all T ∈ X, let DT denote the set of formulas that occur in σT . Set
ψ =

∨{∧
DT ∧ ϕ |T ∈ X}. Clearly, ModW(ϕ) = ModW(ψ), so it suffices to

show that ψ is ΣL
α,β Borel in W. By Lemma 32, for all T ∈ X,

∧
DT is ΣL

α,β

Borel in W. We distinguish two cases.
Case 1: β = 1. By Lemma 32 again, ModW(ψ) = ModW(

∨{∧
DT |T ∈ X}),

and we conclude immediately that ψ is ΣL
α,β Borel in W.

Case 2: β > 1. By Lemma 32 again, for all T ∈ X, there exists a sentence
χT and a nonnull γ < β such that χT is ΣL

α,γ Borel in W and ModW(¬χT ) =
ModW(

∧
DT ∧ ϕ). Moreover, for all T, T ′ ∈ X and M ∈ ModW(DT ∪ DT ′),

M |= χT iff M |=∼ ϕ iff M |= χT ′ . Also note that ModW(ψ) is equal to
ModW(

∨{∧
DT ∧ ¬χT |T ∈ X}). We conclude immediately that ψ is ΣL

α,β

Borel in W.

4 Notions from Learning Theory

Notation 34 We extend L with a new element represented by %. Given X ⊆ L,
we denote by X∗ the set of finite sequences of members of X∪{%}. Given X ⊆ L
and a sequence e (finite or infinite) of members of X ∪ {%}, we denote by cnt(e)
the set of members of X that occur in e.
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In full generality, learners output sets of metaformulas. For simplification we fix
a single formula ϕ, and we now define all notions from ϕ.

Definition 35 A learner is a mapping f from L∗ into the set of subsets of
{�ϕ� ,¬�ϕ�} such that for all σ, τ ∈ L∗, if σ ⊆ τ and f(σ) �= ∅ then f(τ) �= ∅.
The notion of mind change is captured by the following definition. First remem-
ber that if R be a well founded binary relation over a set X, then the length of
R denotes the range of the unique function from X into Ord such that for all
x ∈ X, ρR(x) = sup{ρR(y) + 1 | y ∈ X, R(y, x)}.
Definition 36 Let a learner f be given. Let R be the binary relation over L∗

such that for all σ, τ ∈ L∗, R(σ, τ) iff f(τ) �= ∅, τ ⊂ σ, and f(γ) �= f(τ) for
some γ ∈ L∗ with τ ⊂ γ ⊆ σ. The ordinal complexity of f is undefined if R is
not well founded, and is equal to the length of R otherwise.

The analogue and generalization of ‘texts’ or ‘informants’ in this framework is
defined as follows.

Definition 37 Given a theory T , we call a member e of (T ∪ {%})N such that
cnt(e) = T , an environment for T .

Learnability in the limit and learnability with less than β mind changes are
formalized in Definitions 38 and 39 respectively.

Definition 38 Given a learner f , we say that ϕ is Σf
2 iff for all T ∈ T and

environments e for T , ϕ ∈ CnE
W(T ) iff f(e[k]) �= {�ϕ�} for finitely many k ∈ N.

Definition 39 Given a learner f and β ∈ Ord, we say that ϕ is Σf
1,β iff ϕ is

Σf
2 and the ordinal complexity of f is smalller than β.

When the set of possible theories is countable, we obtain a characterization of
learnability in the limit that generalizes the finite tell-tale condition [2]:

Proposition 40 If T is countable then for all ϕ ∈ L, (A) is equivalent to (B).

(A) There exists a learner f such that ϕ is Σf
2 .

(B) For all T ∈ T with ϕ ∈ CnE
W(T ), there is a finite A ⊆ T such that for all

T ′ ∈ T , if A ⊆ T ′ ⊆ T then ϕ ∈ CnE
W(T ′).

By the following proposition, learnability in the limit is at least as general as
being Σ2 in the logical hierarchy.

Proposition 41 Every formula that is ΣP
2 , is Σ

f
2 for some learner f .

Both notions are actually equivalent, provided that the language is rich enough.

Proposition 42 There exists a countable fragment L′ of LS
ω1ω that extends L

such that for all ϕ ∈ L′, ϕ is Σf
2 for some learner f iff ϕ is Σ

P′
2 , where P ′ is P

with L replaced by L′.
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Proposition 42 is an immediately consequence of the following proposition.

Proposition 43 There exists a countable fragment L′ of LS
ω1ω that extends L

such that for all ϕ ∈ L′, (A) and (B) are equivalent.

(A) There exists a learner f such that ϕ is Σf
2 .

(B) For all T ∈ T with T |=E
W ϕ, there exists a finite A ⊆ T and χ ∈ L′ such

that T |=E
W χ, χ is ΠL′

1 Borel in W, and for all T ′ ∈ T :
if A ⊆ T ′ and T ′ |=E

W χ then T ′ |=E
W ϕ.

Proof. We use the definition and lemma below.

Definition 44 Given a learner f , a theory T , X ⊆ M, and σ ∈ L∗, we say
that σ is a locking sequence for f , X and T iff cnt(σ) ⊆ T and for all τ ∈ T ∗,
f(σ � τ) ∩X = f(σ) ∩X.

Lemma 45 Let T ⊆ L, X ⊆ M, and a learner f be such that for every envi-
ronment e for T , f(e[k]) ∩X �= f(e[k + 1]) ∩X for finitely many k ∈ N. For all
σ ∈ T ∗, there exists a locking sequence for f , X and T that extends σ.

For the proof of Proposition 43, let a formula ϕ and a learner f be such that
ϕ is Σf

2 for f . It suffices to exhibit a countable set Z of members of LS
ω1ω such

that if L′ is the smallest countable fragment of LS
ω1ω that contains L ∪ Z, then

the following holds.

– All subformulas of the members of Z are ΠL′
1 Borel in W.

– For all T ∈ T with T |=E
W ϕ, there exists a finite A ⊆ T and χ ∈ Z such

that for all T ′ ∈ T , if A ⊆ T ′ and T ′ |=E
W χ then T ′ |=E

W ϕ.

Given σ ∈ L∗, set ψσ =
∧

cnt(σ). Let X be the set of all σ ∈ L∗ that are
locking sequences for f , {�ϕ� ,∼� ϕ�} and some member of T . We can assume
that X �= ∅ (otherwise, it follows from Lemma 45 that T �|=E

W ϕ for all T ∈ T ,
and the result is trivial). Given σ ∈ X, let Xσ be the set of all τ ∈ E∗ such that
f(σ � τ) ∩ {�ϕ� ,∼� ϕ�} �= {�ϕ�}. For all σ ∈ X with Xσ = ∅, set χσ = ψσ. For
all σ ∈ X with Xσ �= ∅, set χσ =

∧
τ∈Xσ

¬ψτ . Define Z as {χσ |σ ∈ X}. Let L′

be the smallest countable fragment of LS
ω1ω that contains L ∪ Z. Clearly, every

member of Z is ΠL′
1 Borel in W. Let T ∈ T be such that T |=E

W ϕ. By Lemma
45, let σ ∈ L∗ be a locking sequence for f , {�ϕ� ,∼� ϕ�} and T . It is immediately
verified that cnt(σ) ⊆ T and T |=E

W χσ. Let T ′ ∈ T be such that cnt(σ) ⊆ T ′

and T ′ |=E
W χσ. To complete the proof of the proposition, it suffices to show that

T ′ |=E
W ϕ. Suppose for a contradiction that T ′ �|=E

W ϕ. Set T ′′ = cnt(σ)∪(T ′ ∩E).
Clearly, T ′′ |=E

W χσ and T ′′ �|=E
W ϕ. Let e be an infinite sequence of members of

E∗ such that σ�e is an environment for T ′′. Since ϕ is Σf
2 for f , there exists k ∈ N

such that f(σ � e[k]) ∩ {�ϕ� ,∼� ϕ�} �= {�ϕ�}. Hence e[k] ∈ Xσ and T ′′ |=E
W ψe[k].

Hence T ′′ �|=E
W χσ. Contradiction.

Moreover, the notion of β-weak compactness is naturally related to learnability
with less than β mind changes:
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Proposition 46 Suppose that for all T ∈ T , either T |=E
W ϕ or T |=E

W ¬ϕ.
Given β ∈ Ord, ϕ and ∼ ϕ are Σf

1,β for a learner f iff ϕ is ∆P
1,β.

Proof. Given a learner f and σ ∈ L∗, we denote by Ord(f, σ) the ordinal com-
plexity of fσ where fσ is the learner such that for all τ ∈ L∗, fσ(τ) = f(σ � τ).
Let β ∈ Ord be given. By Property 18, it suffices to show that the first clause is
equivalent to the following.

(∗) There exists a sequence (βT )T∈T of ordinals smaller than β and
for all T ∈ T , there is a finite A ⊆ T such that for all T ′ ∈ T :

if A ⊆ T ′ and βT ≤ βT ′ , then ϕ ∈ CnE
W(T ) iff ϕ ∈ CnE

W(T ′).

Let a learner f be such that ϕ and ∼ ϕ are Σf
1,β . Given T ∈ T , let βT be the least

ordinal γ such that there exists σ in T ∗ with Ord(f, σ) = γ and f(σ) = {�ϕ�}
if ϕ ∈ CnE

W(T ), and f(σ) = {¬�ϕ�} otherwise. Let T ∈ T be given. Choose
σ ∈ T ∗ such that Ord(f, σ) = βT and f(σ) = {�ϕ�} iff ϕ ∈ CnE

W(T ). Suppose
that there exists T ′ ∈ T such that cnt(σ) ⊆ T ′, βT ≤ βT ′ , and ϕ ∈ CnE

W(T ) iff
ϕ /∈ CnE

W(T ′). Choose an environment e for T ′ that begins with σ. Since ϕ and
∼ ϕ areΣf

1,β for f , there is k > |σ| such that f(e[k]) = {�ϕ�} iff ϕ ∈ CnE
W(T ′). We

then infer that Ord(f, e[k]) < Ord(f, σ) ≤ βT ′ , which contradicts the definition
of βT ′ . So we have shown that the first clause of the proposition implies (∗).

Conversely, assume that (∗) holds. Define a learner f as follows. Let σ ∈ L∗

be given. Suppose that there exists a least ordinal γ such that for some T ∈ T ,
AT ⊆ cnt(σ) and γ = βT ; then f(σ) = {�ϕ�} if ϕ ∈ CnE

W(T ), and f(σ) = {¬�ϕ�}
otherwise, where T is a member of T with AT ⊆ cnt(σ) and γ = βT . Otherwise
f(σ) = ∅. It follows from (∗) that f is well defined. It is easy to verify that
Ord(f) ≤ β. So to complete the proof of the proposition, it suffices to show that
ϕ and ∼ ϕ are Σf

1,β for f . Let T ∈ T and environment e for T be given. Let
n ∈ N be such that AT ⊆ cnt(e[n]). Using (∗) and the definition of f , we infer
that f(e[k]) = {�ϕ�} iff ϕ ∈ CnE

W(T ), and we are done.

5 Conclusion

Though many connections have been established between logic, learning and
topology, there has been no attempt to unify the fields, or at least, part of them.
Still the connections are tight and natural at a fundamental level, and can result
in a parametrized logic that needs topological notions for its early developments,
and notions from learning theory for interpretation and applicability. It is essen-
tial to observe the same kind of connection when the framework presented here
is cast in a computable setting that can also address complexity issues. This is
work in progress, and results have already been obtained in this direction, with
relativizations of the properties that can be proved in the more general setting at
the heart of which is the notion of β-weak compactness described in this paper.

One of our goals is to provide a theoretical foundation for a declarative pro-
gramming language for applications in Artificial Intelligence, whose nature could
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be purely deductive or inductive, but more often, would combine deductive and
inductive aspects. A prototype of a system—whose development is driven by the
theoretical considerations presented here— that employs such a programming
language has been designed and implemented [17].
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A Pathology of Bottom-Up Hill-Climbing in
Inductive Rule Learning
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Abstract. In this paper, we close the gap between the simple and
straight-forward implementations of top-down hill-climbing that can be
found in the literature, and the rather complex strategies for greedy
bottom-up generalization. Our main result is that the simple bottom-up
counterpart to the top-down hill-climbing algorithm is unable to learn
in domains with dispersed examples. In particular, we show that guided
greedy generalization is impossible if the seed example differs in more
than one attribute value from its nearest neighbor. We also perform an
empirical study of the commonness of this problem is in popular bench-
mark datasets, and present average-case and worst-case results for the
probability of drawing a pathological seed example in binary domains.

1 Introduction

Despite its popularity, it is quite well-known that top-down hill-climbing is a
problematic rule learning strategy for cases where the target concept contains a
set of conditions which are highly relevant as a conjunction but where each of
them appears to be irrelevant in isolation (as, e.g., in the parity problem). For
such cases, it is often suggested to use a bottom-up strategy, i.e., to generalize
a single example by greedily deleting conditions from the corresponding most
specific rule. Despite this fact, no description of this simple and efficient form of
bottom-up learning can be found in the literature.

Some time ago, we intended to close this gap and started to implement a
bottom-up hill-climbing algorithm, only to find out that a straight-forward pro-
totype implementation failed to learn a simple parity concept with a few irrele-
vant attributes. Thus the intended improvement over top-down hill-climbing did
not materialize. As the idea for such a bottom-up procedure is fairly obvious,
we consider it quite likely that other researchers have tried similar approaches
and encountered a similar failure.

This paper tries to explain this negative experience by pointing out a pathol-
ogy in bottom-up hill-climbing that inhibits learning in certain domains. We start
with a brief survey of hill-climbing in rule learning, primarily focusing on the top-
down algorithm that forms the core of many heuristic rule learning algorithms
(Section 2). In Section 3, we discuss some weaknesses of top-down approaches
which are commonly used for motivating the use of bottom-up search strategies,

N. Cesa-Bianchi et al. (Eds.): ALT 2002, LNAI 2533, pp. 263–277, 2002.
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procedure SeparateAndConquer(Examples)

Theory = ∅
while Positive(Examples) �= ∅

Rule = FindBestRule(Examples)
Theory = Theory ∪ Rule
Examples = Examples \ Cover(Rule,Examples)

return(Theory)

Fig. 1. The top-level loop of separate-and-conquer rule-learning algorithms.

before we present the simple bottom-up counter-part to these top-down algo-
rithms and discuss its relation to other bottom-up approaches in the literature.
Section 4 presents the main result of the paper and discusses its commonness
based on average-case and worst-case analyses of datasets, as well as its limita-
tions. Finally, we also sketch that our result may point to a way for improving
bottom-up algorithms by replacing the random selection of seed examples with
a bias that prefers examples in comparably dense regions of the example space.

2 Top-Down Hill-Climbing

Rule learning typically follows the so-called separate-and-conquer or covering
strategy, which learns rules successively. The examples covered by previously
learned rules are removed from the training set (separated) before subsequent
rules are learned (before the rest of the training set is conquered). The basic
algorithm is shown in Fig. 1.

This learning strategy has its roots in the early days of machine learning
in the AQ family of rule learning algorithms (Michalski, 1969; Kaufman and
Michalski, 2000). It is fairly popular in propositional rule learning (cf. CN2 [5, 4]
or Ripper [6]) as well as in inductive logic programming (ILP) (cf. Foil [23] and
its successors [10, 11, 8, 25] or Progol [21]). A detailed survey of this large family
of algorithms can be found in [13].

Various approaches that adhere to this framework differ in the way single
rules are learned, i.e., in the implementation of the FindBestRule procedure
of Fig. 1. The vast majority of algorithms uses a heuristic top-down hill-climbing
strategy, i.e., they learn a rule by successively specializing the current best rule.
The prevalent specialization operator is to greedily add the most promising con-
dition to the body of the rule. A simple version of this algorithm is shown in
Fig. 2.

The algorithm starts with the most general rule (the rule with the body
true which covers all training examples), from which it computes all refine-
ments that can be obtained by adding single conditions to the body of the rule.
These refinements specialize the rule, i.e. the rule will in general cover less exam-
ples than it did without the additional condition. If the excluded examples are
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procedure TopDown(Examples)

BestRule = {true}
BestEval = EvaluateRule(BestRule,Examples)
loop

Refinements = AddCondition(BestRule)
MaxEval = 0
foreach Refinement ∈ Refinements

Evaluation = EvaluateRule(Refinement,Examples)
if Evaluation > MaxEval

MaxRule = Refinement
MaxEval = Evaluation

if MaxEval ≥ BestEval
BestRule = MaxRule
BestEval = MaxEval

else
return(BestRule)

Fig. 2. A top-down hill-climbing implementation of FindBestRule

mainly negative, the proportion of positive examples among the covered exam-
ples will increase, which will be reflected by an increase of the heuristic value of
the rule (for which various heuristics can be found in the literature; Fürnkranz
13, Lavcrač et al. 17). If the best refinement has a higher evaluation than its
predecessor, it replaces it, and the search continues with the refinements of the
new best rule. Otherwise, the previous best rule is a local optimum and the
search stops. In the worst case, this will happen when no further refinement of
the best rule is possible.

More advanced versions of this algorithm differ from this simple version
mostly by adding additional mechanisms for preventing overfitting of the train-
ing data, for example by decoupling the stopping of the specialization process
from the used quality measure or by generalizing overly specialized rules in a
separate pruning phase [12].

3 Bottom-Up Hill-Climbing

Despite the fact that most algorithms search the rule space in a top-down fash-
ion, we have not seen any convincing argument against bottom-up induction, i.e.,
against algorithms that successively generalize from a most specific rule (typ-
ically a single training example) instead of successively specializing the most
general rule. Quite in contrary, there is evidence of situations where bottom-
up induction may be the preferable approach (cf. Section 3.1). Nevertheless, no
counterpart to the algorithm shown in Fig. 2 can be found in the literature. In
the remainder of this section, we will discuss such an algorithm in detail (Sec-
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tion 3.2), and also briefly survey related work in bottom-up hill-climbing in rule
learning (Section 3.3).

3.1 Motivation: Pathologies of Top-Down Hill-Climbing

Top-down hill-climbing algorithms like the one discussed in the previous sections
are quite popular and reasonably successful. However, a fundamental shortcom-
ing of this approach is that it only evaluates the value of single conditions in
isolation (or in the context of all previously added conditions of a rule). The
problem with this is that there are cases where a conjunction of conditions may
be strongly relevant, while each of its member terms in isoluation may appear
to be irrelevant.

The best-known examples for this problem are XOR or parity problems. A
parity problem consists of a few relevant and several irrelevant binary attributes.
The class label of each example is 1 if there is an even number of ones among
the values of the relevant attributes, and 0 otherwise. For a top-down learner,
the individual attributes are indiscriminable because each condition that tests
the value of one of the binary attributes will cover approximately half positive
and half negative examples. Hence, there is no information that can be used for
guiding the search for an appropriate refinement.

Similarly, many top-down ILP algorithms such as Foil [23] have the problem
that they cannot learn relations which introduce new variables, because such
relations often do not contain any information that helps to discriminate be-
tween positive and negative examples. A typical example would be the literal
parent(X,Z), which is necessary for learning the concept grandparent(X,Y).
As every person X has two parents Z (irrespective of whether Y is her grandparent
or not), this literal does not help to discriminate between positive and negative
examples. However, its addition is necessary for learning the target concept.
Many systems are able to handle a subset of these problems by adding so-called
determinate literals (literals that have at most one valid binding and therefore
do not blow up the number of possible derivations for the clause; Quinlan 24) to
the clause even if they do not have any value, but the principal problem remains.

Finally, Chevaleyre and Zucker [3] show a convincing argument that top-down
hill-climbing may have severe problems in multi-instance learning problems, i.e.,
in problems where examples are not described with single feature vectors but
with bags of feature vectors. The problem occurs when each possible value of
an attribute is assumed by at least one instance of each bag. In this case, every
condition that tests on values of this attribute covers all examples, positive or
negative. Thus, a target concept that consists of a conjunction of values of two
(or more) of such attributes cannot be learned because each individual attribute
will appear to be completely irrelevant. A detailed example can be found in
[3]. As multi-instance learning is a special case of ILP [7], this problem is also
relevant to ILP in general. It may occur whenever multiple variable bindings are
possible for an unbound existentially quantified variable in the body of a rule.1
1 The problem may also be viewed as a generalization of the problem discussed in the
previous paragraph.
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procedure BottomUp(Examples)

BestRule = SelectRandomExample(Positive(Examples))
BestEval = EvaluateRule(BestRule,Examples)
loop

Refinements = DeleteCondition(BestRule)
MaxEval = 0
foreach Refinement ∈ Refinements

Evaluation = EvaluateRule(Refinement,Examples)
if Evaluation > MaxEval

MaxRule = Refinement
MaxEval = Evaluation

if MaxEval > BestEval
BestRule = MaxRule
BestEval = MaxEval

else
return(BestRule)

Fig. 3. A bottom-up hill-climbing implementation of FindBestRule

In all of the above cases, the conjunction of several conditions is relevant,
while some or all of the conditions in isolation may appear to be irrelevant, and
will therefore not be selected by a top-down hill-climbing strategy. On the other
hand, a bottom-up search strategy could naturally deal with such cases because
it starts from most specific rules (basically single examples) and successively
generalizes these. As all conjunctions of the target rule must also be present in
the examples covered by the rule, bottom-up strategies are therefore not prone to
this type of problem. Consequently, it is frequently suggested to use a bottom-up
search strategy to cope with such pathologies of top-down search.

3.2 The Basic Algorithm

The bottom-up algorithm of Fig. 3 differs only in three points from the top-
down algorithm of Fig. 2. First, it uses a different procedure for computing the
refinements of a rule: while TopDown successively specializes its best rule by
adding conditions, BottomUp successively generalizes its best rule by deleting
conditions. Naturally, it also has to use a different initialization from which it can
start its search, namely it initializes its best rule to a random positive example.
The third difference is that TopDown stops its search when the best refinement
of a rule does not improve upon its predecessor, while BottomUp generalizes as
long as the best refinement is no worse than its predecessor. Thus, both methods
implement a preference bias for shorter rules.

The above algorithm may be generalized by extending DeleteCondition
to consider not only the deletion of single conditions, but also all possible pairs,
triples, etc. We refer to this generalization as n-step look-ahead hill-climbing,
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where n denotes the maximum number of conditions that are considered for
deletion in one refinement step.

3.3 Alternative Approaches to Bottom-Up Rule Learning

The simple and straight-forward hill-climbing algorithm of Fig. 3 has a funda-
mental problem, which we will discuss in section 4. Nevertheless, a variety of
successful bottom-up approaches can be found in the rule learning literature.
These will be briefly discussed in the remainder of this section.

AQ-based approaches: AQ [18] and its successors [e.g., 19, 20, 1, 15] learn
bottom-up in the sense that they search the space of generalizations of a sin-
gle randomly selected seed example. However, this space of generalizations is
searched top-down, i.e., the seed example is only used for constraining the search
space, but not as the starting point of the search. In ILP, an equivalent strategy
is used in Progol, where the seed example is minimally generalized with respect
to the available background knowledge and a given maximum inference depth,
and the resulting bottom clause is then again used for constraining the search
space for a subsequent top-down best-first search for the best generalization [21].

lgg-based Approaches: Most algorithms that search in a bottom-up fashion
do not generalize from single examples, but generalize from pairs of examples.
The prototype of this type of algorithm is the ILP system Golem [22], which
constructs minimal generalizations of pairs of examples, so-called (relative) least
general generalizations (lggs). Similar ideas have subsequently also been used in
propositional rule learning, for example in DLG [26, 27] and RISE [9].

The main problem with this approach is its quadratic computational com-
plexity resulting from the fact that in each generalization step, the current rule
has to be generalized with each training example and the resulting rules have to
be tested on all training examples. Golem addresses this problem by restricting
its attention to a fixed number of generalizations constructed from a randomly
drawn subsample of all example pairs. DLG uses a greedy version of the algorithm
that incrementally generalizes the first example with all examples in succession,
replacing the current rule with the generalization when the heuristic evaluation
improves. Thus it finds a final rule in a single pass through the examples (with
quadratic effort) but the obtained generalization depends on the (randomized)
order of the training examples.

Pruning Algorithms: The only case we know of where bottom-up hill-climbing
of the type shown in Fig. 3 is used in rule learning is for pruning, i.e., for sim-
plifying previously learned rules by successively generalizing them. For example,
the incremental reduced error pruning strategy [14], which forms the basis of
Ripper [6], generalizes a rule by greedily deleting single conditions immediately
after it has been learned. The problem with bottom-up hill-climbing, which we
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Table 1. A pathological example where bottom-up hill-climbing cannot find the target
concept A1=1 → +.

A1 A2 A3 Class
1 1 1 +
1 0 0 +
0 1 0 −
0 0 1 −

will discuss in the following section, does not apply to this scenario for reasons
that will be discussed further below.

4 A Pathology of Bottom-Up Hill-Climbing

Consider the sample database shown in Table 1. The target concept A1=1 → +
is quite obvious and can be found without problems by top-down hill-climbing
algorithms. However, one can easily verify that it can only be found by chance by
a bottom-up hill-climbing algorithm of the type shown in Fig. 3 (in the remainder
of this section, we will only be concerned with this type). Assume, e.g., that the
first example is picked as the seed example. The corresponding rule would be
A1=1 ∧ A2=1 ∧ A3=1 → +.

If the learner now tries to generalize this rule by deleting the first condition,
the resulting rule A2=1∧ A3=1 → + does not cover any additional examples.
This is good because we obviously do not want to drop the condition A1=1.
However, the situation is analogous for the other two conditions: no matter what
condition is deleted from the rule, the resulting generalization does not cover any
additional examples, positive or negative. Also note that this situation does not
depend on the choice of the seed example: the same problem occurs for picking
any of the other three examples as a seed example.

The basic question at this point is, whether this is simply a carefully con-
structed example with only minor relevance for practical applications, or whether
this a prototypical case that illustrates a common problem. In the following, we
will argue for the latter.

4.1 The Problem

The following simple observation shows that the above-mentioned pathology
occurs whenever the seed example differs from every other example in at least
two attributes.

Theorem 1. Bottom-up hill-climbing with n-step look-ahead is unable to dis-
criminate between generalizations of an example if the example differs from its
nearest neighbour in at least n + 1 attribute values.
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Proof. Let E be the training examples, each of them described with m symbolic
attributes A1, ..., Am, s = (s1, . . . , sm) ∈ E a randomly chosen seed example,
and H be the Hamming distance between two examples, i.e,

H(e, f) =
∑

i=1...m δ(ei, fi) for e, f ∈ E where δ(a, b) =
{

0 if a = b
1 if a �= b

Let us first consider a one-step look-ahead, i.e., n = 1: Then all candidate
generalizations of the conjunction A1 = s1 ∧ . . . ∧ Am = sm are obtained by
deleting single conditions Ai = si, 1 ≤ i ≤ m. Obviously, all of them constrain
the examples they cover to be identical to s except for the value of attribute Ai,
which could take an arbitrary value. Consequently, no other example e �= s can
be covered by a candidate rule because all covered examples e may differ from
s in at most n = 1 attribute values (i.e., H(s, e) ≤ 1), while we assumed that
each example e �= s differs from s in at least n + 1 = 2 attributes values, i.e.,
mine∈E,e �=s H(s, e) ≥ 2.

The generalization of this argument to general n > 1 is quite straight-forward.
In this case, the candidate generalizations of the conjunction are obtained by
deleting (up to) n conditions from the rule. Thus, no generalization of the seed
example can cover additional examples iff the seed differs from all examples in
at least n + 1 attribute values. ✷

In particular, this theorem states that simple bottom-up hill-climbing will
not work well whenever the chances are high that a seed example is picked that
has a distance of ≥ 2 to its nearest neighbor. In the following section, we will
discuss how common this situation is.

4.2 Commonness of the Problem

In order to estimate how common this problem is in real-world applications we
analyzed 13 benchmark datasets with respect to the distribution of distances
between nearest neighbor pairs. The datasets are all datasets with less than
10,000 examples and only symbolic attributes among the datasets that are used
within the Metal project.2 Most of them originate from the UCI repository
[2]. For each dataset, we computed the distance of each example to its nearest
neighbor. Neighbors with distance 0 (i.e., duplicate examples) were ignored for
this computation because they are already covered by the most specific rule
(the rule that conditions on all values of the example) and therefore also by
all its generalizations. The last column of Table 2 shows the proportion of such
examples.3

2 We ignored trivial variants of datasets (e.g., vote/vote1) as well as artificial domains
for which the dataset consists of a complete enumeration of the sample space (e.g.,
monk, parity). More on the latter can be found further below.

3 This is out of the scope of this paper, but we were surprised to find that some
domains contain quite a significant portion of duplicate examples. For some com-
monly used benchmark sets (e.g., vote or soybean) this begs the question whether in
these domains hold-out (or cross-validation) error estimates are optimistically biased
because of their lack of independence of the training and test sets.
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Table 2. Partial histograms of minimum example distances in 13 symbolic domains
with less than 10,000 examples (training and test sets are pooled together). The fourth
column (in bold font) shows the proportion of examples that have a nearest neighbor
with distance 1. The two following columns show the proportions of distances 2 and
> 2. The penultimate column shows the maximum distance between an example and its
nearest neighbor in this dataset. The final column shows the proportion of examples
that have a duplicate in the dataset (examples with distance = 0 are ignored for
computing the nearest neighbor).

mine H(s, e) maxs

dataset #exs #atts = 1 = 2 > 2 mine H duplicates
titanic 2201 3 1.000 0.000 0.000 1 1.000
car 1728 6 1.000 0.000 0.000 1 0.000
led7 3200 7 1.000 0.000 0.000 1 0.996
mushrooms 8124 22 1.000 0.000 0.000 1 0.000
solar flares(x,c,m) 1389 10 0.986 0.014 0.000 2 0.866
kr vs. kp 3196 36 0.958 0.036 0.006 5 0.000
vote 300 16 0.553 0.217 0.230 6 0.223
soybean 683 35 0.483 0.253 0.264 8 0.139
acetylation 1511 50 0.142 0.068 0.790 42 0.097
splice 3190 60 0.020 0.020 0.961 47 0.097
led24 3200 24 0.018 0.146 0.836 6 0.001
dna-splice 3186 180 0.008 0.015 0.977 53 0.097
tic-tac-toe 958 9 0.000 1.000 0.000 2 0.000

The resulting probability estimates are shown (in bold face) in the fourth
column of Table 2: these probabilities denote the chance of picking a seed ex-
ample for which bottom-up hill-climbing (with 1-step look-ahead) can perform
no meaningful generalization because no candidate generalization will cover an
additional example. In some domains (e.g., mushrooms or titanic, which has
only 3 attributes, but 2201 examples) this does not seem to be a problem, while
it seems to become increasingly more problematic with a growing number of
attributes. A particularly interesting case is the tic-tac-toe domain (bottom line
of Table 2), whose special properties prevent the use of bottom-up hill-climbing
entirely. This database encodes all won positions of a tic-tac-toe game, with the
same player on the move. It is easy to see that, if both players make a move, the
board position will change on two squares, and that therefore pairs of positions
with the same player to move will always differ in at least two attributes.

Also of interest is the discrepancy between the led7 and the led24 domains,
which differ only in the fact that led24 contains an additional 17 irrelevant at-
tributes. This completely reverses the picture: While led7 is conveniently over-
sampled (there are only 27 = 128 unique examples in this domain4), it is prac-
tically impossible to learn led24 with bottom-up hill-climbing.

4 It should be noted that there is a designated train/test-split for this domain where
only a fraction of the 3200 examples are actually used for training.
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Fig. 4. Probability for drawing an example that has a neighbor at distance 1 over
different training set sizes for a domain with 10 binary attributes (estimated from 100
different sequences of nested subsets; regular plot and plot with logarithmic scale for
sample sizes).

This is interesting because with the same argument it can be shown that it
is practically impossible to learn a parity problem of similar proportions, i.e.,
it defeats one of the main motivations for considering bottom-up hill-climbing.
Fig. 4 illustrates this situation for a domain with 10 Boolean attributes, such
as led10. The graphs show the probability distribution for picking an example
that has a nearest neighbor at distance 1 over the size of subset (shown on
a logarithmic scale in the graph to the right). The function is estimated by
counting the proportion of such examples in 100 sequences of nested subsets
from 2 examples up to all 1024 examples of the domain. If approximately half of
the examples are present, one can be quite certain that bottom-up hill-climbing
will work. Thereafter, the probability starts to decrease slowly for lower example
sizes, and the decline picks up pace at about 250 examples.

Fig. 5 shows a similar plot for subsets of size up to 4800 for a binary domain
with 24 attributes (like led24). While 4800 appears to be a reasonable training
set size for a domain with 24 attributes (there are 200 examples per attribute),
this is still a very low number in comparison to the 224 = 16, 777, 216 examples
of the full domain. The curve shown in Fig. 5 is still in the quasi-linear ascent
at the beginning (compare with Fig. 4), and the probability estimates are still
below 0.01, i.e. there is not even a 1% chance that bottom-up hill-climbing will
pick a suitable example. This explains the difference between the led7 and led24
results in Table 2, and shows that bottom-up hill-climbing is very sensitive to
the addition of irrelevant attributes.

While above analysis was concerned with the average case, it is fairly straight-
forward to derive a tight worst-case bound for the largest dataset that can be
constructed so that each pair of examples has a distance ≥ 2:

Theorem 2. The largest dataset for a binary domain with n attributes for which
all pairs of examples differ in at least two attributes contains 2n−1 examples.
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Fig. 5. Probability estimates for drawing an example that has a neighbor at distance 1
over different training set sizes for a domain with 24 binary attributes (estimated from
100 different sequences of nested subsets with size ≤ 4800; regular plot and plot with
logarithmic scale for sample sizes).

Proof. There are 2n−1 examples with n − 1 attributes. We extend each example
with an n-th attribute as a parity value (i.e., we add 0 for an even number of 1’s
in the first n − 1 attributes and 1 for an odd number). Clearly, examples that
had a distance of 1 with n − 1 attributes, now have a distance of 2 because they
will in addition differ in the parity attribute. Thus, we have training set with
2n−1 examples and pairwise examples distances ≥ 2.

There can also be no larger set because each additional example must share
the first n − 1 attributes with one of the examples in the original dataset. Thus
it can only differ in the last attribute, and the distance to its nearest neighbor
is ≤ 1. ✷.

4.3 Discussion

A few comments are at hand to put the above results into the right perspective.
First, it should be noted that our results only deal with symbolic and possibly
with integer domains. Attributes with continuous value ranges typically have to
be generalized to an interval, which may increase chances of covering additional
examples. However, this may also result in an undesirable bias that favors gen-
eralization of continuous attributes over generalization of symbolic attributes, in
case the examples are fairly scattered in the projection to the symbolic subspace.

We also tacitly assumed that bottom-up hill-climbing can make a useful
generalization if there is at least one other examples that differs in only one
value. Obviously, this needs not be the case, because the distribution of positive
and negative class labels can be more or less arbitrary at such small samples.

Furthermore, the above-mentioned limitations only apply to bottom-up hill-
climbing that starts from the most specific rule, i.e., the equivalent of a single
example. Bottom-up hill-climbing of the type shown in Fig. 3 is successfully used
for pruning, i.e., for simplifying previously learned rules (cf. Section 3.3). It can
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work there because generalization starts at a point where the last specialization
step (i.e., the last addition of a condition to the rule) has decreased the coverage
of the rule on the training set. Thus, even if no generalization of the learned rule
increases its coverage on the validation set (where the pruned rule is evaluated),
the information about the order in which the conditions have been added in the
specialization phase may be used for making a reasonable tie-breaking choice.
Typically, the conditions added first will be more relevant and more reliable than
conditions that have been added towards the end.

It is also unclear whether these results can be carried over to other uses of hill-
climbing in machine learning. An obvious candidate would be backwards wrapper
feature subset selection, which starts with a full set of features and successively
considers individual features for elimination [16]. However, the situation here
is somewhat different. Although it can be expected that many features look
alike (at least if highly selective inducers like decision trees or rule learners are
used), there will be some differences that can be used for guiding the search
(e.g., one can expect that the use of a different root attribute in a decision tree,
which is guaranteed to happen in this process, will lead to different performance
estimates).

There are several extensions to basic hill-climbing that one could expect to
help with our type of problem. We already discussed the case of deeper look-
aheads (i.e., to generalize several steps at the same time) and showed that in-
creasing the look-ahead by one step increases the allowable minimum example
distance by one. Thus, the examples may be less dense in the domain. However,
Table 2 shows that a 2-step look-ahead could in most cases (a notable exception
is tic-tac-toe) only marginally improve the situation (the probabilities of failure
are the sum of the columns ’= 1’ and ’= 2 (or one minus the values of the column
’> 2’). These small improvements have to be paid with a quadratic increase of
candidate generalizations that must be considered. Moreover, the penultimate
column of Table 2 shows that there are several domains that contain examples
whose nearest neighbor differs in five or more attributes, in the DNA-related
domains even more than 40 attributes. The exponential growth in the search
space makes such deep look-aheads prohibitive.

Another technique for fighting the myopic behavior of hill-climbing is the use
of beam search. At each generalization step, beam search not only remembers
the option that appears to be best (as in hill-climbing), but instead remembers
the best b options (where b is the size of the beam). Again, it cannot solve
the principal problem that all candidate generalizations will look alike, but by
remembering more than one candidate, it increases the chance that a correct
generalization is among those remembered. Of course, if the beam is made large
enough to remember all possible candidates, we end up with exhaustive search.

It should also be noted that our analysis is only concerned with the counter-
part of the popular top-down algorithm. More elaborate generalization operators,
such as the use of lggs can be employed successfully, as many implementations
demonstrate. However, these operators are also quite costly. lggs, for example,
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compute a generalization for each pair of examples instead of each single exam-
ple, and, for this reason, are often combined with subsampling (cf. Section 3.3).

If one is willing to deal with such quadratic worst-case costs, our results may
also lead to a constructive way for selecting good seed examples for bottom-up
hill-climbing, namely examples that have a number of neighbors that are fairly
close. A similar technique is used in RISE [9] for picking the best pair of exam-
ples for an lgg-based generalization step. The advantage would be that pairwise
example differences are only needed for picking the seed example (instead of at
each generalization step, as would be the case for lggs). Also, the algorithm may
not need to compute all pairwise differences because it may stop as soon as it
has discovered a candidate seed example that lies in a reasonably dense neigh-
borhood. Whether such an approach could lead to a competitive bottom-up
hill-climber remains subject to future work.

5 Conclusions

In this paper, we closed a gap in the literature on hill-climbing approaches in
rule learning. While the simple top-down hill-climbing approach prevails in rule
learning, and a few more complex bottom-up algorithms can be found as well, we
do not know of any paper that discusses the simple bottom-up dual of the pop-
ular top-down approach. Our negative result shows that such an algorithm will
fail to generalize in cases where the selected seed example is fairly distant from
all its neighbors. For propositional domains, we show that the likeliness of such a
pathological case increases with the number of attributes, and that several thou-
sand examples are not sufficient to facilitate greedy bottom-up generalization
for some twenty Boolean attributes.

Our results do not touch upon bottom-up approaches previously studied in
the literature, but these have to buy the additional power of their generalization
operator with a considerably larger number of investigated hypotheses (most
approaches rely on generalization from pairs of examples instead of single ex-
amples). However, if one does not eschew quadratic run-time complexities, our
results may also point to a way of improving future bottom-up systems by re-
placing the random selection of seed examples with a guided search for examples
in denser neighborhoods of the example space.
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Abstract. In the field of deductive logic, relevant logic has been inves-
tigated for a long time, as a means to derive only conclusions which are
related to all premises. Our proposal is to apply this concept of relevance
as a criterion of appropriateness to hypotheses in inductive logic, and in
this paper we present some special hypotheses called residue hypotheses,
which satisfy such kind of appropriateness. This concept of relevance is
different from those often introduced in the field of Inductive Logic Pro-
gramming. While those aimed at the reduction of search spaces, which
went hand in hand with postulating criteria which restricted the appro-
priateness of formulae as hypotheses, the relevance concept presented
in this paper can be regarded as ‘logical smallness’ of hypotheses, in
contrast to ‘syntactical smallness’. We also give a further refinement,
so-called minimized residue hypotheses, which constitute an interesting
trade-off between these two types of smallness. We also give some results
on bottom clauses and relevance.

1 Introduction

Finding appropriate hypotheses to explain observations is a central activity to-
wards discovering new theories. In the field of Inductive Logic Programming
(ILP), concepts of relevance between logical formulae have often and indepen-
dently been used for reduction of search spaces, which went hand in hand with
postulating criteria which restricted the appropriateness of formulae as hypothe-
ses [LGJ99,Mid99]. On the other hand, relevance has been investigated for a long
time in the field of deductive logic. A formula is derived as a conclusion in relevant
logic only if it is deductively related to all premises. This means that relevance is
a criterion of appropriateness concerning conclusions. Our proposal is to see the
relevance concept in deductive logic as a criterion of appropriateness to hypothe-
ses in inductive logic, and in this paper we present some special hypotheses—
called residue hypotheses and minimized residue hypotheses—which satisfy such
appropriateness.
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We understand ILP as a form of hypothesis finding, i.e., as a process of logical
inference aiming at the deductive derivation of hypotheses from observational
examples and background knowledge where all three are logical formulae. We
adopt the following quite general definition.

Definition 1. We define a hypothesis finding problem (HFP) as a pair
(B,E) of two formulae B and E, where we assume that B �|= E. A solution
to the HFP(B,E) is given by any formula H, such that B∧H |= E. (B, E and
H are called background theory, example and hypothesis respectively.)

As in the seminal work of Plotkin [Plo71], we treat positive examples only.
Obviously, we will disallow inconsistent formulae as hypotheses.

Looking quite generally at different solutions of a HFP, it turns out that an
appropriate hypothesis H should be distinguished by the following hypothesis
criteria: H should be

(C1) ‘logically small’ in order to avoid ‘overstrengthening’ or ‘overspecializ-
ing’ of B when adding H and

(C2) ‘syntactically small’ in order to prevent an explosion of iteratively con-
structed background theories B ∧ H .

A borderline between these two types of criteria might be drawn as follows:
A criterion is syntactical if it depends on the hypothesis itself — e.g. we might
think of the length of a formula, its Kolmogorov complexity, instantiation depth,
etc. — while a criterion is logical if it concerns the relationship of a hypothesis
to other formulae — e.g. subsumption of other hypotheses, properties of its
relationship to B and E, etc. Note that the two hypotheses E and B → E
are close to the extremes: Each satisfies one of these two criteria, but not the
other. We decided to adopt ‘relevant entailment’ instead of ‘classical entailment’
as our ‘logical smallness concept’, because this way these extremes are avoided
in general.

This lead to the definition of residue hypotheses and minimized residue
hypotheses in [FY98,YF00]. They were defined by means of the Connection
Method [Bib87] and derived from the non-complementary paths in the matrix
obtained from B→ E. In the present paper we show that residue hypotheses
and minimized residue hypotheses — denoted by Hw and HW respectively
— constitute a trade-off between the mentioned criteria : They are still classically
semantically ‘smallest’, while HW is constructed by further reductions of the size
of Hw and is therefore syntactically smaller. They can both be seen as solutions
in Multiplicative Relevant Logic.

We also show that under certain conditions our new hypothesis concepts
generalize the earlier hypotheses generated by the Bottom Method in [Yam99b].
Since this method is an extension of both the Saturation Method and the ab-
duction methods as well as a restriction of the Inverse Entailment Method, the
result we show relates our new hypothesis finding methods also to those earlier
methods.
The paper is organized as follows: In Section 2 we review the fundamentals

of the Connection Method and its application to Multiplicative Relevant Logic.
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In Section 3 we introduce the concepts of residue hypothesis and of minimized
residue hypothesis. We also show that we may call hypotheses of both types rel-
evant hypotheses. In Section 4 we compare the Bottom Method and the relevant
hypothesis concepts.

Due to reasons of space, proofs of some theorems and lemmata — as well
as several more detailed explanations — are not in this paper. The complete
version of the paper will be made available in a technical report on the web cite
http://ca.meme.hokudai.ac.jp/people/yamamoto/tr.html.

2 The Connection Method

We will give in this section a rough outline of the Connection Method [Bib87]
with special attention to its use for characterizing theoremhood in Multiplicative
Relevant Logic. In order to simplify the presentation we will restrict ourselves to
what is indispensable for the following sections. In particular, we will only deal
with normal form matrices, although non-normal form matrices are mandatory
for dealing with Multiplicative Relevant Logic in general.

2.1 Matrices and Connections

We define a (normal form) matrix as a set of sets (columns) of occurrences
of literals. (Literals are propositional variables or their negations. In matrices
we denote negation by overlining, i.e. we write P instead of ¬P (with P a
propositional variable or a literal).)

The need to distinguish different occurrences of literals stems from Rel-
evant Logic (see Section 2.2) (Different occurrences of (logical) literals will be
distinguished by upper indices. We will sometimes omit the upper index if no
confusion may arise, e.g. if there are no different occurrences which must be
distinguished. If we speak of literals in (parts of) matrices, we usually refer to
occurrences, otherwise not. )

It is convenient to denote by �− the reflexive transitive closure of ∈ (set mem-
bership), and thus writing L �−M when we want to speak about an occurrence
of a literal in a column of M.

We denote by m the usual translation of a formula into a set of clauses.
However — following a tradition of the Connection Method — in contrast to
the traditional refutative translation, we will not negate the formula, and thus
translate in an affirmative way. Consequently our normal form matrices don’t
represent a conjunction of disjunctions, but a disjunction of conjunctions.

Two (logical) literals K and L are called complementary , if there is a
propositional variable P and K = P and L = P or vice versa. Since for an
arbitrary formula F holds that ¬¬F is equivalent to F (F equivalent to F ),
we make the convention that K denotes the literal being complementary to
the literal K , where K may be a propositional variable or its negation. A con-
nection in a matrix M is an unordered pair of occurrences of complementary
literals L �−M and K �−M, denoted by (L, K) or (K, L). We denote by SM
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the set of all connections of the matrix M. A path p in a matrix M is a set
of literals where we choose exactly one literal from each column of M. A path
p in a matrix M is a complementary path with respect to a set of connec-
tions S, if p contains a connection of S, i.e. there are occurrences of literals
L �− M and K �− M with (K, L) ∈ S and K, L ∈ p . A set of connections S
is called spanning for a matrix M iff every path in M contains at least one
connection from S.
The Main Theorem of the Connection Method for classical logic [Bib87] says

that a formula F is a theorem iff for the matrix m(F ) the set of all connections
is spanning.

Example 1. For the formula F := ((C → P ) ∧ (S ∧ P → K)) → (C → K) we
get the matrix m(F ) = {{C,P}, {S, P,K} , C, K}. The propositional variables
C , P , S , and K respectively mean cuddly , pet, small , and cat. This matrix
can be presented graphically as follows:

S
C

P C K

P

K

This matrix has the paths {C, S,C, K}, {C, P,C, K}, {C,K, C, K}, {P , S,C,
K}, . . .. The set of all connections are depicted by curved lines. The matrix is not
complementary as there is the non-complementary path {P , S,C, K} depicted
by thick straight lines.

For classical logic holds that if there is a spanning set of connections for
a matrix, then the set of all connections is also spanning. More generally, the
property ‘spanning’ of a set of connections is inherited by all supersets. Unfortu-
nately, this inheritance by supersets does not hold for the properties minimality
and acyclicity which we will define below and which are essential for character-
izing Relevant Logic. For this reason we cannot simply always consider the set
of all connections, but we have to state more explicitly for a given matrix which
set of connections we are dealing with. This leads to the concept of a matrix
graph (M,S), i.e. a pair consisting of a matrix M and a particular subset
S of SM . A complementary matrix graph is a matrix graph (M,S) such
that S is a spanning set of connections for M. Moreover, the consideration of
different sets of connections for a given matrix leads to the distinction between
absolute properties of a matrix M which are valid in (M,SM) and prop-
erties relative to a set S of connections, i.e. properties which are valid in the
matrix graph (M,S).

We call a connection (K, L) superfluous in a matrix graph (M,S) iff every
path p in M with K, L ∈ p contains a further connection from S. A matrix
graph (M,S) is minimal complementary iff it is complementary and none
of the connections in S is superfluous. In this case we also say that S is a min-
imal spanning set of connections for M. A set of connections S ⊂ SM is
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subspanning for the matrixM iff all absolutely complementary paths inM—
i.e. all paths which are complementary in (M,SM)—are also complementary in
(M,S). A subspanning set of connections S ⊂ SM is minimal subspanning
for the matrix M iff none of its connections is superfluous, i.e. for every con-
nection in S exists a path in M which contains no further connection from S.

A literal in a matrix graph (M,S) is connected iff it is part of a connection
in S. Otherwise it is unconnected . We define the degree of connectedness
of (an occurrence of) a literal L in a set of connections S as the number of
connections it is involved in:

#S(L) := card({K | (L, K) ∈ S})
We omit the subscript and just write #(L) if S is clear from the context. In

case of #(L) > 1 we will say that L is multiply connected. A part of a matrix
graph—e.g. a row, column, path, etc.—is connected iff it contains a connected
literal, it is totally connected iff all its literals are connected, and it is isolated
iff none of its literals is connected.

2.2 The Connection Method for Multiplicative Relevant Logic

A convenient way to introduce Relevant Logic is via dropping the Weakening
Rule from sequent systems [Gen35] for classical logic. As well known, this
destroys the equivalence of formally different ways to introduce connectives, and
we get the multiplicative and the additive fragment depending on the form
of the chosen sequent rules. The multiplicative fragment of Relevant Logic—
which we consider in the following—is based on the choice of those rules where
the contexts may be different and are concatenated. The connectives are usually
denoted by −−◦, ⊗, � and ¬ referring to implication, conjunction, disjunction and
negation respectively, but we will keep the ordinary notation →, ∧, ∨ and ¬ as
we don’t consider additive connectives as well from which we have to distinguish
the multiplicative ones. Moreover, we don’t include (propositional) constants.

Due to the lack of distributive and idempotence laws in the multiplicative
fragment (without weakening), for the general characterization of theorems of
Multiplicative Relevant Logic by means of the Connection Method we have to
use—in contrast to classical logic— non-normal form matrices, multi-occurrences
of literals and—as already mentioned in the previous subsection—we have to
consider suitably selected subsets of the set of all connections. The use of non-
normal form can be avoided by reaxiomatizing our hypothesis finding problems
into a classically equivalent disjunction of conjunctions.

In our context we don’t care about the general case and just need the follow-
ing weaker theorem:

Theorem 1 Given a normal form matrix

M = {{L11, . . . , Ln1}, . . . , {L1m, . . . , Lnm}}

which can be obtained as translation of the formula F = (L11 ∧ . . .∧Ln1)∨ . . .∨
(L1m ∧ . . . ∧ Lnm). Then F is a theorem of Multiplicative Relevant Logic if
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there is a totally connected and minimal complementary matrix graph (M∗,S),
where M∗ has been obtained from M through horizontal copying of columns.

A matrix graph (M,S) is linear/totally connected iff each literal in M
is involved in at most/least one connection of S, and (M,S) is uniquely
connected iff it is linear and totally connected. Horizontal copying means to
replace a column N by a series of copies of N . (For details see [Fro96, Def. 109].)

Example 2. If we take the matrix from our previous examples and make two
copies of the second column and three copies of the forth, then we get:

S1 S2

C

P 1 P 2 C K1 K2 K3

P

K
1

K
2

3 Relevant Hypotheses

In this section we define residue hypotheses in the context of the Connection
Method and then introduce minimized residue hypotheses 1. We show their ex-
istence and justify why we call them relevant hypotheses.

In order to solve a given Hypothesis Finding Problem we have to extend the
matrix graph obtained from the background theory and the example in order to
get all still non complementary paths complementary. An easy way to do this
is by adding the negated non complementary paths as additional columns. This
leads to the following definition.

Definition 2. Given arbitrary well-formed formulae B (background theory) and
E (Example) of (classical) propositional logic. In addition, we assume B �|= E.
We obtain from B and E the respective normal form matrices B := m(¬B)

and E := m(E), and we denote by M̂ the matrix B ∪ E , i.e. M̂ = m(B→ E).
With pi = {Li1, . . . , Lin} (i = 1, . . . , m), where n is the number of columns

of the matrix M̂, the set P−
M̂ of absolutely non-complementary paths in M̂, we

define the residue hypothesis Hw as the formula

(L11 ∨ . . . ∨ L1n) ∧ . . . ∧ (Lm1 ∨ . . . ∨ Lmn)

We define the matrix Hw := {pi | pi ∈ P−
M̂} = {{L11, . . . , L1n}, . . . , {Lm1, . . . ,

Lmn}} i.e. Hw is a matrix translation of ¬Hw where we preserve different
occurrences of literals, and define the matrix Mw := M̂ ∪ Hw . In addition we
get a mapping Γ : Lij → Lij of the literals in Hw to the literals in the pi in
P−

M̂ . For a minimal subspanning S ⊂ SM̂ we define Sw := S ∪ Tw
M̂ with

Tw
M̂ := {(L, Γ (L)) |L �− Hw}.

1 In our earlier paper [YF00], residue hypotheses were defined in terms of the Resolu-
tion Principle.
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Example 3. We will discuss Definition 2 for the background theory Bcat :=
(C → P ) ∧ (S ∧ P → K) and the example Ecat := C → K .

Let us look at the matrix M̂cat := {{C,P}, {S, P,K} , C, K} —which we
obtain as m(Bcat → Ecat)—and the set SM̂cat

of all its possible connections.
This matrix graph has been considered already in Example 1. It has exactly one
absolutely non-complementary path which corresponds to the residue hypothesis
¬P ∨ S ∨ ¬C ∨K according to Definition 2.

The following theorems make essential statements about Hw : Theorem 3
motivates why the residue hypothesis substantializes the logical smallness of
hypotheses, and Theorem 4—based on Theorem 2—motivates why we call it a
relevant hypothesis.

Theorem 2 Given a normal form matrix M which is not absolutely comple-
mentary, we get for every minimal subspanning S ⊂ SM that the matrix graph
(Mw,Sw) is minimal complementary and totally connected.

Proof: The matrix graph (Mw,Sw) is complementary , because every path p
in Mw is either the continuation of an already complementary path in (M,S)
or the continuation of a non-complementary path p′ in (M,S). As each path
p must go through a literal L in p′ ∈ Hw , we obtain with Γ (L) ∈ p′ , that p
contains the connection (L, Γ (L)) ∈ Sw .

For showing total connectedness of (Mw,Sw) we assume that there is a
literal L �− Mw which is isolated in (Mw,Sw). L cannot be in Hw , because
(L, Γ (L)) ∈ Sw for all literals L �− Hw . Therefore, L �−M. Since (M,S) is not
complementary, there exists a non-complementary path p . We define p′ := (p \
(p∩C))∪{L} where L ∈ C ∈ M. p′ is neither complementary in (M,S), because
L is isolated. Consequently, there must exist a column p′ ∈ Hw and a connection
in Sw between L and a literal in p′ in contradiction to the assumption that L
is isolated in (Mw,Sw).

For minimality we have to show that for each connection (K, L) ∈ Sw exists
a path in Mw which contains no further connection from Sw .

If (K, L) ∈ S then exists a path p inM which contains no further connection
from S, because S is minimal subspanning. Since p must be different from each
non complementary path pi in (M,S) by at least one literal Li ∈ pi and Li /∈ p ,
the continuation of p through the corresponding literals in the columns of Hw

which correspond to the pi contains no further connection.
Similarly, for each connection (L, Γ (L)) ∈ Sw\S exists a non complementary

path p in (M,S) with Γ (L) ∈ p such that its extension by the literal L �− Hw

contains only the connection (L, Γ (L)). Since all non complementary paths in
(M,S) must differ by at least one literal, and consequently the continuation
through the corresponding literal in the corresponding column in Hw doesn’t
contain a further connection from Sw .

Theorem 3 (Logical Smallness) Under the assumptions of Definition 2, the
formula Hw is the least general hypothesis in the sense that it is implied by all
other hypotheses H for which exists a complementary matrix graph of B∧H→ E.
I.e. H→ Hw is valid.
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Proof: We prove first that Hw is an admissible hypothesis w.r.t. B and E, i.e.
that B ∧ Hw → E holds. From the formula B ∧ Hw → E we get the ma-
trix Mw = m2

o(B ∧ Hw → E) which contains the columns {Li1, . . . , Liki}
for i = 1, . . . , m. Ths implies that for i = 1, . . . , m the continuations of
the (non-complementary) paths {Li1, . . . , Liki

} through the respective columns
{Li1, . . . , Liki

} is complementary w.r.t. SMw , and consequently, the matrix
graph (Mw,SMw) is complementary.

We show next that Hw is a least general hypothesis:
If B ∧ H → E is valid, there must exist a complementary matrix graph

(M∗,S∗) with M∗ = m2
o(¬B ∨ ¬H ∨ E). We define M̂ := m2

o(¬B ∨ E) and
H∗ := m2

o(¬H), both understood as subsets of M∗ .
For every non-complementary path p in M̂ we get through vertical re-

striction in (M∗,S∗) the complementary matrix graph (p ∪ H∗,Sp) with
Sp := S∗|p∪ H∗ (Iterative application of Lemma [Fro96, Lemma 24]).

With p1, . . . , pn the set of all non-complementary paths in M̂ we get the
complementary (non-normal form) matrix graph (M∗∗,S∗∗) with M∗∗ :=
{{p1, . . . , pn}} ∪ H∗ and S∗∗ :=

⋃n
i=1 Spi

. According to Definition 2 the ma-
trix {{p1, . . . , pn}} is a representation of Hw . With H∗ a matrix representation
of H , the matrix {{p1, . . . , pn}} ∪ H∗ can be understood as a representation
of ¬H ∨ Hw . Together with the complementarity of (M∗∗,S∗∗) we get that
H→ Hw holds.

Theorem 4 (Relevant Logic Link) Under the assumptions of Definition 2,
the matrix graph (Mw,Sw) implies that the formula B∗ ∨ ¬Hw ∨ E∗ , with B∗

and E∗ disjunctive normal form formulae equivalent to ¬B resp. to E, is a
theorem of Multiplicative Relevant Logic.

Proof: We know from Theorem 2 that the matrix graph (Mw,Sw) is minimal
complementary and totally connected. Therefore our claims follow with Theo-
rem 1.

Remark 1. Let us add to Theorem 4 that the passage from B and E to the
classically equivalent B∗ and E∗ respectively—i.e. a reaxiomatisation of the
hypothesis finding problem—is necessary, because for B and E a ‘relevant hy-
pothesis’ might not exist.

Examples show that in many cases the residue hypothesis can be further re-
duced. Often a large number of literals can be deleted from the Residue Hypoth-
esis without loosing the total connectedness nor the minimal complementarity
of the resulting matrix graph, and consequently the link to Relevant Logic is
preserved as well. For this deletion process—called minimization—we need some
‘preparation’ of the matrix graph (Mw,Sw).

Given a matrix graph (M,S) with M in normal form. A list

C =
[
[L1, K1], . . . , [Ln, Kn]

]
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of ordered pairs of (occurrences of) literals from M such that {(L1, K1), . . . ,
(Ln, Kn)} ⊂ S is called a connection chain iff for i = 1, . . . , n−1 holds that
Ki and Li+1 are in the same column of M.

If Kn and L1 are in a common column as well, then the connection chain is
called closed . A closed connection chain is called a cycle iff all its literals are
different (as occurrences in the matrix) and the vertical pairs Ki and Li+1 (and
also Kn and L1 ) are all in different columns.

If a matrix graph contains no cycle, then it is called acyclic.
Lemma 1. If (M,S) is a normal-form matrix graph which is minimal comple-
mentary and totally connected, then there exists a matrix graph (M′,S′), where
M′ is obtained from M by horizontal copying of columns, which in addition to
being minimal complementary and totally connected, is also acyclic.
Proof: We create (M′,S′) from (M,S) as follows:
Decomposition: We choose a cycle in (M,S) and a column C ∈ M,

C = {L1, . . . , Ln}, which contains a vertical pair of literals of the chosen cycle.
We build the vertical restrictions {Li}∪(M\{C}) (i = 1, . . . , n) of (M,S). For
each of these matrices we chose a minimal spanning set of connections Si from
S|{Li}∪(M\{C}) and define Ni as the set of columns fromM\{C} which are con-
nected by Si . Then all the matrix graphs (Ni,Si) are minimal complementary
and totally connected.
Composition: If none of the matrix graphs ({Li} ∪Ni , Si) contains a cycle,

we define (M′,S′) := ({C} ∪⋃n
i=1Ni ,

⋃n
i=1 Si) (with respective copies of the

literal occurrences).
If some of the matrix graphs (Ni,Si) contain cycles, we continue applying

decomposition steps to them. Since the number of cycles per single matrix graph
decreases with each step, the decomposition process will eventually end.

When composing the obtained matrix graphs into bigger ones, the problem
may occur that instead of a matrix {Li}∪ Ni we have {L1

i , . . . , Lk
i }∪ Ni . In this

case we may replace the different L1
i , . . . , Lk

i by a single occurrence L0
i which

takes all the connections. This is possible, because no cycle can be created this
way (no increase of vertical relationships).
Definition 3. With the assumptions and notations of Definition 2, we get with
Lemma 1 from (Mw,Sw) a matrix graph (MW ,SW ) which is minimal com-
plementary, totally connected and acyclic.
We call a minimization step the deletion of a literal L in the H-part

HW of MW , whose connection partner—i.e. the unique literal K �− MW with
(L, K) ∈ SW—is multiply connected in SW .
Iterative application of minimization steps until no further literal in HW

can be deleted leads finally to the so-called minimized residue matrix graph
(MW ,SW ) with H-part HW .
We call the formula HW , constructed from HW in the same way as we

constructed Hw from Hw in Definition 2, the minimized residue hypothesis.

Example 4. Let us apply Definition 3 to the residue matrix graph (Mw
cat,S

w
cat)

from Example 1. It is already acyclic, therefore (MW
cat,S

W
cat) := (Mw

cat,S
w
cat).



Minimised Residue Hypotheses in Relevant Logic 287

We may now delete iteratively all literals of its H-part excluding S . (Deletion is
indicated in the matrix graph below by putting the respective literals in boxes.)
We obtain the Minimized Residue Hypothesis H

W
cat := S .

P
S

C S

P C K

P C

K

K

In order to preserve total connectedness, it is obvious that we have to require
in Definition 3 that the literal K is multiply connected. That this single require-
ment is sufficient shows the next theorem, which also maintains the motivation
for HW being called a relevant hypothesis.

Lemma 2. Given a minimal complementary acyclic normal form matrix graph
(M,S) and a connection (K, L0) ∈ S such that #S(K) = 1 and #S(L0) > 1.
Then with M′ the matrix obtained from M by deleting K and with S′ :=

S \ {(K, L0)}, the matrix graph (M′,S) is minimal complementary.
(Quite trivially, it is again acyclic and in normal form.)

Proof: Let us first introduce some more notation:
There are columns C, CK ∈ M with K ∈ CK and L0 ∈ C . We assume C

to be of the form {L0, L1, . . . , Ln} (n ≥ 0) and we define C′
K := CK \ {K}.

In addition, we define N := M \ {C},N ′ := M′ \ {C}, and for i = 0, . . . , n
Ni := {Li} ∪ N ,N ′

i := {Li} ∪ N ′.

L0

L1

...

Ln



C

K


CKC′

K




M

That (M′,S′) is complementary follows from vertical restriction ([Fro96,
Lemma 24]). In order to show minimality we assume that S′ is not minimal
spanning for M′ . Then exists a subset T′ ⊂ S′ , T′ �= S′ , which is minimal
spanning for M′ . Obviously, for all i = 0, . . . , n the matrix graphs (N ′

i ,T
′|N ′

i
)

are complementary (due to vertical restriction) and we may choose for each
i = 0, . . . , n a subset T′

i ⊂ T′|N ′
i
which is minimal spanning for N ′

i .
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Our intention is to show that
n⋃

i=0

T′
i ∪ {(K, L0)}

is spanning for M. Since this set of connections is a proper subset of S, we
have a contradiction to S being minimal spanning for M.

We show first that the column C cannot be isolated in (M′,T′):
Obviously, we get a spanning set for M as the union of T′ and an arbitrary

spanning set of connections T ⊂ S for the matrix MK := (M\ {CK}) ∪ {K}.
We get immediately S = T ∪ T′ from T ∪ T′ ⊂ S and S being minimal. Since
the connection (K, L0) cannot be in T′ , it follows (K, L0) ∈ T. Here we get
#T(L0) = 1, because for every path p in MK holds K ∈ p , and consequently,
every path p with L0 ∈ p has the connection (L0, K), and thus every other
connection with L0 would be superfluous. Now #S(L0) > 1 implies #T′(L0) >
0.

We show that for i=0, . . . , n the literals Li cannot be isolated in (N ′
i ,T

′
i) :

If there exists a j ∈ {0, . . . , n} with Lj isolated in (N ′
j ,T

′
j), the set of

connections T′
j would be spanning for N ′ . Consequently, T′

j would be spanning
for M′ , and C would be isolated in (M′,T′

j). Since T′ is minimal spanning for
M′ , we would get T′

j = T′ and C would be isolated in (M′,T′) in contradiction
to what we showed before.

For all i > 0 the column C′
K ∈ N ′

i is isolated w.r.t. T′
i :

If for some j ∈ {1, . . . , n} the column C′
K were not isolated in (N ′

j ,T
′
j), then

would exist a regular connection chain C from Lj to a literal in C′
K ([Fro96,

Lemma 32]). However this would imply the cycle C +
[
[K, L0]

]
in S in contra-

diction to being assumed acyclic.
We come to the conclusion:
Since for all i = 1, . . . , n the column C′

K is isolated in (N ′
i ,T

′
i), T′

i is also
spanning for the matrix Ni . (The isolated column C′

K is replaced by CK =
C′

K ∪ {K}.)
For i = 0 we get the following: Each path p in N0 is either a path in N ′

0
or it goes through K . In the first case p contains a connection from T′

0 . In the
second case, the connection (K, L0) would make p complementary, because all
paths in N0 go through L0 as well. Consequently, T′

0 ∪ {(K, L0)} is spanning
for N0 .

We finally obtain that
⋃n

i=1 T′
i ∪

(
T′
0 ∪ {(K, L0)}

)
is spanning for M =

N ∪{{L0, . . . , Ln}}. Since
⋃n

i=0 T′
i ⊂ T′ ⊂ S′ and T′ �= S′ we obtain

⋃n
i=0 T′

i∪
{(K, L0)} �= S in contradiction to the minimality of S.

Theorem 5 Under the assumptions of Definition 2 a (normal-form) matrix
graph (MW ,SW ) constructed iteratively according to Definition 3 is minimal
complementary and totally connected.
The formula B∗ ∨ ¬HW ∨ E∗ , with B∗ and E∗ disjunctive normal form

formulae equivalent to ¬B resp. to E, is a theorem of Multiplicative Relevant
Logic.
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Proof: The mentioned matrix properties are preserved because we get the fol-
lowing for each minimization step: Complementarity is preserved according to
the properties of vertical restriction ([Fro96, Lemma 24]). Total connectedness
is preserved due to the requirement that L0 must be multiply connected. Mini-
mality follows with iterative application of Lemma 2.

The proof of the statement on Relevant Logic goes analogously as in Theo-
rem 4.

For lifting our relevant hypothesis concepts to first-order logic we will present
first the respective extension of the Connection Method. This goes as usual via
Herbrand’s Theorem (see [Bib87,YF00]). We transform a first-order formula into
Skolem normal form2 which is then transformed into clausal form, thus obtaining
a matrix. We next instantiate a suitable set of copies of columns (with renaming
of variables) with ground terms, which yields a so-called compound (ground)
instance. Since such a compound instance is a ground matrix, all concepts
defined for propositional matrices carry over in a straightforward manner.
The Main Theorem of the Connection Method for classical first-order logic

says that a formula F is a theorem iff for a compound instance of the matrix
m(F ) the set of all connections is spanning.

On this basis our hypothesis finding approach can be lifted to the first-order
level as follows.

Definition 4. For a first-order HFP(B,E) we proceed as follows:

• We create a compound ground instance M̂ of the matrix m(B→ E).
• We generate a minimized residue hypothesis Hw from M̂.
• We generalize Hw through anti-instantiation, i.e. we facultatively replace
consistently in each column certain terms by variables.

Example 5. We consider the HFP(Bnat,Enat) with Bnat := even(0)∧(odd(x)→
even(s(x))) and Enat := odd(s(s(s(0)))) in the domain of natural numbers which
we represent as successors of 0.

even(0) even(0)

odd(s(0))

even(0) odd(s(0)) even(s(s(0))) odd(s(s(s(0))))

even(s(s(0)))

odd(s(s(s(0)))) odd(s(s(s(0))))

We can get the hypothesis Hnat = even(y)→ odd(s(y)) which is desired from
our knowledge by means of:
2 Due to not negating the formula we have to Skolemise the universally quantified

variables.
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• Suitable instantiation of the non-unit column of the matrix M̂ with x← s(0)
(SM̂ is minimal subspanning).

• Suitable minimization according to Definition 3 — the residue matrix graph
is acyclic.

• Suitable anti-instantiation 0 → y and s(s(0)) → y respectively of the two
hypothesis columns.

4 Bottoms and Relevant Hypotheses

In this section we will show a relationship between the previously introduced
Relevant hypotheses and the Bottom Method (or Bottom Generalization
Method) [Yam99a,Yam99b] invented by one of the authors.

Definition 5. The bottom for a pair consisting of a background theory B and
an example E is the disjunction of all literals whose negation is a logical conse-
quence of B ∧ ¬E.

Example 6. Let us consider the pair Bcat and Ecat in Example 3. All literals
which are logical consequences of B∧¬E are: P, S, C,K. Therefore the bottom
is ¬P ∨ S ∨ ¬C ∨K .

Sometimes we have a coincidence, as in Example 3, where the bottom is the
residue hypothesis. In general, this is not true. However, we get good correspon-
dence results if we consider the special sets of formulae suggested by Shinohara’s
concept of reduced Horn sets [Shi91]. This concept covers several different issues
and, consequently, it can be broken down as follows:

Definition 6. A set of Horn clauses G is called not axiom reduced iff there
is a definite clause H ← T1 ∧ . . . ∧ Tn in G such that T1, . . . , Tn �⊂ Fix(G).
A set of Horn clauses G is called not proof prereduced iff for no tail literal

H in G exist two definite clauses H ← T1 ∧ . . .∧ Tn and H ← T ′
1 ∧ . . .∧ T ′

n′ in
G such that both T1, . . . , Tn ⊂ Fix(G). and T ′

1, . . . , T ′
n′ ⊂ Fix(G).

A set of Horn clauses G is called not proof reduced iff there are two
definite clauses H ← T1 ∧ . . . ∧ Tn and H ← T ′

1 ∧ . . . ∧ T ′
n′ in G such that both

T1, . . . , Tn ⊂ Fix(G) and T ′
1, . . . , T ′

n′ ⊂ Fix(G).

Lemma 3. A set of Horn clauses G is reduced (in the sense of [Shi91]) iff it is
axiom reduced and proof reduced.

Remark 2. We will present in the following some lemmata about Horn formulae
and need to make some remarks about their matrix representation. A theorem
to be proved usually consists of a conjunction of axioms which imply a further
formula. Quite frequently, theorem proving problems specified by Horn formulae
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are (already) given as a set of Horn clauses, which can be understood as a con-
junction of disjunctions. (The disjunction is sometimes written as implication)
This means that the theorem to be proved has already been preprocessed for
the application of a refutation procedure, i.e. it has been negated. As with the
connections method we use to work with the unnegated problem specification
we will not follow this ‘negation practice’, and will understand a set of Horn
clauses as the problem

∧
GD →

∨
GG where GD ⊂ G is the subset of definite

Horn clauses and GG ⊂ G the set of negative clauses. Consequently, we will
consider the translation of ¬∧

GD into normal form matrices as the ‘natural’
matrix representations of GD .

Recall that the only difference between this matrix and the usual set of clauses
(in set notation) is that all positive literals are negated and vice versa.

With the introduced terminology we get the following correspondence results
between the Bottom Method and the relevant hypotheses.

Theorem 6 Given a Hypothesis Finding Problem whose Background Theory B
consists of a set of definite Horn clauses and whose Example E consists of a
disjunction of literals, such that B �|= E. (In the following, we understand ¬E
as a set of unit clauses.)

1. If the Horn set B ∪ ¬E is axiom reduced, then the Residue Hypothesis Hw

is a disjunction of literals from the bottom of the pair B and E, where each
of these literal occurs at least once.

2. If the Horn set B ∪ ¬E is reduced, then the residue hypothesis Hw is a
disjunction of literals from the bottom of the pair B and E, where each of
these literal occurs exactly once.

3. If the Horn set B ∪ ¬E is axiom reduced and proof prereduced, and if the
matrix obtained from B∪¬E contains at least one absolute connection, then
the minimized residue hypothesis HW is definitely smaller than Hw .

4. If the Horn set B ∪ ¬E is reduced, and if the matrix obtained from B ∪
¬E contains at least one absolute connection, then the minimized residue
hypothesis HW is definitely smaller than the union of bottom and (unit) goal
clauses.

Let us illustrate Theorem 6 by an example:

Example 7. Let us again consider our running example. Note that the Back-
ground Theory Bcat consists of definite Horn clauses and is reduced. Due to
C → K ≡ ¬C ∨ K the Example Ecat can be understood as a disjunction of
literals.

The residue hypothesis (see Example 3) and the Bottom (see Example 6) are
both ¬P ∨ S ∨ ¬C ∨K . The minimized residue hypothesis S (see Example 4)
is definitely smaller.

5 Conclusion

With the minimized residue hypothesis we have created a hypothesis concept
which – as suggested by Theorem 6 – might be an interesting alternative to
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hypothesis generation with the Bottom Method, as it outperforms the latter
hypotheses in view of the syntactical smallness of hypotheses postulated in the
introduction.

In addition, in contrast to many others our approach is not based on con-
cepts of subsumption (subsumption is only used for analysis of the produced
hypotheses). Instead of comparing different possible hypothesis clauses of which
the desired one is computed via subsumption we argue on the level of certain
properties of proofs. Thus the focus switches from the generated clauses to the
concentration on various types of ‘irredundant exhaustive reasoning’ captured
by minimality and total connectedness of matrix graphs.

Let us finally point out that in contrast to existing approaches we are not
restricted to clauses — neither concerning the background theory nor the exam-
ple or the hypotheses to be generated — but we may work with problems stated
by formulae of arbitrary shape.

Acknowledgements. This work was carried out while Bertram Fronhöfer spent
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[Fro96] B. Fronhöfer. The Action-as-Implication Paradigm: Formal Systems and

Application, volume 1 of Computer Science Monographs. CSpress, München,
Germany, 1996. (revised version of Habilitationsschrift, TU München 1994).
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Abstract. A regular pattern is a string of constant symbols and dis-
tinct variables. A semantics of a set P of regular patterns is a union
L(P ) of erasing pattern languages generated by patterns in P . The pa-
per deals with the class RPk of sets of at most k regular patterns, and
an efficient learning from positive examples of the language class defined
by RPk. In efficient learning languages, the complexity for the MINL
problem to find one of minimal languages containing a given sample is
one of very important keys. Arimura et al.[5] introduced a notion of
compactness w.r.t. containment for more general framework, called gen-
eralization systems, than RPk of language description which guarantees
the equivalency between the semantic containment L(P ) ⊆ L(Q) and
the syntactic containment P � Q, where � is a syntactic subsumption
over the generalization systems.
Under the compactness, the MINL problem reduces to finding one of
minimal sets in RPk for a given sample under the subsumption �. They
gave an efficient algorithm to find such minimal sets under the assump-
tion of compactness and some conditions.
We first show that for each k ≥ 1, the class RPk has compactness if and
only if the number of constant symbols is greater than k+1. Moreover, we
prove that for each P ∈ RPk, a finite subset S2(P ) is a characteristic set
of L(P ) within the class, where S2(P ) consists of strings obtained from P
by substituting strings with length two for each variable. Then our class
RPk is shown to be polynomial time inferable from positive examples
using the efficient algorithm of the MINL problem due to Arimura et
al.[5], provided the number of constant symbols is greater than k + 1.

1 Introduction

A pattern is a string (possibly the empty string) consisting of constant symbols
in a fixed alphabet Σ and variables. For example, p = axby and q = axbx are
patterns, where a, b ∈ Σ and x, y are different variables. The language L(p)
generated by a pattern p is the set of all constant strings obtained from p by
substituting constant strings (possibly the empty string) for each variable. A
language L is an erasing (or extended) pattern language if L = L(p) for some p.
On the other hand, L is a nonerasing pattern language if it consists of strings
obtained from some pattern p by substitutions but not allowing empty string.

N. Cesa-Bianchi et al. (Eds.): ALT 2002, LNAI 2533, pp. 293–307, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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The class of nonerasing pattern languages was introduced by Angluin[1] as a
class inductively inferable from positive examples based on identification in the
limit due to Gold[6]. She showed that the class has finite thickness to be a
sufficient condition for inferability. On the other hand, the class of erasing pattern
languages first introduced by Shinohara[14] does not have finite thickness and it
is still open whether the class is inferable from positive examples. Shinohara[14]
dealt with the subclass RPL of erasing regular pattern languages, and showed
that the subclass is polynomial time inferable from positive examples. A pattern
is regular if each variable appears at most once in the pattern. In the above
example, p is regular but not q.

The present paper considers the class RPk consisting of sets of at most k
regular patterns. For a set P ∈ RPk, the language L(P ) is defined as the union
of erasing regular pattern languages generated by patterns in P . We deal with
an efficient learning of the language class RPLk of such unions from positive
examples. The classRPL has finite thickness as well as that of nonerasing regular
pattern languages([14], [2]). A notion of finite elasticity due to Wright[16] is a
more general sufficient condition, called finite elasticity, than finite thickness
for inferability, and is preserved under various class operations such as union,
concatenation and so on([10], [9], [12]). Hence the class RPLk has also finite
elasticity, and thus is inferable from positive examples. For a class with finite
elasticity, if both of the membership problem and the MINL problem (to find
one of minimal languages containing a given sample) for the class are polynomial
time computable, then the class is known to be polynomial time inferable from
positive examples([1], [5]). A pattern q is a generalisation of a pattern p, denoted
by p � q, if p is obtained by substituting some pattern (possibly the empty string)
to each variable in q. Thus p � q implies L(p) ⊆ L(q). Shinohara[14] showed that
L(p) ⊆ L(q) if and only if p � q, and the membership problem for erasing regular
pattern languages is polynomial time computable. Thus that problem for RPLk

is also polynomial time computable.
On the other hand, Arimura et al.[5] gave an efficient algorithm of the MINL

problem for unions of nonerasing regular pattern languages from positive ex-
amples in more general framework which works well under conditions such as
compactness mentioned below. For sets P,Q ∈ RPk, we define P � Q if for
each p there is q ∈ Q such that p � q. Clearly the syntactic containment P � Q
implies the semantic containment L(P ) ⊆ L(Q), but not always the converse.
The class RPk has compactness w.r.t. containment if the converse is always valid
for any P,Q in the class.

In this paper, we first show that the class has compactness if and only if the
cardinality of Σ is greater than k + 1. Moreover, a particular subset S2(P ) of
L(P ) is shown to be a characteristic set for L(P ) within RPL, where S2(P ) is a
set of strings obtained from P by substituting constant strings with length two to
variables in patterns in P . Then by these results, we show that the class RPLk

is polynomial time inferable from positive examples, provided the cardinality of
Σ is greater than k + 1.
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2 Erasing Regular Pattern Languages

Let N be the set of nonnegative integers. For a set S, by �S we denote the car-
dinality of S. Let Σ be a fixed alphabet of constant symbols. Let X be a count-
able set of variables, whose elements are denoted by x, x1, x2, · · · , y, y1, y2, · · ·.
Assume that Σ ∩ X = φ. A pattern is a finite string (possibly the empty string)
over Σ ∪ X. The symbol ε denotes the empty string. A string w is a constant
string if w ∈ Σ∗. A sample is a finite set of constant strings. For a pattern p, the
length of p, denoted by |p|, is the number of symbols in p. The set of patterns is
denoted by P. As mentioned above, ε ∈ P.

A substitution θ is a homomorphism from P to P which maps every constant
symbol to itself. A set of replacements {x1 := p1, · · · , xn := pn} is the substi-
tution that maps each variable xi to the pattern pi and any other variables to
themselves. For a pattern p and a substitution θ, the image of p by θ is denoted
by pθ. In particular, c(p) denotes the image of p by the substitution of mapping
each variable in p to ε. Clearly c(p) ∈ Σ∗.

For patterns p and q, q is a generalization of p or p is an instance of q,
denoted by p � q, if there is a substitution θ such that p = qθ. Patterns p and q
are equivalent, denoted by p ≡ q, if p � q and q � p. Note that p ≡ q does not
always imply p = q. For instance, x1 � x1x2 and x1x2 � x1 imply x1 ≡ x1x2
but x1 �= x1x2. For a pattern p, the language generated by p is defined by
L(p) = {w ∈ Σ∗ | w � p}. Clearly p � q implies L(p) ⊆ L(q), and so p ≡ q
implies L(p) = L(q).

A language L over Σ is an erasing pattern language or extended pattern
language if there is a pattern p such that L(p) = L. The term of extended
pattern language was named by Shinohara[14] who first introduced it, and that
of erasing pattern language is used in comparison to nonerasing pattern language
allowing only nonempty substitutions defined by Angluin[1].

A pattern p is regular if each variable occurs at most once in p. Let RP and
RPL be the classes of regular patterns and erasing regular pattern languages,
respectively.

In what follows, we confine ourselves to regular patterns and erasing regular
pattern languages, and say patterns and pattern languages, simply, respectively.

A pattern p is a substring (or subpattern) of a pattern q if q = q1pq2 for some
strings q1 and q2. Particularly, p is a prefix of q if q = pq′ for some q′ and a suffix
of q if q = q′′p for some q′′. A string w ∈ Σ∗ is a subsequence of u ∈ Σ∗, denoted
by w �′ u, if w is obtained by deleting some constant symbols from u. Clearly
every substring of u becomes its subsequence but not always the converse.

The next result is essential in our results obtained here.

Theorem 1 (Shinohara[14]). Let p and q be patterns.
(i) L(p) ⊆ L(q) if and only if p � q, provided that �Σ ≥ 3.
(ii) If p � q, then c(q) �′ c(p) holds, but not always the converse.

A pattern p is of canonical form if p = w0x1w1x2 · · ·wn−1xnwn for some
n ≥ 0, w0, wn ∈ Σ∗ and wi ∈ Σ+(i = 1, · · · , n − 1). As easily seen, any pattern
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equivalent to p has a form w0χ1w1 · · ·wn−1χnwn, where χi is a nonempty string
over X. In this sense, we identify p and q if p ≡ q, and thus RP is a partially
ordered set under the relation �. Hereafter, we assume that �Σ ≥ 3.

3 Conditions for p � q

In this section, we deal with finite and simple sets of patterns denoted by D
such that p1xp2 � q if and only if p1rp2 � q for all r ∈ D, which are useful for
proving the compactness theorem derived in the next section.

Lemma 1. Let a, b, ai, bi ∈ Σ for i = 1, 2 and v, w ∈ Σ∗.

(i) If aw = wb, then a = b and w = a|w|.
(ii) If a1b1w = wa2b2, then a1b1 = a2b2 or b2a2.
(iii) If va1b1w = wa2b2v, then a1b1 = a2b2 or b2a2.
(iv) If va1b1w = b2wva2, then a1b1 = a2b2 or b2a2.

Proof. We prove only the assertion (iii). Assume |v| ≥ |w| for the pair (v, w) given
in the assertion (iii). As easily seen, a1b1 = a2b2 if |v| = |w|, and a1b1 = b2a2 if
|v| = |w|+1. Thus we consider a case of |v| ≥ |w|+2. Let |v| = n× (|w|+2)+ l
for some n ∈ N and 0 ≤ l < |w|+2. Then by va1b1w = wa2b2v, it can be shown
that there are strings u1, u2 such that

|u1| = l, |u2| = |w|+2− l, v = (u1u2)nu1, a1b1w = u2u1, wa2b2 = u1u2.

As easily seen, if |u2| = 0 or 1, then the assertion (ii) or (i) implies the assertion
(iii). Let |u2| ≥ 2, and so |u1| ≤ |w|. Then by the above equations, (u1u2u1 =
)u1a1b1w = wa2b2u1 holds, and thus the new pair (u1, w) satisfies the equation
given in the assertion (iii). We should note that |u1| ≤ |w| < |v|. By repeating
the above, the pair (v, w) can be reduced to v = ε, w = ε or ||v| − |w|| < 2. ��

Let p and q be patterns and let p � q. A sequence (p1 � q1, p2 � q2, · · · , pt �
qt) of relations for patterns is a division sequence for p � q, if p = p1p2 · · · pt,
q = q1q2 · · · qt and pi � qi for each i. If p � q, there is a division sequence
(p1 � q1, · · · , pt � qt) for p � q, where p = p1p2 · · · pt and q = q1q2 · · · qt.

Let p � q and r be nonempty substring of p and p = p1rp2. The substring r
in p1rp2 is generable by variable substitution for q, if there is a division sequence
(p′

1 � q1, p
′′
1rp

′
2 � y, p′′

2 � q2) for p � q such that p1 = p′
1p

′′
1 and p2 = p′

2p
′′
2 . If the

substring r in p1rp2 is generable by variable substitution for q, clearly p1xp2 � q
holds. Clearly every variable in p is always generable by variable substitution for
q. By the above definition, it immediately follows that:

Lemma 2. Let p = p1xp2 and q be patterns such that p �� q.
(i) If p1ap2 � q for a constant symbol a ∈ Σ, then the substring a in

p1ap2 is not generable by variable substitution for q, and for any substitution θ
with qθ = p1ap2, there is a division sequence (p1 � qθ,1, a � a, p2 � qθ,2) for
p1ap2 � q(= qθ,1aqθ,2).
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(ii) If p1axp2 � q for a constant symbol a ∈ Σ, then the substring a in
p1axp2 is not generable by variable substitution for q, and for any substitution θ
with qθ = p1axp2, there is a division sequence (p1 � qθ,1, a � a, xp2 � yqθ,2) for
p1ap2 � q(= qθ,1ayqθ,2).

(iii) If p1xbp2 � q for a constant symbol b ∈ Σ, then the substring b in
p1xbp2 is not generable by variable substitution for q, and for any substitution θ
with qθ = p1xbp2, there is a division sequence (p1x � qθ,1y, a � a, p2 � qθ,2) for
p1ap2 � q(= qθ,1yaqθ,2).

(iv) If p1(ab)p2 � q, p1(ax)p2 �� q and p1(xb)p2 �� q for constant symbols
a, b ∈ Σ, then the substrings a, b and ab in p1(ab)p2 are not generable by variable
substitution for q, and for any substitution θ with qθ = p1(ab)p2, there is a
division sequence (p1 � qθ,1, ab � q′, p2 � qθ,2) for p1(ab)p2 � q(= qθ,1q

′qθ,2).

Lemma 3. Let p = p1xp2 and q = q1q2q3 be patterns. If p1 � q1q2 and p2 � q2q3
but p �� q, then q2 contains no variable, i.e., q2 ∈ Σ∗.

Proof. Assume that the pattern q2 contains some variable, say y, and put q2 =
q′
2yq

′′
2 for some q′

2, q
′′
2 . Then by p1 � q1q2(= q1q

′
2yq

′′
2 ) and p2 � q2q3(= q′

2yq
′′
2 q3),

there are division sequences

(p′
1 � q1q

′
2, p

′′
1 � yq′′

2 ) for p1 � q1q2 and (p′
2 � q′

2y, p
′′
2 � q′′

2 q3) for p2 � q2q3

where p1 = p′
1p

′′
1 , p2 = p′

2p
′′
2 for some p′

i, p
′′
i (i = 1, 2). Since p = (p′

1p
′′
1)x(p

′
2p

′′
2) =

p′
1(p

′′
1xp′

2)p
′′
2 and q = (q1q′

2)y(q
′′
2 q3), by the above division sequences, the se-

quence (p′
1 � q1q

′
2, p

′′
1xp′

2 � y, p′′
2 � q′′

2 q3) gives a division sequence for p � q,
and a contradiction. ��

Lemma 4. Let t ≥ 2 and wi ∈ Σ+(i = 1, 2, · · · , t), and let p = p1xp2 and q =
q1w1q2 · · · qtwtqt+1 be patterns such that p �� q. If p1wip2 � q and there is a divi-
sion sequence (p1 � q1w1 · · ·wi−1qi, wi � wi, p2 � qi+1wi+1 · · · qt+1) for p1wip2
� q (i = 1, · · · , t) then for i = 2, · · · , t, (i) qi ∈ Σ∗, (ii) w1q2 · · ·wi−1qi is a suffix
of p1 and (iii) qi+1wi+1 · · ·wt is a prefix of p2.

The following result can be shown similarly to that of nonerasing regular
patterns given by Sato et al.[13]:

Lemma 5. Let p = p1xp2 and q be patterns. Then p � q if and only if there are
distinct constants a1, a2, a3 ∈ Σ such that p1aip2 � q for i = 1, 2, 3.

The above lemma is not always valid for a case of p1aip2 � q only for distinct
constants a1 and a2. Indeed, consider patterns p = a1xa2 and q = xa1a2y.
Clearly p{x := a1} = a1a1a2 � xa1a2y and p{x := a2} = a1a2a2 � xa1a2y but
p �� q.

Lemma 6. Let p = p1xp2 and q be patterns. Then p � q if and only if there
are distinct constants a1, a2 ∈ Σ such that p1rp2 � q for all r ∈ D, where
D = {a1x1, a2x2} or {x1a1, x2a2}.
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Proof. We prove only the if part for a case of D = {a1x1, a2x2} with a1 �= a2.
The other case can be proved similarly.

Let p1rp2 � q for each r ∈ D. Suppose p �� q. By Lemma 2(ii), the pattern
q is of form q = q1(a1y1q′a2y2)q2 for some patterns q1, q

′, q2, and two division
sequences are given by

(p1 � q1, a1 � a1, x1p2 � (y1q′a2y2)q2) for p1(a1x1)p2 � q
(p1 � q1(a1y1q′), a2 � a2, x2p2 � y2q2) for p1(a2x2)p2 � q.

By the above, we have p1 � q1a1(y1q′) and p2(� x1p2) � (y1q′)a2y2q2. Since
p �� q, by appealing Lemma 3, y1q

′ ∈ Σ∗ must hold. It is a contradiction since
y1 is a variable. ��

Note that the above lemma is not always sufficient for p � q ifD = {ax1, x2b}
for distinct constants a, b ∈ Σ. In fact, let p = bxa and q = y1bay2 for a �= b.
Then clearly both p{x := ax1} = bax1a and p{x := x2b} = bx2ba are instances
of q but p �� q. Concerning with this type, the next result follows:

Lemma 7. Let p = p1xp2 and q be patterns, and let p �� q. If p1(a1x1)p2 �
q, p1(x2b1)p2 � q and p1(a2b2)p2 � q for some constants a1, a2(�= a1), b1, b2(�=
b1), then a1b1 = b2a2 holds.

Proof. Let p1rp2 � q for all r ∈ {a1x1, x2b1, a2b2} but p1xp2 �� q, where a1 �= a2
and b1 �= b2. Then by Lemma 2(ii) and (iii), the following three cases are possible
for some q1, q

′, q2, where the case 3 is possible for a1 = b1(= c):
Case 1. q = q1(a1y1)q′(y2b1)q2 and there are division sequences
(p1 � q1, a1 � a1, x1p2 � (y1q′y2b1)q2) for p1(a1x1)p2 � q and
(p1 � q1(a1y1q′y2), b1 � b1, p2 � q2) for p1(x2b1)p2 � q.
Case 2. q = q1(y2b1q′a1y1)q2, and there are division sequences
(p1 � q1(y2b1q′), a1 � a1, x1p2 � y1q2) for p1(a1x1)p2 � q and
(p1x2 � q1y2, b1 � b1, p2 � (q′a1y1)q2) for p1(x2b1)p2 � q.
Case 3. q = q1(y2cy1)q2, and there are division sequences
(p1 � q1y2, c � c, x1p2 � y1q2) for p1(cx1)p2 � q and
(p1x2 � q1y2, c � c, p2 � y1q2) for p1(x2c)p2 � q.
Hereafter, we show that case 1 or case 3 does not happen, and case 2

leads the equation a1b1 = b2a2.
Case 1. Similarly to the proof of Lemma 6, by Lemma 3, y1q

′y2 ∈ Σ∗ holds,
and a contradiction.
Case 2. By two devision sequences of case 2, p1 � (q1y2b1)q′ and p2 � q′(a1y1q2)
hold, and thus by Lemma 3 and p �� q, q′ ∈ Σ∗ holds. Moreover, by Lemma 4,

(∗) b1q
′ is a suffix of p1 and q′a1 is a prefix of p2.

Next, we consider another condition of p1(a2b2)p2 � q. By p �� q and Lemma 6,
p1(a2x1)p2 �� q and p1(x2b2)p2 �� q. Hence by Lemma 2(iv), q contains a string
q′′ with q′′ = a2b2 or a2yb2 as a substring, and there is a division sequence (p1 �
q′
1, a2b2 � q′′, p2 � q′

2) for p1(a2b2)p2 � q, where q = q1y2(b1q′a1)y1q2 = q′
1q

′′q′
2.
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Claim. The substring q′′ of q = q′
1(q

′′)q′
2 is contained in the substring b1q

′a1 of
q = q1y2(b1q′a1)y1q2.

The proof of the claim. It is enough to show that |q′
1| ≥ |q1y2| and |q′

2| ≤
|y1q2|. Suppose that |q′

1| < |q1y2|.
A case of q′′ = a2b2. In this case, q′

1q
′′ is a prefix of q1y2. It means q1y2 =

(q′
1q

′′)q3 for some q3. Let us put q′
3 = (b1q′a1)y1q2. Then we have q′

2 = q3q
′
3

and q = q′
1q

′′q3q′
3. Note that q3 �= ε and the last letter of q3 is the variable y2

since the last letter of q′′ is b2 but not variable. By two devision sequences for
p1(x2b1)p2 � q and p1(a2b2)p2 � q, we have

p1(� p1x2) � q1y2(= q′
1q

′′q3) and p2 � q′
2(= q3q

′
3).

By Lemma 3 and p �� q, we have q3 ∈ Σ∗, and a contradiction. Similarly, the
case of q′′ = a2yb2 can be shown to lead the contradiction. Hence the claim is
valid.

By the claim and b1q
′a1 ∈ Σ+, it implies that q′′ does not contain any

variable, i.e., q′′ = a2b2. Let b1q
′a1 = w1(a2b2)w2 for some w1, w2 ∈ Σ∗. Then

the devision sequence for p1(a2b2)p2 � q(= q1y2w1(a2b2)w2y1q2) is given as
follows: (p1 � q1y2w1, a2b2 � a2b2, p2 � w2y1q2). Thus by (∗), it follows that:

(1) both b1q
′ and w1 are suffixes of p1, and so w1 is a suffix of q′

(2) both q′a1 and w2 are prefixes of p2, and so w2 is a prefix of q′

Since b1q
′a1 = w1(a2b2)w2, |q′| = |w1|+|w2| holds, and by the above, q′ = w2w1.

Consequently, we have b1(w2w1)a1 = w1(a2b2)w2. By Lemma 1(iv), a1b1 = a2b2
or b2a2. By a1 �= a2, we have a1b1 = b2a2.
Case 3. As noted above, this case is possible for a1 = b1(= c). Since p1(a1x1)p2,
p1(x2b1) � q and Lemma 6, p1(a2x1)p2, p1(x2b2) �� q. Moreover, p1(a2b2)p2 � q
and p �� q are true, so by Lemma 2(iv), there is a division sequence

(p1 � q′
1, a2b2 � q′′, p2 � q′

2) for p1(a2b2)p2 � q,

where q′′ = a2b2 or a2yb2. Similarly to the case 2, since c �= a2, b2, it can be
shown that q′

1 is a prefix of q1 or q′
2 is a suffix of q2. For any case, by Lemma 3,

it leads a contradiction. This completes the proof. ��

Lemma 8. Let p = p1xp2 and q be patterns, and a, b ∈ Σ.
(i) If p1(ax1)p2 � q but p1(x2b′)p2 �� q for any b′ ∈ Σ, then there are not strings
aibi(i = 1, 2) such that p1(aibi)p2 � q for i = 1, 2, a, a1, a2 are distinct and
b1 �= b2.
(ii) If p1(x2b)p2 � q but p1(a′x1)p2 �� q for any a′ ∈ Σ, then there are not
strings aibi(i = 1, 2) such that p1(aibi)p2 � q for i = 1, 2, a1 �= a2 and b, b1, b2
are distinct.

Proof. We prove only for a case (i). Let p1(ax1)p2 � q but p1(x2b′)p2 �� q for
any b′ ∈ Σ. By the latter, p �� q holds. Suppose there are strings aibi(i = 1, 2)
such that p1(aibi)p2 � q for i = 1, 2, and a, a1, a2 are distinct and b1 �= b2.
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Then by p �� q, ai �= a and Lemma 6, p1(aix2)p2 �� q satisfies for i = 1, 2.
Since p1(x2bi)p2 �� q for i = 1, 2, by Lemma 2(iv), it implies that q has a form
of q1(a1b1)w(a2b2)q2 or q1(a1b1b2)q2 for some w ∈ Σ∗ and for some q1, q2, and
there are the corresponding division sequences as given in Lemma 2(iv). Note
that w ∈ Σ∗ follows by applying Lemma 3 to the division sequences. The latter
form for q is possible only for b1 = a2. We prove only for the former case, i.e.,
q = q1(a1b1)w(a2b2)q2. By Lemma 2(iv) and Lemma 4, it follows that:

(∗) (a1b1)w is a suffix of p1 and w(a2b2) is a prefix of p2

On the other hand, since p1(ax1)p2 � q, by Lemma 2(ii), q = q′
1(ay1)q

′
2 for

some q′
1, q

′′
2 , and there is a division sequence (p1 � q′

1, a � a, x1p2 � y1q
′
2) for

p1(ax1)p2 � q. Since q′
1(ay1)q

′
2 = q = q1(a1b1wa2b2)q2, the following cases are

possible: (1) q′
1ay1 is a prefix of q1, (2) ay1q

′
2 is a suffix of q2 and (3) a = b2 and

y1q
′
2 = q2.

For the case (1), Lemma 3 brings a contradiction.
For the case (2), by Lemma 3, q2 = w′(ay1)q′

2 for some w′ ∈ Σ∗, and so q′
1 =

q1(a1b1wa2b2)w′. By (∗) and the above division sequence for p1(ax1)p2 � q, it
implies that

(2− 1) a1b1w and a1b1wa2b2w
′ are suffixes of p1 and

(2− 2) wa2b2 and w′a are prefixes of p2.

Suppose |w| ≥ |w′|. Then w = w1w
′ = w′w2 holds for some w1, w2 ∈ Σ∗, and

(2−1) implies a1b1(w1w
′) = w2(a2b2)w′, and so a1b1w1 = w2a2b2. If w1 = ε, then

w2 = ε and a1 = a2 and a contradiction. Thus w1, w2 �= ε, and so the first symbol
of w2 is a1. By (2 − 2), however, the symbol must be a, and a contradiction.
Similarly we can prove the case of |w| < |w′|. The case (3) is impossible because
of a �= b2. From the above, there are not strings aibi(i = 1, 2, 3) satisfying the
conditions in our lemma. This completes the proof. ��

Lemma 9. Let p = p1xp2 and q be patterns. If p1(ax1)p2 �� q and p1(x2b)p2 �� q
for any a, b ∈ Σ, then there are not constants ai, bj(i, j = 1, 2, 3) such that
p1(aibi)p2 � q, ai �= aj and bi �= bj for i �= j(i, j = 1, 2, 3).

Proof. We omit the proof for lack of space. It is similarly done to Lemma 8.

4 Characteristic Sets and Compactness

For a positive integer k, letRPk be the class of sets of at most k regular patterns,
and let RPLk be the class of unions of languages generated by at most k regular
patterns, i.e., RPLk = {L(P ) | P ∈ RPk}, where L(P ) =

⋃
p∈P L(p).

We define a syntactic relation � over the class of finite subsets of RP as
follows: for finite subsets P,Q ⊆ RP, P � Q ⇐⇒ ∀p ∈ P, ∃q ∈ Q s.t. p � q.

Clearly P � Q implies L(P ) ⊆ L(Q) but not always the converse. The notion
of compactness was introduced by Arimura et al.[5] and defined as follows:
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Definition 1. Let k ≥ 1. The class RPk has compactness w.r.t. containment,
if for any P,Q ∈ RPk, L(P ) ⊆ L(Q) ⇐⇒ P � Q.

Definition 2 (Angluin[3]). Let L be a class of languages and L be a language
in L. A finite set S ⊆ L is a characteristic set of L within L, if L′ ∈ L, S ⊆ L′

implies L ⊆ L′.

For a pattern p and n ∈ N , Sn(p) denotes the set of strings obtained from p
by substituting constant strings with length n to variables in p. Thus we have
S0(p) = {c(p)}. For a set P ∈ RPk, we define Sn(P ) =

⋃
p∈P Sn(p). Then, by

Lemma 5, we obtain the following two results which play an important role in
inductive inference of pattern languages from positive examples.

Theorem 2. Suppose �Σ ≥ 2k + 1. Let P,Q ∈ RPk. Then the following three
statements are equivalent: (i) S1(P ) ⊆ L(Q), (ii) L(P ) ⊆ L(Q), (iii) P � Q.

Corollary 1. Suppose �Σ ≥ 2k + 1. Let P ∈ RPk. Then the set S1(P ) is a
characteristic set of L(P ) within the class RPLk.

Theorem 3. Suppose �Σ ≥ k + 2. Let P,Q ∈ RPk. Then the following three
statements are equivalent: (i) S2(P ) ⊆ L(Q), (ii) L(P ) ⊆ L(Q), (iii) P � Q.

Proof. Clearly (ii) implies (i) and (iii) implies (ii). Thus we prove (i) implies (iii).
It suffices to show that for any pattern p and for any Q ∈ RPk with �Q = k,
S2(p) ⊆ L(Q) implies p � q for some q ∈ Q under the assumption �Σ ≥ k + 2.
The proof is done by mathematical induction on the number n(≥ 0) of variables
in p. Clearly it is valid for case of n = 0. Assume that it is valid for n. Let p be
a regular pattern with (n+ 1) variables such that S2(p) ⊆ L(Q).

Suppose that p �� q for any q ∈ Q. Let x be a variable in p and p = p1xp2
for some p1, p2. Let Q = {q1, q2, · · · , qk} and K = {1, 2, · · · , k}. By �Σ ≥ k + 2,
there are k + 2 distinct constant symbols in Σ, say, a1, a2, · · · , ak+2. Let I =
{1, 2, · · · , k + 2} and M = I × I. Put pi,j = p{x := aiaj} for each (i, j) ∈ M .
Obviously, each pi,j contains just n variables, and S2(pi,j) ⊆ L(Q) holds. For
each t ∈ K, we put Mt = {(i, j) ∈ M | pi,j � qt}. Then by the hypothesis of
induction, for any (i, j) ∈ M , there is an index t ∈ K such that pi,j � qt, and
so

⋃
t∈K Mt = M must hold. Hereafter, we will show that

⋃
t∈K Mt �= M under

the assumption p �� qt for any t ∈ K.
Claim A. For every t ∈ K, the set Mt satisfies at least one of the following

conditions, where Ri = {(i, j) | j ∈ I} and Cj = {(i, j) | i ∈ I} for i, j ∈ I:
(1) ∃(it, jt) ∈ M s.t. Mt ⊆ Rit ∪ Cjt ∪ {(jt, it)},
(2) ∃(it, jt), (i′t, j

′
t) ∈ M s.t. it �= i′t, jt �= j′

t,Mt ⊆ Rit
∪ {(i′t, jt), (i′t, j

′
t)},

(3) ∃(it, jt), (i′t, j
′
t) ∈ M s.t. jt �= j′

t, it �= i′t,Mt ⊆ Cjt ∪ {(it, j′
t), (i

′
t, j

′
t)}.

The proof of the claim A. Let t ∈ K be an arbitrary fixed index. It is
enough to show that if Mt does not satisfy the condition (2) or (3), then the
set satisfies the remaining condition (1). Assume that Mt does not satisfy the
conditions (2) or (3). If �Mt < 3, the condition (2) and (3) hold and it leads a
contradiction. Thus �Mt ≥ 3. Let us put Ri,t = Ri ∩ Mt and Cj,t = Cj ∩ Mt
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for i, j ∈ I. By Lemma 5, �Ri,t ≥ 3 implies p1(aix1)p2 � qt. If �Ri,t ≥ 3 for two
or more i ’s, by Lemma 6, p � qt holds, and a contradiction. Thus �Ri,t ≥ 3 is
possible for at most one i. Similarly, we have �Cj,t ≥ 3 for at most one j. The
above mean only the following cases to be possible:

Case 1. �Rit,t ≥ 3 and �Cjt,t ≥ 3 only for some it, jt ∈ I, and �Ri,t ≤ 2 and
�Cj,t ≤ 2for any i �= it and j �= jt.

Case 2. �Rit,t ≥ 3 only for some it, �Ri,t ≤ 2 and �Cj,t ≤ 2 for any i(�= it), j.
Case 3. �Cjt,t ≥ 3 only for some jt, �Ri,t ≤ 2 and �Cj,t ≤ 2 for any i, j(�= jt).
Case 4. �Ri,t ≤ 2 and �Cj,t ≤ 2 for any i, j ∈ I.

Under the assumption p �� qt, we show that Mt satisfies the condition (1) for
the case 1 while the other cases do not happen.
Case 1. By Lemma 5, p1(aitx1)p2 � qt and p1(x2ajt)p2 � qt hold. Since p �� qt,
by Lemma 7, Mt − (Rit ∪ Cjt) contains at most one (jt, it). Hence for this case
Mt satisfies the condition (1).
Case 2. In this case, Lemma 5 implies p1(ait

x1)p2 � qt, and clearly p1(aix1)p2 ��
q and p1(x2aj)p2 �� q hold for any i(�= it), j ∈ I. Since Mt does not satisfy the
condition (2), there are at least two pairs (i1, j1), (i2, j2) ∈ Mt such that it, i1, i2
are distinct. Since p1(x2aj)p2 �� qt, appealing Lemma 8(i), j1 = j2 must hold. It
means together with (it, j) ∈ Mt for any j that three pairs (it, j1), (i1, j1) and
(i2, j1) belong to Mt. It implies that �Cj1,t ≥ 3, and a contradiction.
Case 3. Similarly to the case 2, it leads a contradiction.
Case 4. In this case, p1(aix1)p2 �� qt and p1(x2aj)p2 �� qt hold for any i, j ∈ I.
Remember that Mt does not satisfy the condition (2) or (3). It can be easily
shown that there are distinct i1, i2, i3 and distinct j1, j2, j3 satisfying (is, js) ∈
Mt(s = 1, 2, 3). However, by Lemma 9, it leads a contradiction.

By the above, the proof of the claim A is completed.
By the claim A, there are three subsets K1,K2 and K3 of K such that

K1 ∪ K2 ∪ K3 = K, they are mutually disjoint and for any t ∈ Ks, Mt satisfies
the condition (s) for s = 1, 2, 3. For t ∈ K1, let (it, jt) be a pair satisfying the
condition (1).

We first modify the setsKs as follows: If it1 = it2 for some distinct t1, t2 ∈ K1,
then Mt1 ∪Mt2 = Mt1 ∪ (Mt2 −Rit2

) holds, and moreover, (Mt2 −Rit2
) satisfies

the condition (3), i.e., (Mt2 − Rit2
) ⊆ Cjt2

∪ {(it′
2
, jt′

2
)} with it′

2
= jt2 , jt′

2
= it2 .

It means that the set
⋃

t∈K1∪K2∪K3
Mt is invariant for deleting t2 from K1

and adding it to K3. Let K ′
1 and K ′

3 be a subset of K1 and a superset of
K3, respectively, obtained by repeating such operations until the indexes it’s,
(t ∈ K ′

1) are distinct. Similarly, let K ′′
1 and K ′

2 be a subset of K
′
1 and a superset

of K2 obtained by repeating similar operations for jt’s until the indexes jt’s,
(t ∈ K ′′

1 ) are distinct. We denote these new sets by K1,K2 and K3, simply.
For simplicity, we put K1 = {1, 2, · · · , l},K2 = {l + 1, · · · , l + m} and K3 =
{l+m+1, · · · , l+m+n}, where �K1 = l, �K2 = m, �K3 = n and l+m+n = k.

Let (it, jt) be the first pair satisfying the condition (s) for s = 1, 2, 3, and let
(i′t, j

′
t) be the second pair given in the condition (s) for s = 2, 3. Then we define

subsets of M as follows:
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H1 = (
⋃

t∈K1∪K2
Rit) ∪ (⋃t∈K1∪K3

Cjt),
H2 = (

⋃
t∈K2

{(i′t, jt), (i′t, j
′
t)}) ∪ (⋃t∈K3

{(it, j′
t), (i

′
t, j

′
t)}),

H3 = {(jt, it) | t ∈ K1},
Then by the claim A, we have

⋃
t∈K Mt ⊆ H1 ∪ H2 ∪ H3. We now prove the

following claim:
Claim B. �(H1 ∪ H2 ∪ H3) ≤ (k + 2)2 − 2.
The proof of the Claim B. Let us put nr = �({i1, · · · , il} ∪ {il+m+1, · · · , ik})

and nc = �({jl+1, · · · , jl+m}∪{jl+m+1, · · · , jk}). Then as easily seen, nr ≤ l+m
, nc ≤ l + n and

�H1 = (k + 2)2 − (k + 2− nr)(k + 2− nc) and �H2 ≤ 2(m+ n).

Here we consider about the number of elements in H3 − H1. Let (jt, it), (jt′ , it′)
be any distinct pairs in H3 − H1. Then by the definition of H3, t, t′ ∈ K1. Thus
by the choice of K1, we have jt �= jt′ and it �= it′ . Moreover, since (jt, it) �∈
H1 means jt �= i1, · · · , il, il+m+1, · · · , ik and it �= jl+1, · · · , jk, it implies that
�(H3 − H1) ≤ min{k + 2− nr, k + 2− nc}.

A case of nc ≤ nr. In this case, �(H3 − H1) ≤ k + 2 − nr holds. From the
above, we obtain

�(H1∪H2∪H3) ≤ �H1 + �H2 + �(H3 − H1)
≤ [(k + 2)2−(k + 2− nr)(k + 2− nc)]+2(l +m) + (k + 2− nr)
= (k + 2)2 − [(k + 2− nr)(k + 1− nc)− 2(l +m)].

Let us put A = (k + 2− nr)(k + 1− nc)− 2(l +m). Then it is enough to show
that A ≥ 2. Since m ≤ k − nr and l ≤ k − nc, we have

A ≥ (m+ 2)(l + 1)− 2(l +m) ≥ (l − 1)m+ 2.

Hence, if l ≥ 1 then A ≥ 2 holds. Otherwise, i.e., l = 0, sincem ≤ k−nr ≤ k−nc,
we have A = (k + 2− nr)(k + 1− nc)− 2m ≥ (m+ 2)(m+ 1)− 2m ≥ 2.

Similarly we can prove for the case of nr < nc.
Consequently, the claim B is valid.
By the claim B, since �(

⋃
t∈K Mt) ≤ �(H1 ∪ H2 ∪ H3) ≤ (k + 2)2 − 2, it

implies that there is a pair (i, j) ∈ M such that pi,j �� q for any q ∈ Q. This is
a contradiction. Hence p � q holds for some q ∈ Q. ��

Arimura and Shinohara[4] showed that if �Σ ≤ k+1, the class RPk does not
have compactness, and gave the following counter example:

Let Σ = {a1, a2, · · · , ak+1}, p = a1a1x1ak+1ak+1 and qi = x1a1aix2 for
i = 1, 2, · · · k. Then L(p) ⊆ ⋃k

i=1 L(qi), but p �� qi for any i. Thus we have:

Theorem 4. Let k ≥ 1. The class RPk has compactness w.r.t. containment if
and only if �Σ ≥ k + 2.

Note that Sato et al.[13] proved the class of sets of k nonerasing regular
patterns to have compactness if and only if �Σ ≥ 2k + 1 for k ≥ 3 and �Σ ≥ 4
for k = 2. By Theorem 4, it immediately follows that:
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Corollary 2. Suppose �Σ ≥ k + 2. Let P ∈ RPk. Then the set S2(P ) is a
characteristic set for the language L(P ) within RPk.

5 Learning of Unions of Regular Patterns Languages

5.1 Inductive Inference from Positive Examples

We first give the notion of identification in the limit from positive examples ([6]).
A language class L = L0, L1, · · · over Σ is an indexed family of recursive

languages if there is a computable function f : N × Σ∗ → {0, 1} such that
f(i, w) = 1 if w ∈ Li, otherwise 0. The function f is called a membership func-
tion. Hereafter we confine ourselves to indexed families of recursive languages.

An infinite sequence of strings w1, w2, · · · over Σ is a positive presentation of
a language L, if L = {wn | n ≥ 1} holds. An inference machine is an effective
procedure M that runs in stages 1, 2, · · ·, and requests an example and produces
a hypothesis in N based on the examples so far received. Let M be an inference
machine and σ = w1, w2, · · · be an infinite sequence of strings. We denote by hn

the hypothesis produced byM at stage n after the examples w1, · · · , wn are fed to
M . M is consistent if {w1, · · · , wn} ⊆ Lhn , and is conservative if hn−1 �= hn only
if wn �∈ Lhn−1 . M is polynomial time updating if after receiving wn M produces
hn within a polynomial time of |w1| + · · · + |wn|. M on input σ converges to h
if there is an integer n0 ∈ N such that hn = h for every n ≥ n0. M identifies
in the limit or infers a language L from positive examples, if for any positive
presentation σ of L, M on input σ converges to h with L = Lh. A class of
languages L is inferable from positive examples if there is an inference machine
that infers any language in L from positive examples. A class L is polynomial
time inferable from positive examples if there is a consistent, conservative and
polynomial time updating inference machine that infers the class L from positive
examples.

Angluin[2] gave a characterising theorem for a language class to be inferable
from positive examples, and a very useful sufficient condition for inferability
called finite thickness defined as follows: A class L has finite thickness, if �{L ∈
L | S ⊆ L} is finite for any nonempty finite subset S ⊆ Σ∗.

The class RPL of regular pattern languages discussed in this paper was
shown to have finite thickness as well as the class of nonerasing regular pat-
tern languages by Shinohara[14]. Wright[16] introduced another sufficient con-
dition for inferability called finite elasticity to be more general than finite thick-
ness ([10]). A class L has finite elasticity, if there is no infinite sequence of
strings w0, w1, · · · and no infinite sequence of languages L0, L1, · · · in L satisfy-
ing {w0, w1, · · · , wn−1} ⊆ Ln but wn �∈ Ln for every n ∈ N . Finite elasticity is a
good property in a sense that it is closed under various class operations such as
union, intersection and so on (Wright[16], Moriyama et al.[9], Sato[12]). Hence
the class RPLk has finite elasticity for every k. For a class with finite elasticity,
a sufficient condition for polynomial time inferability from positive examples was
given as follows: For a given nonempty finite set S ⊆ Σ∗, the MINL problem is
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to find an positive integer (or description like pattern) for one of the minimal
languages containing the set S within L.
Theorem 5 (Angluin[1], Arimura et al.[5]). If a class L has finite elas-
ticity and the MINL problem for L is computable, the procedure INFER below
infers L from positive examples. Furthermore, if the membership function and
the MINL problem for L are polynomial time computable, then L is polynomial
time inferable from positive examples by INFER.

Procedure INFER
begin
S := {w1}; h1 := MINL(S); n := 1;
repeat
n := n+ 1; read the next example wn;S := S ∪ {wn};
if wn ∈ Lhn−1 then hn := hn−1 else hn := MINL(S); output hn

forever
end

Since the class RPLk has finite elasticity, by the above theorem, if the mem-
bership function and the MINL problem are both polynomial computable, then
the class is polynomial time inferable from positive examples.

5.2 Efficient Learning of Unions of Erasing Regular Pattern
Languages

We first consider the membership problem for the class RPLk. Shinohara[14]
showed that for given regular patterns p, q ∈ RP, to decide whether p � q or
not is computable in time O(|p|+ |q|). Thus the membership problem for regular
pattern languages is polynomial time computable. By it, we have the following:

Lemma 10. The membership problem for RPLk is polynomial time computable.

Next, we consider the MINL problem for RPLk. Arimura et al.[5] gave an
efficient algorithm for the problem in terms of generalization systems. The effi-
cient algorithm works well as a correct MINL algorithm for our class RPk under
the following conditions (A) and (B):
(A) (i) p � q ⇐⇒ L(p) ⊆ L(q), and (RP,�) is efficient in sense that
(ii) � is polynomial time computable and
(iii) there is a polynomial time computable function size : RP → N such that
• p ≺ q ⇒ size(p) > size(q) for any p, q ∈ RP,
• for almost all p ∈ RP, size(p) ≤ h(|p|) and |p| ≤ h′(size(p)) for some polyno-
mials h and h′,
• {p ∈ RP | size(p) ≤ n} is finite and polynomial time computable for any
n ≥ 0,
• the MINL problem for RP is polynomial time computable.
(B) The class RPk has compactness w.r.t. containment.

By Theorem 1 and the above mentioned, (i) and (ii) are valid. We consider the
condition (iii) of (A). Let us define size as follows: size(p) = 3|p|c−|p|v+1, where
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|p|c and |p|v are the numbers of constant symbols and of variables in p. Then
clearly p � q implies size(p) < size(q), and the set {p ∈ RP | size(p) ≤ n} is
finite and polynomial time computable. Moreover, let h and h′ be functions from
N to itself as follows: h(x) = 3x+1, h′(x) = x+1. Then obviously these functions
are polynomials, and by the above, size(p) ≤ h(|p|) and |p| ≤ h′(size(p)).

Concerning the MINL problem for RP, the following was shown by
Shinohara[14]: A string w ∈ Σ∗ is a common subsequence of a sample S, if
w �′ u for every u ∈ S, and a maximal common subsequence (MCS for short)
of S, if w is a common subsequence of S and there is no common subsequence
w′(�= w) of S such that w �′ w′. By MCS(S), we mean the set of MCS of a
sample S.
Lemma 11 (Shinohara[14]). Let S ⊆ Σ∗ be a sample and w ∈MCS(S). Then
the problem for finding one of the regular patterns defining minimal languages
containing S within the class RPL is computable in time O(l2n), where l is the
maximal length of strings in S and n = �S.

Note that the procedure to compute the MINL(S) given in Shinohara[14] outputs
a regular pattern p satisfying c(p) = w for a given w ∈ MCS(S). Thus the MINL
problem for RPL is very closed to that for finding one of the maximal common
subsequences(MCS) for a given sample.
Lemma 12 (Fraser et al.[7]). Let S be a sample. Then the problem of finding
an element of MCS(S) is computable in time O(ln), where l and n are defined
in Lemma 11.

By these lemmas, the MINL problem for RPL is polynomial time com-
putable. Consequently, by Theorem 3 and Theorem 5, we have the following
main result:
Theorem 6. Suppose �Σ ≥ k + 2. Then the class RPLk is polynomial time
inferable from positive examples.

6 Conclusions

In this paper, we gave a necessary and sufficient condition for the class RPk

to have compactness w.r.t. containment. Furthermore, by applying the efficient
algorithm for the MINL problem due to Arimura et al.[5], the class RPLk is
shown to be polynomial time inferable from positive examples under the con-
dition �Σ ≥ k + 2. As noted in the section 5.2, the MINL problem for RPL is
very closed to that for finding one of the maximal common subsequences(MCS)
for a given sample. The minimality of the former can be reduced to that under
the syntactic relation �, while the maximality of the latter is that under �′. As
a generalization of �′, define a relation �′ for two finite subsets of Σ∗ such that
S �′ T ⇐⇒ ∀w ∈ S,∃ u ∈ T s.t. w �′ u. As easily seen, if L(P ) is a language
containing a sample S, then S �′ TP , where TP = {c(p) | p ∈ P}. We are inter-
ested in the maximal multiple common subsequences for a sample S under �′, in
the class of finite sets T ⊆ Σ∗ satisfying S �′ T and �T ≤ k. Further work will
establish the relation between such a generalized MCS problem and the MINL
problem for the class RPk.
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Abstract. The question of learnability of the class of extended pattern
languages is considered to be one of the eldest and outstanding open
problems in inductive inference of formal languages. This paper provides
an appropriate answer presenting a subclass – the terminal-free extended
pattern languages – that is not learnable in the limit. In order to achieve
this result we will have to limit the respective alphabet of terminal sym-
bols to exactly two letters.
In addition we will focus on the impact of ambiguity of pattern languages
on inductive inference of terminal-free extended pattern languages. The
conventional view on nondeterminism in patterns inspired by formal lan-
guage theory is transformed into an approach that meets the require-
ments of inductive inference. These studies will lead to some useful learn-
ability criteria for classes of terminal-free extended pattern languages.

1 Introduction

The analysis of learnability of formal languages – originating in [Gol67] – is
one of the main subjects in inductive inference. Meanwhile there exist some
powerful criteria on language identification in the limit (like in [Ang80], [Wri89]
and [BCJ99]) deriving from these studies. Contrary to the discouraging findings
concerning super-finite classes of languages, learnability of the class of pattern
languages was shown by Angluin ([Ang79] and [Ang80]). In the sequel there
has been a variety of additional studies (e.g. in [LW91], [WZ94]) concerning
complexity of learning algorithms, consequences of different input data, and so
on.

Pattern languages in the sense of Angluin disallow any empty substitution
of variables. The question whether the class of extended pattern languages –
tolerating empty substitutions and also known as erasing pattern languages or
E-pattern languages – is learnable has proven to be more complicated than that
of “standard” pattern languages. It has been the focus of attention since 1982
when Shinohara was the first to deal with extended pattern languages and it was
characterized as “one of the outstanding open problems of inductive inference”
by Mitchell in 1998 (cf. [Mit98]). Up to the present there are only two non-trivial
subclasses of extended pattern languages known to be learnable, both of them
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restricting the occurrences of variables. In detail, the class of extended pattern
languages where the patterns contain at most m distinct variables ([Wri89]) and
the class of quasi-regular pattern languages, with every variable occurring exactly
m times (first shown in [Shi82a] for m = 1, the general case shown by Mitchell
in [Mit98]), can be mentioned. Mitchell also pointed out that the full class of
extended pattern languages is learnable in the limit if the respective alphabet
of terminal symbols is infinite or singular. The research on extended pattern
languages within the scope of formal language theory was initiated in [JKS+94]
and led among others to some interesting findings concerning the decidability of
inclusion.

In order to take an undisguised look at the difficulties leading to the restric-
tions in the approaches of Shinohara, Wright and Mitchell we will focus in the
following sections on terminal-free extended pattern languages. The main result
of this paper will state that the class of extended pattern languages – and also
that of terminal-free extended pattern languages – is not learnable in the limit
if the respective terminal alphabet consists of exactly two letters. Subsequent
to this the impact of nondeterminism of pattern languages on the questions of
learning theory will be analysed, but first a sufficiently precise definition of the
concepts to be used will be given.

2 Preliminaries

For standard mathematical notions and recursion-theoretic terms not defined
explicitly in this paper we refer to [Rog92]. Let Σ be an alphabet of terminal
symbols and X = {x1, x2, x3, · · ·} an infinite alphabet of variables, Σ ∩X = ∅.
If we are talking just of an alphabet we mean an alphabet of terminals. If A is an
arbitrary alphabet then A+ denotes the set of all non-empty words over A and
A∗ the set of all (empty and non-empty) words over A. We will use lower case
letters from the end of the Latin alphabet in order to name words of terminal
symbols. We designate the empty word as e. | · | denotes the size of an alphabet
or the length of a word, respectively, and | w |a the frequency of a letter a in a
word w. A pattern is a word over Σ∪X, a terminal-free pattern is a word over X;
naming patterns we will use lower case letters from the beginning of the Greek
alphabet. var(α) denotes the set of all variables of a pattern α.

A substitution is a morphism σ : (Σ ∪ X)∗ −→ Σ∗ such that σ(a) = a for
all a ∈ Σ. An inverse substitution is a morphism σ : Σ∗ −→ X∗. The extended
pattern language of a pattern α is defined as

LΣ(α) := {w ∈ Σ∗ | ∃σ : σ(α) = w}.
If there is no need to give emphasis to the concrete shape of Σ we denote
the extended pattern language of a pattern α simply as L(α). Each function
t : N −→ Σ∗ satisfying {t(n) | n ≥ 0} = L(α) is called a text for L(α).
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Following [Mit98] we designate a pattern α as succinct if and only if for all
patterns β

L(β) = L(α) =⇒ |α| ≤ |β|.
According to the studies of Mateescu and Salomaa ([MS94]) we denote a word
w as ambiguous (in respect of a pattern α) if and only if there exist two
substitutions σ and σ′ such that σ(xi) �= σ′(xi) for some xi ∈ var(α), but
σ(α) = w = σ′(α). We call a word unambiguous (in respect of a pattern α) if it
is not ambiguous.

In [JSSY95] it is shown that the inclusion of two arbitrary extended pattern
languages is not decidable. Fortunately this fact does not hold true for terminal-
free extended pattern languages. As this is of great importance for the following
studies we now cite a respective theorem of [JSSY95]:
Fact 1. Let α, β ∈ X∗ be two arbitrarily given terminal-free patterns. Then
L(β) ⊆ L(α) if and only if there exists a morphism φ : X∗ −→ X∗ such that
φ(α) = β.

We investigate the identification of extended pattern languages in Gold’s
learning model (cf. [Gol67]), so we have to agree on the corresponding notions.
Let S be any total computable function reading initial segments of texts and
returning patterns. Each such function is called a strategy. If α is a pattern
and t a text for L(α) we say that S identifies L(α) from t, iff the sequence of
patterns returned by S, when reading t, converges to a pattern β, such that
L(β) = L(α). Any set PAT� of extended pattern languages is learnable in the
limit (or: inferrable from positive data) iff there is a strategy S identifying each
language L ∈ PAT� from any corresponding text.

The learnability characterization used in this paper originates from Angluin.
In fact it combines Condition 1 and Theorem 1 of [Ang80]:
Fact 2. An arbitrary subclass PAT� of extended pattern languages is inferrable
from positive data iff there exists an effective procedure that enumerates for every
pattern α with L(α) ∈ PAT� a set Tα such that
– Tα ⊆ L(α),
– Tα is finite, and
– Tα �⊆ L(β) for all L(β) ∈ PAT� with L(β) ⊂ L(α).

Tα is called a telltale (in respect of α and PAT�).
The second learnability criterion we will use also derives from Angluin (combin-
ing Condition 2, Condition 4 and Corollary 3 of [Ang80]):
Fact 3. Let PAT� be an arbitrary subclass of extended pattern languages such
that the inclusion problem for PAT� is decidable. Then PAT� is inferrable from
positive data if there exists for every pattern α with L(α) ∈ PAT� a set Tα such
that
– Tα ⊆ L(α),
– Tα is finite, and
– Tα �⊆ L(β) for all L(β) ∈ PAT� with L(β) ⊂ L(α).
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3 A Non-learnable Subclass of Extended Pattern
Languages

In this section we will present a specific and simply structured extended pattern
language that does not have a telltale. This fact entails the conclusion that the
class of extended pattern languages is not learnable in the limit.

Our argumentation will lead to conflicting presumptions; on the one hand
elements with such a feature seem to be quite frequent among the set of all
patterns, on the other hand we will have to limit the used alphabet to exactly
two letters, turning the examined class of languages into a rather peculiar one.

To begin with we will name a well known type of pattern that is as useful for
our line of reasoning as it is inconvenient for the needs of inductive inference:

Definition 1 (Passe-partout). Let α be a pattern and W ⊂ L(α) a finite set
of words. Let β be a pattern, such that

– W ⊆ L(β) and
– L(β) ⊂ L(α).

We then say that β is a passe-partout (for α and W ).

Note that if there exists a passe-partout for a pattern α and a set of words
W , then W is not a telltale for L(α).

Now we will present the crucial lemma of this section:

Lemma 1. Let Σ = {a, b} be an alphabet and

α := x1x1 x2x2 x3x3

a pattern. Then for any finite W ⊂ LΣ(α) there exists a terminal-free passe-
partout.

Proof. If W is empty the above statement is trivially true. Given an arbitrary
non-empty W = {w1, w2, · · · , wn} ⊂ L(α), the following procedure constructs a
passe-partout β:

As an inverse substitution we define for every wi a morphism σi : Σ∗ −→ X∗

by

σi(c) :=
{
x2i−1 , c = a,
x2i , c = b.

As W ⊂ L(α), for every wi, 1 ≤ i ≤ n, there exists a substitution σi satisfying
σi(α) = wi. Constructing a set of 3n strings γi,k ∈ X∗ we now will identify the
necessary elements of β.



312 D. Reidenbach

Case (i) σi(x3) = v1 a v2, v1, v2 ∈ {b}∗ ∧ σi(x1), σi(x2) ∈ {b}∗ or
σi(x3) = v1 b v2, v1, v2 ∈ {a}∗ ∧ σi(x1), σi(x2) ∈ {a}∗.
Thus, σi(x3) contains a letter exactly once and wi contains this
letter exactly twice. In this case we define

γi,1 := σi (σi(x1) σi(x2)) ,
γi,2 := σi (σi(x3)) ,
γi,3 := e.

Note that in (i) wi is ambiguous, so that the above definition pro-
vides a pattern γi := γi,1 γi,1 γi,2 γi,2 γi,3 γi,3 with wi ∈ L(γi).

Case (ii) σi(x3) is empty or wi contains every letter of σi(x3) at least four
times.
In this case we simply define

γi,k := σi (σi(xk)) , 1 ≤ k ≤ 3.

Obviously (ii) also provides a pattern γi := γi,1 γi,1 γi,2 γi,2 γi,3 γi,3
with wi ∈ L(γi).

Combining the fragments of all γi in an appropriate manner we now compose
the resulting pattern of the procedure:

β := γ1,1 γ2,1 · · · γn,1︸ ︷︷ ︸
∼x1

γ1,1 γ2,1 · · · γn,1︸ ︷︷ ︸
∼x1

γ1,2 γ2,2 · · · γn,2︸ ︷︷ ︸
∼x2

γ1,2 γ2,2 · · · γn,2︸ ︷︷ ︸
∼x2

γ1,3 γ2,3 · · · γn,3︸ ︷︷ ︸
∼x3

γ1,3 γ2,3 · · · γn,3︸ ︷︷ ︸
∼x3

.

In order to conclude the proof we now show that β indeed is a passe-partout
for α and W :

1. We define a substitution σ′
i : X

∗ −→ Σ∗ by

σ′
i(xj) :=



a , j = 2i− 1,
b , j = 2i,
e , else.

Obviously σ′
i(β) = wi, and thus W ⊆ L(β).

2. α and β are both terminal-free patterns, and due to the above depicted
shape of these patterns there exists a morphism φ : X∗ −→ X∗ with φ(α) =
β. Thus, L(β) is a subset of L(α) (according to the inclusion criterion in
[JSSY95] described in Fact 1).
On the other hand there exists no morphism ψ : X∗ −→ X∗ with ψ(β) = α,
as γi,3 �= δ1 xj δ2 , 1 ≤ i ≤ n, if xj �∈ var(δk), 1 ≤ k ≤ 2, and xj �∈ var(γi,l),
1 ≤ l ≤ 2. Because of this fact

β �= · · ·xp · · ·xp · · ·xq · · ·xq · · ·xr · · ·xr · · ·
if there are no other occurrences of at least one of these variables in β.
=⇒ L(β) ⊂ L(α) ��
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Obviously every variable of α occurs exactly twice. Ironically its language
thus belongs to a class that – according to [Mit98] – is learnable in the limit.
Nevertheless, the findings of Mitchell and Lemma 1 are consistent as β not
necessarily is quasi-regular. Accordingly the quasi-regular pattern languages to
some extent are not learnable on account of their shape as such but as they do
not include all possible passe-partouts.

In addition we want to point out that ambiguity of words plays a major role
in the proof of Lemma 1: a telltale for an extended pattern language has to
include words with a substitution of variables containing a unique letter – as
taken into consideration in case (i). If the alphabet consists of just two letters
these specific words may turn out to be ambiguous, leading to a decisive loss of
significance. We will revert to this aspect in the next section.

Referring to Angluin the impact of Lemma 1 on inductive inference can be
stated with little effort:

Theorem 1. The class of terminal-free extended pattern languages is not in-
ferrable from positive data if the respective alphabet consists of exactly two let-
ters.

Proof. Let Σ be an alphabet, |Σ| = 2. Lemma 1 provides a terminal-free pattern
α, such that for any finite setW ⊂ LΣ(α) there exists a passe-partout. Therefore
the class of terminal-free extended pattern languages does not satisfy Angluin’s
Condition 1, and according to Theorem 1 of [Ang80] it is not inferrable from
positive data (as presented in Fact 2). ��

Theorem 1 entails the finding, that all positive results on inductive inference
of extended pattern languages cited in the introduction follow the only prac-
ticable course: any learnable (sub-)class of these languages has to be provided
with some restrictions on the shape of the variables or the alphabet of terminal
symbols.

Finally we now explicitly will formulate the trivial conclusion of Theorem 1:

Corollary 1. The class of extended pattern languages is not inferrable from
positive data if the respective alphabet consists of exactly two letters.

As explained in section 2 we investigate in this paper the standard learn-
ing model of inductive inference regarding a class of languages as learnable if,
roughly speaking, for every of its elements a syntactical convergence of hypothe-
ses can be achieved. A second, widely analysed model – known as behaviourally
correct learning or BC-learning – replaces this aspect by the weaker claim of a
semantic convergence (cf. [CL82], [OW82] and concerning the inference of func-
tions [Bar74]). According to [BCJ96] Angluin’s Condition 2 (cf. [Ang80]) fully
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characterizes any BC-learnable class of languages. Hence it is obvious that the
class of extended pattern languages (and that of terminal-free extended pat-
tern languages as well) is not BC-learnable, either, since Lemma 1 presents a
certain terminal-free extended pattern language for which there does not exist
any telltale. In addition we want to point out that – due to the decidability of
inclusion – every result in Gold’s model concerning the learnability of terminal-
free extended pattern languages directly can be interpreted as a statement on
BC-learning.

4 The Importance of Unambiguous Words

As already mentioned above ambiguity of words is the core of the construction
of a passe-partout in the proof of Lemma 1. In this section we will return to that
point with a more general view.

Nondeterminism of pattern languages has been examined by Mateescu and
Salomaa in [MS94]. Within the scope of learning theory however it seems to
be useful to focus on a slightly different aspect of nondeterminism. Instead of
searching for the maximum ambiguity of a pattern and its words we conjecture
that it is beneficial to analyse the minimum ambiguity of the words of extended
pattern languages. Being more precisely we suggest to pose the question, whether
there exist certain unambiguous words in every terminal-free extended pattern
language. This approach is inspired by the special needs of inductive inference
concerning the analysis of subset relations of languages.

The following Theorem – providing a criterion for the learnability of terminal-
free extended pattern languages – will specify our intention:

Theorem 2. Let Σ be an alphabet. Let Pat�tf be a set of terminal-free patterns
and PAT�

tf the corresponding class of extended pattern languages. If for any
α ∈ Pat�tf there exists a finite set of substitutions {σ1, σ2, · · · , σn} such that

1. for every i, 1 ≤ i ≤ n, σi(α) is unambiguous in respect of α and
2. for every xj ∈ var(α) there exists an i, 1 ≤ i ≤ n, and an a ∈ Σ such that

|σi(xj)|a = 1 and |σi(α)|a = |α|xj

then PAT�
tf is inferrable from positive data.

Proof. Given α ∈ Pat�tf , we define a set Tα of words over Σ by

Tα := {wi | 1 ≤ i ≤ n ∧ σi(α) = wi}.
We now will show that Tα is a telltale for L(α) in respect of PAT�

tf . For that
purpose assume Tα ⊆ L(β) ⊆ L(α) for some β ∈ Pat�tf . Then – according to
the inclusion criterion of [JSSY95] described in Fact 1 – there exists a morphism
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φ : X∗ −→ X∗ such that φ(α) = β. Moreover, there exists a second set of
substitutions {σ′

1, σ
′
2, · · · , σ′

n} with σ′
i(β) = wi for all i, 1 ≤ i ≤ n. Consequently,

the following diagram illustrates the relationship of α, β, and wi for every i,
1 ≤ i ≤ n:

α ✲ β

wi

❅
❅❅❘

�
��✠

φ

σi σ′
i

Hence it is obvious that

σi(xj) = σ′
i(φ(xj)) for all xj ∈ var(α) and 1 ≤ i ≤ n

as every wi is unambiguous in respect of α. Because of this fact (and because of
condition 2) φ(xj) must have the following shape:

φ(xj) = γ1 xj′ γ2 for all xj ∈ var(α)
with γ1, γ2 ∈ X∗ and |β|xj′ = |α|xj . Thus, the morphism ψ : X∗ −→ X∗ defined
by

ψ(xk) :=
{
xj , k = j′,
e , else

leads to ψ(β) = α and – according to Fact 1 – L(β) = L(α). Consequently,
PAT�

tf satisfies the conditions of Fact 3 as Tα is a telltale for L(α) in respect of
PAT�

tf .
=⇒ PAT�

tf is inferrable from positive data. ��

As a consequence of Theorem 2 of [MS94] – dealing with changing degrees
of ambiguity of the same extended pattern language depending on the question
of whether the respective pattern is succinct or not – we consider it as vital
to restrict the search for unambiguous words on a set of succinct patterns. In
addition we may see the results of the previous section as a hint that – depending
on the concrete shape of the class of pattern languages to be examined – an
alphabet of at least three letters is necessary in order to construct a set of
unambiguous words.

The following example demonstrates the way how Theorem 2 might be used:

Example 1. Following Shinohara (cf. [Shi82b]) we define:

Definition 2 (Terminal-free non-cross patterns). A pattern α is called a
terminal-free non-cross pattern if and only if it satisfies

α = xe1
1 xe2

2 xe3
3 · · ·xen

n

for some n and numbers e1, e2, · · · , en with n ≥ 1 and ei ≥ 1, 1 ≤ i ≤ n.
We denote an extended pattern language L(α) as terminal-free extended non-

cross pattern language if and only if α is a terminal-free non-cross pattern.
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We state without proof that the class of terminal-free extended non-cross
pattern languages is inferrable from positive data for any finite alphabet Σ with
at least two letters. To this end let α be an arbitrarily chosen terminal-free
non-cross pattern and {a, b} ⊆ Σ. Given the substitution σ by

σ(xj) := a bj

the set Tα defined by

Tα :=
{ {a} , ∃ i : 1 ≤ i ≤ n ∧ ei = 1,

{σ(α)} , else.

is a telltale for α. Note that the absence of possible passe-partouts among the
terminal-free non-cross patterns again is the conditio sine qua non for this con-
clusion. As – according to [Mit98] – the full class of extended pattern languages
is learnable in the limit if the respective alphabet is infinite or consists of just one
letter, the above statement implies the learnability of the class of terminal-free
extended non-cross pattern languages for any alphabet.

For the purpose of this paper however our example looks different: Let again
α be a terminal-free non-cross pattern and Σ a finite alphabet, {a, b, c} ⊆ Σ.
Then the set of substitutions {σnc1 , σnc2 , · · · , σncn } given by

σnck (xj) :=




bfjbfj , k �= j ∧ j is odd,
cfjcfj , k �= j ∧ j is even,

bfj a bfj , k = j ∧ j is odd,
cfj a cfj , k = j ∧ j is even,

1 ≤ j ≤ n and 1 ≤ k ≤ n, with

fj :=




1 , j = 1,
j−1∏
i=1

ei , j > 1

satisfies the conditions of Theorem 2 if L(α) �= L(x1). The set {a} serves as a
telltale for L(x1). Thus, choosing this approach leads to the conclusion that the
class of terminal-free extended non-cross pattern languages is inferrable from
positive data if Σ is finite and consists of at least three letters.

Consequently, in the present example Theorem 2 does not lead to an optimal
result. Thus, we suggest to examine the use of Theorem 2 for those classes of
terminal-free extended pattern languages that turn out to be not learnable in
the limit if the corresponding alphabet consists of two letters, such as the full
class of terminal-free extended pattern languages (cf. Theorem 1).
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5 Diffuse Words

In Theorem 2 we use unambiguous words in order to guarantee fixed spheres of
responsibility for every variable when generating a word. We now will present
an – in a sense – weaker claim leading to a comparable result concerning the
existence of a telltale in a terminal-free extended pattern language.

We will start with a precise explanation of the concept to be used:

Definition 3 (Diffuse). Let α be a pattern, |α| := n, and σ a substitution. If
m ≤ n let αm = xi1 xi2 · · · xim be the initial segment of length m of α. Let ε be
the smallest natural number such that for every substitution σ′ with σ′(α) = σ(α)
and for every m, 1 ≤ m ≤ n,

|σ(αm)| − ε ≤ |σ′(αm)| ≤ |σ(αm)|+ ε.

If |σ(xi)| ≥ 2ε + 1 for all xi ∈ var(α) then we call the word σ(α) diffuse (of
degree ε)(in respect of α).

Thus, a diffuse word contains certain letters that – regarding all possible
substitutions – have to be generated by distinct variables. Note that all words
being diffuse of degree 0 are unambiguous but not every unambiguous word
necessarily has to be diffuse of degree 0 (because of the condition |σ(xi)| ≥ 1 for
all xi).

The following example illustrates Definition 3:

Example 2. We define a pattern α by

α = x1 x2 x3 x4 x1 x4 x3 x2.

Obviously α is terminal-free and succinct. We examine the substitution σ given
by

σ(x1) := baa, σ(x2) := aba, σ(x3) := bba, σ(x4) := bbb.

There exists only one different substitution σ′ such that σ′(α) = σ(α), σ′ given
by

σ′(x1) = ba, σ′(x2) = aaba, σ′(x3) = bb, σ′(x4) = abbb.

Taking a look at the resulting word of both substitutions

σ(α)︷ ︸︸ ︷
b a a a b a b b a b b b b a a b b b b b a a b a

b a a a b a b b a b b b b a a b b b b b a a b a︸ ︷︷ ︸
σ′(α)

it is obvious that σ(α) is diffuse of degree 1.
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The learning criterion for terminal-free extended pattern languages based on
diffuse words reads as follows:

Theorem 3. Let Σ be an alphabet. Let Pat�tf be a set of terminal-free patterns
and PAT�

tf the corresponding class of extended pattern languages. If for every
α ∈ Pat�tf there exist natural numbers ε1, ε2, · · · , εn ≥ 0 and a finite set of sub-
stitutions {σ1, σ2, · · · , σn} such that

1. for every i, 1 ≤ i ≤ n, σi(α) is diffuse of degree εi in respect of α and
2. for every xj ∈ var(α) there exists an i, 1 ≤ i ≤ n, such that

σi(xj) = vi1 vi2 a vi3 vi4

for a letter a ∈ Σ and some vi1 , vi2 , vi3 , vi4 ∈ Σ∗, |vi1 | = εi = |vi4 |, such
that |σi(α)|a = |α|xj

then PAT�
tf is inferrable from positive data.

Proof. Given α ∈ Pat�tf , we define a set Tα of words over Σ by

Tα := {wi | 1 ≤ i ≤ n ∧ σi(α) = wi}.
We now will show that Tα is a telltale for L(α) in respect of PAT�

tf . For that
purpose assume Tα ⊆ L(β) ⊆ L(α) for some β ∈ Pat�tf . Then – according to
Fact 1 – there exists a morphism φ : X∗ −→ X∗ such that φ(α) = β. Moreover,
there exists a second set of substitutions {σ′

1, σ
′
2, · · · , σ′

n} with σ′
i(β) = wi for

all i, 1 ≤ i ≤ n.
Because every wi, 1 ≤ i ≤ n, is diffuse in respect of α and because of condition

2 we may conclude that for every xj ∈ var(α) there exists a σ′
i such that

σ′
i(φ(xj)) = u1 vi2 a vi3 u2

for a letter a ∈ Σ, some words u1, u2 ∈ Σ∗ and vi2 , vi3 deriving from σi(xj). In
addition it is obvious that |σ′

i(β)|a = |α|xj can be stated for this σ
′
i. Therefore –

like in the proof of Theorem 2 – φ must have the shape

φ(xj) = γ1 xj′ γ2 for all xj ∈ var(α)
with γ1, γ2 ∈ X∗ and |β|xj′ = |α|xj . Thus, the morphism ψ : X∗ −→ X∗ defined
by

ψ(xk) :=
{
xj , k = j′,
e , else

leads to ψ(β) = α and L(β) = L(α). Consequently, PAT�
tf satisfies the conditions

of Fact 3 as Tα is a telltale for L(α) in respect of PAT�
tf .

=⇒ PAT�
tf is inferrable from positive data. ��

Note that Example 1 is valid for Theorem 3 as well, since all of the words
generated by the given substitutions are diffuse of degree 0 in respect of any
terminal-free non-cross pattern. Additionally, we generally suggest to restrict
the search for substitutions satisfying the conditions of Theorem 3 on succinct
patterns and an alphabet of at least three letters.
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6 Concluding Remarks

Since we focus in the present paper on terminal-free patterns it seems worth
mentioning that many aspects of the previous two sections may also be ex-
pressed using the terms of Post’s correspondence problem (as it is revealed by
Example 2).

Finally we presume that for every succinct terminal-free pattern there exists
a set of substitutions satisfying the conditions of Theorem 2 (or Theorem 3,
respectively), if the corresponding alphabet consists of at least three letters.
Thus, we conjecture (referring to Theorem 1 and the results from [Mit98]) that
the class of terminal-free extended pattern languages is inferrable from positive
data if and only if the respective alphabet does not consist of exactly two letters.
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Abstract. We establish versions of Descartes’ rule of signs for radial
basis function (RBF) neural networks. These RBF rules of signs provide
tight bounds for the number of zeros of univariate networks with certain
parameter restrictions. Moreover, they can be used to derive tight bounds
for the Vapnik-Chervonenkis (VC) dimension and pseudo-dimension of
these networks. In particular, we show that these dimensions are no more
than linear. This result contrasts with previous work showing that RBF
neural networks with two and more input nodes have superlinear VC
dimension. The rules give rise also to lower bounds for network sizes, thus
demonstrating the relevance of network parameters for the complexity
of computing with RBF neural networks.

1 Introduction

First published in 1637, Descartes’ rule of signs is an astoundingly simple and
yet powerful method to estimate the number of zeros of a univariate polynomial
[6,22]. Precisely, the rule states that the number of positive zeros of every real
univariate polynomial is equal to the number of changes of sign occurring in the
sequence of its coefficients, or is less than this number by a multiple of two (see,
e.g., [9]).

In this contribution we show that versions of Descartes’ rule of signs can be
established for radial basis function (RBF) neural networks. We focus on net-
works with standard, that is, Gaussian hidden units with parameters satisfying
certain conditions. In particular, we formulate RBF rules of signs for networks
with uniform widths, that is, where each hidden unit has the same width. In the
strongest version, the RBF rules of signs yield that for every univariate function
computed by these networks, the number of zeros is not larger than the number
of changes of sign occurring in a specific sequence of the output weights. A sim-
ilar rule is stated for networks with uniform centers. We further show that the
bounds given by these rules are tight, a fact that has recently been established
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also for the original Descartes’ rule [1,8]. The RBF rules of signs are presented
in Section 2.

Furthermore, we employ the rules to derive bounds on the Vapnik-Chervo-
nenkis (VC) dimension and the pseudo-dimension of RBF neural networks.
These dimensions measure the diversity of a function class and are fundamental
concepts studied in theories of learning and generalization (see, e.g., [3]). The
pseudo-dimension has also applications in approximation theory [7,14]. We show
that the VC dimension and the pseudo-dimension of RBF neural networks with
a single input node and uniform widths is no more than linear in the number of
parameters. The same fact holds for networks with uniform centers. These results
nicely contrast with previous work showing that these dimensions grow superlin-
early for RBF neural networks with more than one input node and at least two
different width values [20,21]. In particular, the bound established in that work
is Ω(W log k), where W is the number of parameters and k the number of hidden
units. Further, for networks with a single input variable, the linear upper bound
improves a result of Bartlett and Williamson [4] who have shown that Gaussian
RBF neural networks restricted to discrete inputs from {−D, . . . , D} have VC
dimension and pseudo-dimension bounded by O(W log(WD)). Moreover, the lin-
ear bounds are tight and considerably smaller than the bound O(W 2k2) known
for Gaussian RBF neural networks with an unrestricted number of layers [10].
We establish the linear bounds on the VC dimension and the pseudo-dimension
in Section 3.

The computational power of neural networks is a well recognized and fre-
quently studied phenomenon. Not so well understood, however, is the question
how large a network must be to be capable of performing a desired task. The
rules of signs and the VC dimension bounds provided here give partly rise to
answers in terms of lower bounds on the size of RBF networks. These bounds
cast light on the relevance of network parameters for the complexity of comput-
ing with networks having uniform widths. In particular, we show that a network
with zero bias must be more than twice as large to be as powerful as a network
with variable bias. Further, to have the capabilities of a network with nonuni-
form widths, it must be larger in size by a factor of nearly two. The latter result
is of particular significance since, as shown by Park and Sandberg [17], the uni-
versal approximation capabilities of RBF networks hold even for networks with
uniform widths (see also [18]). The bounds for the complexity of computing are
derived in Section 4.

The results presented here are concerned with networks having a single input
node. Networks of this type are not, and have never been, of minor importance.
This is evident from the numerous simulation experiments that have been per-
formed to assess the capabilities of neural networks for approximating univariate
functions. For instance, Broomhead and Lowe [5], Moody and Darken [16], Mel
and Omohundro [15], Wang and Zhu [23], or Li and Leiss [13] have done such
studies using RBF networks. Moreover, the largest known lower bound for the
VC dimension of neural networks, being quadratic in the number of parameters,
holds, among others, for univariate networks [12]. Thus, the RBF rules of signs



RBF Neural Networks and Descartes’ Rule of Signs 323

provide new insights for a neural network class that is indeed relevant in theory
and practice.

2 Rules of Signs for RBF Neural Networks

We consider a type of RBF neural network known as Gaussian or standard RBF
neural network.

Definition 1. A radial basis function (RBF) neural network computes functions
over the reals of the form

w0 + w1 exp
(

−‖x − c1‖2
σ21

)
+ · · · + wk exp

(
−‖x − ck‖2

σ2k

)
,

where ‖ · ‖ denotes the Euclidean norm. Each exponential term corresponds to a
hidden unit with center ci and width σi, respectively. The input nodes are repre-
sented by x, and w0, . . . , wk denote the output weights of the network. Centers,
widths, and ouptut weights are the network parameters. The network is said to
have uniform widths if σ1 = · · · = σk is satisfied; it has uniform centers if
c1 = · · · = ck holds. The parameter w0 is also referred to as the bias or threshold
of the network.

Note that the output weights and the widths are scalar parameters, whereas
the input x and the centers are tuples if the network has more than one input
node. Throughout this paper, all functions have a single input variable unless
indicated otherwise.

Definition 2. Given a finite sequence w1, . . . , wk of real numbers, a change of
sign occurs at position j if there is some i < j such that the conditions

wiwj < 0

and

wl = 0 for i < l < j ,

are satisfied.

Thus we can refer to the number of changes of sign of a sequence as a well
defined quantity.

2.1 Uniform Widths

We first focus on networks with zero bias and show that the number of zeros of
a function computed by an RBF network with uniform widths does not exceed
the number of changes of sign occurring in a sequence of its output weights.
Moreover, the difference of the two quantities is always even. Thus, we obtain
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for RBF networks a precise rephrasing of Descartes’ rule of signs for polynomials
(see, e.g., [9, Theorem 6.2d]). We call it the strong RBF rule of signs. In contrast
to Descartes’ rule, the RBF rule is not confined to the strictly positive numbers,
but valid for whole real domain. Its derivation generalizes Laguerre’s proof of
Descartes’ rule [19, Part V, Chapter 1, No. 77].

Theorem 3 (Strong RBF Rule of Signs for Uniform Widths).Consider
a function f : IR → IR computed by an RBF neural network with zero bias and
k hidden units having uniform width. Assume that the centers be ordered such
that c1 ≤ · · · ≤ ck and let w1, . . . , wk denote the associated output weights. Let
s be the number of changes of sign of the sequence w1, . . . , wk and z the number
of zeros of f . Then s − z is even and nonnegative.

Proof. Without loss of generality, let k be the smallest number of RBF units
required for computing f . Then we have wi �= 0 for 1 ≤ i ≤ k, and due to the
equality of the widths, c1 < · · · < ck. We first show by induction on s that z ≤ s
holds.

Obviously, if s = 0 then f has no zeros. Let s > 0 and assume the statement
is valid for s−1 changes of sign. Suppose that there is a change of sign at position
i. As a consequence of the assumptions above, wi−1wi < 0 holds and there is
some real number b satisfying ci−1 < b < ci. Clearly, f has the same number of
zeros as the function g defined by

g(x) = exp
(

x2 − 2bx
σ2

)
· f(x) ,

where σ is the common width of the hidden units in the network computing f .
According to Rolle’s theorem, the derivative g′ of g must have at least z − 1
zeros. Then, the function h defined as

h(x) = exp
(

−x2 − 2bx
σ2

)
· g′(x)

has at least z − 1 zeros as well. We can write this function as

h(x) =
k∑

λ=1

wλ
2(cλ − b)

σ2
exp

(
− (x − cλ)2

σ2

)
.

Hence, h is computed by an RBF network with zero bias and k hidden units
having width σ and centers c1, . . . , ck. Since b satisfies ci−1 < b < ci and the
sequence w1, . . . , wk has a change of sign at position i, there is no change of sign
at position i in the sequence of the output weights

w1
2(c1 − b)

σ2
, . . . , wi−1

2(ci−1 − b)
σ2

, wi
2(ci − b)

σ2
, . . . , wk

2(ck − b)
σ2

.

At positions different from i, there is a change of sign if and only if the sequence
w1, . . . , wk has a change of sign at this position. Hence, the number of changes
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of sign in the output weights for h is equal to s−1. By the induction hypothesis,
h has at most s − 1 zeros. As we have argued above, h has at least z − 1 zeros.
This yields z ≤ s, completing the induction step.

It remains to show that s − z is even. For x → +∞, the term

wk exp
(

− (x − ck)2

σ2

)

becomes in absolute value larger than the sum of the remaining terms so that
its sign determines the sign of f . Similarly, for x → −∞ the behavior of f is
governed by the term

w1 exp
(

− (x − c1)2

σ2

)
.

Thus, the number of zeros of f is even if and only if both terms have the same
sign. And this holds if and only if the number of sign changes in the sequence
w1, . . . , wk is even. This proves the statement. 
�

The above result establishes the number of sign changes as upper bound for
the number of zeros. It is easy to see that this bound cannot be improved. If the
width is sufficiently small or the intervals between the centers are sufficiently
large, the sign of the output of the network at some center ci is equal to the sign
of wi. Thus we can enforce a zero between any pair of adjacent centers ci−1, ci

through wi−1wi < 0.

Corollary 4. The parameters of every univariate RBF neural network can be
chosen such that all widths are the same and the number of changes of sign in the
sequence of the output weights w1, . . . , wk, ordered according to c1 ≤ · · · ≤ ck, is
equal to the number of zeros of the function computed by the network.

Next, we consider networks with freely selectable bias. The following result
is the main step in deriving a bound on the number of zeros for these networks.
It deals with a more general network class where the bias can be an arbitrary
polynomial.

Theorem 5. Suppose p : IR → IR is a polynomial of degree l and g : IR → IR is
computed by an RBF neural network with zero bias and k hidden units having
uniform width. Then the function p + g has at most l + 2k zeros.

Proof. We perform induction on k. For the sake of formal simplicity, we say that
the all-zero function is the (only) function computed by the network with zero
hidden units. Then for k = 0 the function p+ g is a polynomial of degree l that,
by the fundamental theorem of algebra, has no more than l zeros.

Now, let g be computed by an RBF network with k > 0 hidden units, so that
p + g can be written as

p +
k∑

i=1

wi exp
(

− (x − ci)2

σ2

)
.
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Let z denote the number of zeros of this function. Multiplying with exp((x −
ck)2/σ2), we obtain the function

exp
(
(x − ck)2

σ2

)
p + wk +

k−1∑
i=1

wi exp
(

− (x − ci)2 − (x − ck)2

σ2

)

that must have z zeros as well. Differentiating this function with respect to x
yields

exp
(
(x − ck)2

σ2

) (
2(x − ck)

σ2
p + p′

)

+
k−1∑
i=1

wi
2(ci − ck)

σ2
exp

(
− (x − ci)2 − (x − ck)2

σ2

)
,

which, according to Rolle’s theorem, must have at least z − 1 zeros. Again,
multiplication with exp(−(x − ck)2/σ2) leaves the number of zeros unchanged
and we get with

2(x − ck)
σ2

p + p′ +
k−1∑
i=1

wi
2(ci − ck)

σ2
exp

(
− (x − ci)2

σ2

)

a function of the form q + h, where q is a polynomial of degree l + 1 and h is
computed by an RBF network with zero bias and k − 1 hidden units having
uniform width. By the induction hypothesis, q+h has at most l+1+2(k −1) =
l + 2k − 1 zeros. Since z − 1 is a lower bound, it follows that z ≤ l + 2k as
claimed. 
�

From this we immediately have a bound for the number of zeros for RBF
networks with nonzero bias. We call this fact the weak RBF rule of signs. In
contrast to the strong rule, the bound is not in terms of the number of sign
changes but in terms of the number of hidden units. The naming, however, is
justified since the proofs for both rules are very similar. As for the strong rule,
the bound of the weak rule cannot be improved.

Corollary 6 (Weak RBF Rule of Signs for Uniform Widths). Let func-
tion f : IR → IR be computed by an RBF neural network with arbitrary bias and
k hidden units having uniform width. Then f has at most 2k zeros. Furthermore,
this bound is tight.

Proof. The upper bound follows from Theorem 5 since l = 0. The lower bound is
obtained using a network that has a negative bias and all other output weights
positive. For instance, −1 for the bias and 2 for the weights are suitable. An
example for k = 3 is displayed in Figure 1. For sufficiently small widths and
large intervals between the centers, the output value is close to 1 for inputs close
to a center and approaches −1 between the centers and toward +∞ and −∞.
Thus, each hidden unit gives rise to two zeros. 
�
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Fig. 1. Optimality of the weak RBF rule of signs for uniform widths: A function having
twice as many zeros as hidden units

The function in Figure 1 has only one change of sign: The bias is negative, all
other weights are positive. Consequently, we realize that a strong rule of signs
does not hold for networks with nonzero bias.

2.2 Uniform Centers

We now establish a rule of signs for networks with uniform centers. Here, in
contrast to the rules for uniform widths, the bias plays a role in determining the
number of sign changes.

Theorem 7 (RBF Rule of Signs for Uniform Centers). Suppose f : IR →
IR is computed by an RBF neural network with arbitrary bias and k hidden units
having uniform centers. Assume the ordering σ21 ≤ · · · ≤ σ2k and let s denote the
number of sign changes of the sequence w0, w1, . . . , wk. Then f has at most 2s
zeros.

Proof. Given f as supposed, consider the function g obtained by introducing the
new variable y = (x − c)2, where c is the common center. Then

g(y) = w0 + w1 exp(−σ−2
1 y) + · · · + wk exp(−σ−2

k y) .

Let z be the number of zeros of g and s the number of sign changes of the sequence
w0, w1, . . . , wk. Similarly as in Theorem 3, we deduce z ≤ s by induction on s.
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Fig. 2. Optimality of the RBF rule of signs for uniform centers: A function having
twice as many zeros as sign changes

Assume there is a change of sign at position i and let b satisfy σ−2
i−1 < b < σ−2

i .
(Without loss of generality, the widths are all different.) By Rolle’s theorem, the
derivative of the function exp(by) · g(y) has at least z − 1 zeros. Multiplying this
derivative with exp(−by) yields

w0b + w1(b − σ−2
1 ) exp(−σ−2

1 y) + · · · + wk(b − σ−2
k ) exp(−σ−2

k y)

with at least z − 1 zeros. Moreover, this function has at most s− 1 sign changes.
(Note that b > 0.) This completes the induction.

Now, each zero y �= 0 of g gives rise to exactly two zeros x = c ± √
y for f .

(By definition, y ≥ 0.) Further, g(0) = 0 if and only if f(c) = 0. Thus, f has at
most 2s zeros. 
�

That the bound is optimal can be seen from Figure 2 showing a function
having three hidden units with center 20, widths σ1 = 1, σ2 = 4, σ3 = 8, and
output weights w0 = 1/2, w1 = −3/4, w2 = 2, w3 = −2. The example can easily
be generalized to any number of hidden units.

3 Linear Bounds for VC Dimension and
Pseudo-Dimension

We apply the RBF rules of signs to obtain bounds for the VC dimension and
the pseudo-dimension that are linear in the number of hidden units. First, we
give the definitions.
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A set S is said to be shattered by a class F of {0, 1}-valued functions if for
every dichotomy (S0, S1) of S (where S0∪S1 = S and S0∩S1 = ∅) there is some
f ∈ F such that f(S0) ⊆ {0} and f(S1) ⊆ {1}. Let sgn : IR → {0, 1} denote the
function satisfying sgn(x) = 1 if x ≥ 0, and sgn(x) = 0 otherwise.

Definition 8. Given a class G of real-valued functions, the VC dimension of G
is the largest integer m such that there exists a set S of cardinality m that is
shattered by the class {sgn ◦ g : g ∈ G}. The pseudo-dimension of G is the VC
dimension of the class {(x, y) �→ g(x) − y : g ∈ G}.

We extend this definition to neural networks in the obvious way: The VC
dimension of a neural network is defined as the VC dimension of the class of
functions computed by the network (obtained by assigning all possible values to
its parameters); analogously for the pseudo-dimension. It is evident that the VC
dimension of a neural network is not larger than its pseudo-dimension.

3.1 Uniform Widths

The RBF rules of signs give rise to the following VC dimension bounds.

Theorem 9. The VC dimension of every univariate RBF neural network with
k hidden units, variable but uniform widths, and zero bias does not exceed k. For
variable bias, the VC dimension is at most 2k + 1.

Proof. Let S = {x1, . . . , xm} be shattered by an RBF neural network with k
hidden units. Assume that x1 < · · · < xm and consider the dichotomy (S0, S1)
defined as

xi ∈ S0 ⇐⇒ i even .

Let f be the function of the network that implements this dichotomy. We want to
avoid that f(xi) = 0 for some i. This is the case only if xi ∈ S1. Since f(xi) < 0
for all xi ∈ S0, we can slightly adjust some output weight such that the resulting
function g of the network still induces the dichotomy (S0, S1) but does not yield
zero on any element of S. Clearly, g must have a zero between xi and xi+1 for
every 1 ≤ i ≤ m − 1. If the bias is zero then, by Theorem 3, g has at most k − 1
zeros. This implies m ≤ k. From Corollary 6 we have m ≤ 2k + 1 for nonzero
bias. 
�

As a consequence of this result, we now know the VC dimension of univariate
uniform-width RBF neural networks exactly. In particular, we observe that the
use of a bias more than doubles their VC dimension.

Corollary 10. The VC dimension of every univariate RBF neural network with
k hidden units and variable but uniform widths equals k if the bias is zero, and
2k + 1 if the bias is variable.
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Proof. Theorem 9 has shown that k and 2k + 1 are upper bounds, respectively.
The lower bound k for zero bias is implied by Corollary 4. For nonzero bias,
consider a set S with 2k + 1 elements and a dichotomy (S0, S1). If |S1| ≤ k,
we put a hidden unit with positive output weight over each element of S1
and let the bias be negative. Figure 1, for instance, implements the dichotomy
({5, 15, 25, 35}, {10, 20, 30}). If |S0| ≤ k, we proceed the other way round with
negative output weights and a positive bias. 
�

It is easy to see that the result holds also if the widths are fixed. This ob-
servation is helpful in the following where we address the pseudo-dimension and
establish linear bounds for networks with uniform and fixed widths.

Theorem 11. Consider a univariate RBF neural network with k hidden units
having the same fixed width. For zero bias, the pseudo-dimension d of the network
satisfies k ≤ d ≤ 2k; if the bias is variable then 2k + 1 ≤ d ≤ 4k + 1.

Proof. The lower bounds follow from the fact that the VC dimension is a lower
bound for the pseudo-dimension and that Corollary 10 is also valid for fixed
widths. For the upper bound we use an idea that has been previously employed
by Karpinski and Werther [11] and Andrianov [2] to obtain pseudo-dimension
bounds in terms of zeros of functions. Let Fk,σ denote the class of functions
computed by the network with k hidden units and width σ. Assume the set
S = {(x1, y1), . . . , (xm, ym)} ⊆ IR2 is shattered by the class

{(x, y) �→ sgn(f(x) − y) : f ∈ Fk,σ} .

Let x1 < · · · < xm and consider the dichotomy (S0, S1) defined as

(xi, yi) ∈ S0 ⇐⇒ i even .

Since S is shattered, there exist functions f1, f2 ∈ Fk,σ that implement the
dichotomies (S0, S1) and (S1, S0), respectively. That is, we have for i = 1, . . . , m

f2(xi) ≥ yi > f1(xi) ⇐⇒ i even ,

f1(xi) ≥ yi > f2(xi) ⇐⇒ i odd .

This implies

(f1(xi) − f2(xi)) · (f1(xi+1) − f2(xi+1)) < 0

for i = 1, . . . , m − 1. Therefore, f1 − f2 must have at least m − 1 zeros. On the
other hand, since f1, f2 ∈ Fk,σ, the function f1−f2 can be computed by an RBF
network with 2k hidden units having equal width. Considering networks with
zero bias, it follows from the strong RBF rule of signs (Theorem 3) that f1 − f2
has at most 2k − 1 zeros. For variable bias, the weak rule of signs (Corollary 6)
bounds the number of zeros by 4k. This yields m ≤ 2k for zero and m ≤ 4k + 1
for variable bias. 
�
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3.2 Uniform Centers

Finally, we state the linear VC dimension and pseudo-dimension bounds for
networks with uniform centers.

Corollary 12. The VC dimension of every univariate RBF neural network with
k hidden units and variable but uniform centers is at most 2k+1. For networks
with uniform and fixed centers, the pseudo-dimension is at most 4k + 1.

Proof. Using the RBF rule of signs for uniform centers (Theorem 7), the VC
dimension bound is derived following the proof of Theorem 9, the bound for the
pseudo-dimension is obtained as in Theorem 11. 
�

Employing techniques from Corollary 10, it is not hard to derive that k is
a lower bound for the VC dimension of these networks and, hence, also for the
pseudo-dimension.

4 Computational Capabilities

In this section we demonstrate how the above results can be used to derive lower
bounds on the size of networks required for simulating other networks that have
more parameters. We focus on networks with uniform widths. Lower bounds for
networks with uniform centers can be obtained analogously.

We know from Corollary 10 that introducing a variable bias increases the
VC dimension of uniform-width RBF networks by a factor of more than two.
As an immediate consequence, we have a lower bound on the size of networks
with zero bias for simulating networks with nonzero bias. It is evident that a
network with zero bias cannot simulate a network with nonzero bias on the entire
real domain. The question makes sense, however, if the inputs are restricted to a
compact subset, as done in statements about uniform approximation capabilities
of neural networks.

Corollary 13. Every univariate RBF neural network with variable bias and k
hidden units requires at least 2k + 1 hidden units to be simulated by a network
with zero bias and uniform widths.

In the following we show that the number of zeros of functions computed
by networks with zero bias and nonuniform widths need not be bounded by the
number of sign changes. Thus, the strong RBF rule of signs does not hold for
these networks.

Lemma 14. For every k ≥ 2 there is a function fk : IR → IR that has at least
2k − 2 zeros and can be computed by an RBF neural network with zero bias, k
hidden units and two different width values.
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Fig. 3. Function f4 of Lemma 14 has six zeros and is computed by an RBF network
with four hidden units using two different widths

Proof. Consider the function

fk(x) = w1 exp
(
(x − c1)2

σ21

)
+

k∑
i=2

wi exp
(
(x − ci)2

σ22

)
.

Clearly, it is computed by a network with zero bias and k hidden units having
widths σ1 and σ2. It can also immediately be seen that the parameters can
be instantiated such that fk has at least 2k − 2 zeros. An example for k = 4
is shown in Figure 3. It arises from a network with three positive units by
adding a negative unit with large width simulating a bias, such that the baseline
is pulled into the negative domain. Precisely, the centers are c1 = 20, c2 =
10, c3 = 20, c4 = 30, the widths are σ1 = 10, σ2 = 2, and the output weights
are w1 = −1, w2 = w3 = w4 = 2. Examples for larger values of k are easily
obtained. 
�

For zero bias, the family of functions constructed in the previous proof gives
rise to a lower bound on the size of networks with uniform widths simulating
networks with nonuniform widths. In particular, uniform-width networks must
be a factor of almost two larger to be as powerful as nonuniform-width networks.
This separates the computational capabilities of the two network models and
demonstrates the power of the width parameter.
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Corollary 15. A univariate zero-bias RBF neural network with k hidden units
of arbitrary width cannot be simulated by a zero-bias network with uniform widths
and less than 2k − 1 hidden units. This holds even if the nonuniform-width
network uses only two different width values.

Proof. Consider again the functions fk defined in the proof of Lemma 14. Each
fk is computed by a network with k hidden units using two different width values
and has 2k − 2 zeros. By virtue of the strong RBF rule of signs (Theorem 3),
at least 2k − 1 hidden units are required for a network with uniform widths to
have 2k − 2 zeros. 
�

The lower bounds derived here are concerned with zero-bias networks only.
We remark at this point that it remains open whether and to what extent nonuni-
form widths increase the computational power of networks with nonzero bias.

5 Conclusion

We have derived rules of signs for various types of univariate RBF neural net-
works. These rules have been shown to yield tight bounds for the number of
zeros of functions computed by these networks. Two quantities have turned out
to be crucial: On the one hand, the number of sign changes in a sequence of
the output weights for networks with zero bias and uniform widths and for net-
works with uniform centers; on the other hand, the number of hidden units for
networks with nonzero bias and uniform widths. The first quantity lead to the
strong RBF rule of signs for uniform widths and to the RBF rule of signs for
uniform centers; the second quantity gave rise to the weak RBF rule of signs for
uniform widths. The most challenging open problem that results from this work
is to find a rule of signs for networks with nonuniform widths and nonuniform
centers.

Using the introduced rules of signs, linear bounds on the VC dimension and
pseudo-dimension of the studied networks have been established. The smallest
bound has been found for networks with zero bias and uniform widths, for which
the VC dimension was shown to be equal to the number of hidden units and,
hence, less than half the number of parameters. Further, introducing one addi-
tional parameter, the bias, more than doubles this VC dimension. The pseudo-
dimension bounds have been obtained for networks with fixed width or fixed
centers only. In view of these results, the question arises how such bounds can
be derived for networks that do not have these restrictions. Since the pseudo-
dimension is defined via the VC dimension using one more variable, we suspect
that getting bounds for more general networks is a matter of looking at higher
input dimensions.

Finally, we have calculated lower bounds for sizes of networks simulating
other networks with more parameters. These results assume that the simulations
are performed exactly. In consideration of the well-established approximation
capabilities of neural networks it is desirable to have such bounds also for notions
of approximative computation.



334 M. Schmitt

References

[1] Bruce Anderson, Jeffrey Jackson, and Meera Sitharam. Descartes’ rule of signs
revisited. American Mathematical Monthly, 105:447–451, 1998.

[2] Alexander Andrianov. On pseudo-dimension of certain sets of functions. East
Journal on Approximations, 5:393–402, 1999.

[3] Martin Anthony and Peter L. Bartlett. Neural Network Learning: Theoretical
Foundations. Cambridge University Press, Cambridge, 1999.

[4] Peter L. Bartlett and Robert C. Williamson. The VC dimension and pseudodi-
mension of two-layer neural networks with discrete inputs. Neural Computation,
8:625–628, 1996.

[5] D. S. Broomhead and David Lowe. Multivariable functional interpolation and
adaptive networks. Complex Systems, 2:321–355, 1988.
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Abstract. Transductive Confidence Machine (TCM) is a way of con-
verting standard machine-learning algorithms into algorithms that out-
put predictive regions rather than point predictions. It has been shown
recently that TCM is well-calibrated when used in the on-line mode:
at any confidence level 1− δ, the long-run relative frequency of errors is
guaranteed not to exceed δ provided the examples are generated indepen-
dently from the same probability distribution P . Therefore, the number
of “uncertain” predictive regions (i.e., those containing more than one
label) becomes the sole measure of performance. The main result of this
paper is that for any probability distribution P (assumed to generate
the examples), it is possible to construct a TCM (guaranteed to be well-
calibrated even if the assumption is wrong) that performs asymptotically
as well as the best region predictor under P .

1 Region Predictors

The notion of TCM was introduced in [5] and [8] (our exposition is, however,
self-contained). Before we define TCM (in §3) we discuss general properties of
region predictors.

In our learning protocol, Nature outputs pairs (x1, y1), (x2, y2), . . . called ex-
amples. Each example (xi, yi) consists of an object xi and its label yi; the objects
are chosen from a measurable space X called the object space and the labels are
elements of a measurable space Y called the label space. In this paper we assume
that Y is finite (and endowed with the σ-algebra of all subsets). The protocol
includes variables Errn (the total number of errors made up to and including
trial n) and errn (the binary variable showing if an error is made at trial n); it
also includes analogous variables Uncn and uncn for uncertain predictions:

Err0 := 0; Unc0 := 0;
FOR n = 1, 2, . . .:

Nature outputs xn ∈ X;
Predictor outputs Γn ⊆ Y; Nature outputs yn ∈ Y;

errn :=
{

1 if yn /∈ Γn

0 otherwise ; Errn := Errn−1 +errn;

N. Cesa-Bianchi et al. (Eds.): ALT 2002, LNAI 2533, pp. 336–350, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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uncn :=
{

1 if |Γn| > 1
0 otherwise ; Uncn := Uncn−1 +uncn;

END FOR.

We will use the notation Z := X × Y for the example space; Γn will be called a
predictive region (or just prediction).

We will be assuming that each example zn = (xn, yn), n = 1, 2, . . ., is output
according to a probability distribution P in Z and the examples are independent
of each other (so the sequence z1z2 . . . is output by the power distribution P∞).
This is Nature’s randomised strategy.

A region predictor is a family (indexed by γ ∈ [0, 1]) of Predictor’s strategies
Γγ such that Γγ(x1, y1, . . . , xn−1, yn−1, xn) is a measurable function of Nature’s
moves and Γγ1 (x1, y1, . . . , xn−1, yn−1, xn) ⊆ Γγ2 (x1, y1, . . . , xn−1, yn−1, xn) if
γ1 ≤ γ2. Since we are interested in prediction with confidence, the predictor is
given an extra input γ = 1−δ ∈ [0, 1], which we call the confidence level (typically
it is close to 1, standard values being 95% and 99%); the complementary value
δ is called the significance level.

To provide the reader with an intuition about region prediction, we present
results for Predictor’s particular strategy (“1-Nearest Neighbour TCM”; for de-
tails, see [10]) on the USPS data set (as described in [7], §12.2, but randomly
permuted). Figure 1 shows the cumulative number of errors Errn plotted against
n = 0, 1, . . . , 9298 (solid line), the cumulative number Uncn of uncertain predic-
tions Γn, and that of empty predictions (for which |Γn| = 0). Figure 2 (left)
gives the empirical calibration curve

δ �→ ErrN (USPS, Γ1−δ)/N

and the empirical performance curve

δ �→ UncN (USPS, Γ1−δ)/N

for this region predictor; we use the strategies followed by Nature (the randomly
permuted USPS data set) and Predictor (corresponding to significance level δ)
as arguments for Err and Unc; N = 9298 is the size of the USPS data set.

2 Well-Calibrated and Asymptotically Optimal Region
Predictors

Suppose we know the true distribution P in Z generating the examples. In this
section we will construct a region predictor optimal under P ; we will often omit
P from our notation.

Let PX be the marginal distribution of P in X (i.e., PX(E) := P (E×Y)) and
PY | X(y |x) be the conditional probability that, for a random example (X, Y )
chosen from P , Y = y provided X = x (we fix arbitrarily a regular version of
this conditional probability). We will often omit subindices X and Y |X.

The predictability of an object x ∈ X is

f(x) := max
y∈Y

P (y |x)
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Fig. 1. On-line performance of the Nearest Neighbour TCM on the USPS data set
(9298 hand-written digits, randomly permuted) for the confidence level 95% (left)
and 99% (right). The solid line shows the cumulative number of errors, dotted the
cumulative number of uncertain predictions, and dashdot the cumulative number of
empty predictions (inevitably leading to an error). For 99%, the dashdot line coincides
with the horizontal axis (there are no empty predictions) and so is invisible. This
and following figures are not significantly affected by statistical variation (due to the
random choice of the permutation of the data set).

and the predictability distribution function is the function F : [0, 1] → [0, 1]
defined by

F (β) := P{x : f(x) ≤ β}.

An example of such a function F is given in Figure 3 (left); the graph of F is the
thick line, and the unit box is also shown. The intuition behind some construc-
tions in this paper will become clearer if the case of finite X with equiprobable
objects is considered first; see Figure 3, right.

The success curve S of P is defined by the equality

S(δ) = inf
{

B ∈ [0, 1] :
∫ 1

0
(F (β) − B)+dβ ≤ δ

}
,

where t+ stands for max(t, 0); the function S is also of the type [0, 1] → [0, 1].
(Why the terminology introduced here and below is natural will become clear
from Theorems 1 and 2.) Geometrically, S is defined from the graph of F as
follows (see Figure 3, left): move the point B from A to Z until the area of the
curvilinear triangle ABC becomes δ (assuming this area does become δ even-
tually, i.e., δ is not too large); the ordinate of B is then S(δ). The intuition in
the case of finite X (Figure 3, right) is that 1 − S(δ) is the maximum fraction
of objects that are “easily predictable” in the sense that their cumulative lack
of predictability does not exceed δ (where the lack of predictability 1 − f(x) of
each object is taken with the weight 1/|X|). Notice that the value S(δ) in fact
satisfies the equality ∫ 1

0
(F (β) − S(δ))+dβ = δ

provided δ does not exceed the critical significance level
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Fig. 2. The empirical calibration and performance curves for the Nearest Neighbour
TCM on the USPS data set (left); their left edges stretched horizontally (right).

δ0 :=
∫ 1

0
F (β)dβ (1)

(the area under the thick curve in Figure 3, left; we will later see that this
coincides with what is sometimes called Bayes error or Bayes risk—see, e.g.,
[2], §2.1).

So far we have defined some characteristics of the distribution P itself; now
we will give definitions related to individual region predictors. The most natural
class of region predictors is that of permutationally invariant region predictors
Γ , for which Γ1−δ(z1, . . . , zn, x) does not depend on the order of z1, . . . , zn (we
know the examples are i.i.d., so knowing the order should not help).

The calibration curve of a region predictor Γ under P is the following function
of the type [0, 1] → [0, 1]:

C(δ) := inf
{

β : IP
{
lim sup

n→∞
Errn(P∞, Γ1−δ)

n
≤ β

}
= 1

}
(2)

(IP(E) stands for the probability of event E). By the Hewitt–Savage zero-one law
(see, e.g., [6], Theorem IV.1.3) in the case of permutationally invariant region
predictors this definition will not change if “= 1” is replaced by “> 0” in (2).
The performance curve of Γ under P is defined by

P(δ) := inf
{

β : IP
{
lim sup

n→∞
Uncn(P∞, Γ1−δ)

n
≤ β

}
= 1

}
; (3)

this is again a function of the type [0, 1] → [0, 1]. The Hewitt–Savage zero-one
law again implies that for permutationally invariant Γ this will not change if
“= 1” is replaced by “> 0”.

We will say that a region predictor Γ is well-calibrated under P if its cali-
bration curve C(δ) is below the diagonal: C(δ) ≤ δ for any significance level δ.
It is asymptotically optimal under P if its performance curve coincides with the
success curve: P(δ) = S(δ) for all δ.
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Fig. 3. Left: The predictability distribution function F . The function F is non-
decreasing, continuous on the right, and F (1/|Y|) = 0. For a possibly more realistic
example of a predictability distribution function, see Figure 6. Right: The predictabil-
ity distribution function (thick line) in the case where the object space X is finite and
all objects x ∈ X have the same probability. The objects are numbered, from 1 to 8 in
this case, in the order of decreasing predictability.

Theorem 1. Let P be a probability distribution in Z with success curve S. If a
region predictor Γ is well-calibrated under P , its performance curve P is above
S: for any δ, P(δ) ≥ S(δ). Moreover, for any significance level δ,

lim inf
n→∞

Uncn(P∞, Γ1−δ)
n

≥ S(δ) a.s. (4)

Let us now assume, for simplicity, that the distribution P is regular, in the
sense that the predictability distribution function F is continuous. (The general
case will be considered in §5 and will involve randomised region predictors.)

The main result of this paper (Theorem 2, strengthened in Theorem 2r) is
that one can construct an asymptotically optimal TCM (which is well-calibrated
automatically, by [10]). If, however, we know for sure that the true distribution
is P it is very easy to construct a well-calibrated and asymptotically optimal
region predictor. Fix a choice function ŷ : X → Y such that

∀x ∈ X : f(x) = P (ŷ(x) |x)

(to put it differently, ŷ(x) ∈ argmaxy P (y |x)). Define the P -Bayesian region
predictor Γ by

Γ1−δ(z1, . . . , zn, x) :=
{{ŷ(x)} if F (f(x)) ≥ S(δ)

Y otherwise,

for all significance levels δ and data sequences (z1, . . . , zn, x) ∈ Zn × X,
n = 0, 1, . . . . It can be shown that the P -Bayesian region predictor is well-
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Fig. 4. On-line performance of the Nearest Neighbour TCM on the USPS data set for
the confidence level 97.5%. (This figure cannot be directly compared to the error rate
of 2.5% for humans reported in [7], since this experiment has been carried out on the
randomly permuted data set, whereas the test part of the USPS data set is known to
be especially hard.)

calibrated and asymptotically optimal under P . (Our definition of the P -
Bayesian region predictor is arbitrary in several respects; in principle, differ-
ent choice functions can be used at different trials, the prediction can be arbi-
trary when F (f(x)) = S(δ), and Y can be replaced by any E ⊆ Y such that
P (E |x) :=

∑
y∈E P (y |x) = 1.)

The critical significance level (1) is an important characteristic of the prob-
ability distribution P generating the examples. If δ > δ0, an optimal region
predictor will always output certain predictions and, if forced to achieve the
error rate δ, will sometimes have to output empty predictions. If, on the other
hand, δ < δ0, there will be uncertain predictions but no empty predictions. Fig-
ure 1 suggests that the critical significance level for the USPS data set is between
1% and 5%. This agrees with the observation that the critical significance level
is just the error rate of the Bayesian point predictor (which is restricted to out-
putting Γn with |Γn| = 1 and minimises the expected number of errors) and the
fact (reported in [7]) that the error rate achieved by humans on the USPS data
set is 2.5%. Notice that in Figure 1 (left) the onset of empty predictions closely
follows the point where all predictions become certain; see also Figures 4 and 5.

3 Transductive Confidence Machine

The procedure at the end of §2 works well when P is known. If, however, P
is only a convenient benchmark, the Bayesian region predictor can give very
misleading results [4]. In the rest of this paper we will discuss how to ensure
well-calibratedness under any distribution in Z without losing the asymptotic
performance of the Bayesian predictor if P happens to be the true distribution.

Transductive Confidence Machine (TCM) is a way of transition from what
we call an “individual strangeness measure” to a region predictor. A family of
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measurable functions {An :n = 1, 2, . . .}, where An : Zn → IRn for all n and IR
is the set of all real numbers (equipped with the Borel σ-algebra), is called an
individual strangeness measure if, for any n = 1, 2, . . ., each αi in

An : (z1, . . . , zn) �→ (α1, . . . , αn) (5)

is determined by zi and the bag �z1, . . . , zn�. (The difference between the bag
�z1, . . . , zn� and the set {z1, . . . , zn} is that the former can contain several copies
of the same element.)

The TCM associated with the individual strangeness measure An is the fol-
lowing region predictor: Γ1−δ (x1, y1, . . . , xn−1, yn−1, xn) is defined to be the set
of all labels y ∈ Y such that

#{i = 1, . . . , n :αi ≥ αn}
n

> δ , (6)

where
(α1, . . . , αn) := An((x1, y1), . . . , (xn−1, yn−1), (xn, y)) . (7)

In general, a TCM is the TCM associated with some individual strangeness
measure. It is shown in [10] that TCM is well-calibrated under any P (the tech-
nical report [10] also contains stronger assertions: for example, TCM is still
well-calibrated, in a natural sense, when the confidence level 1 − δ is allowed to
depend on n).

4 Asymptotically Optimal TCM

If we suspect that the probability distribution in Z generating the examples
might be P , we can define the individual strangeness measure (5) by

αi :=
{

0 if yi = ŷ(xi)
P (ŷ(xi) |xi) otherwise .

(8)

The corresponding TCM will be called the P -TCM (cf. [9]). We say that a
region predictor is universally well-calibrated if it is well-calibrated under any
probability distribution P in Z.

Theorem 2. Let P be a regular probability distribution in Z. The P -TCM is
(a) universally well-calibrated and (b) asymptotically optimal under P .

5 Randomised Region Predictors

In this section we will remove the assumption that the probability distribution P
generating examples is regular. The price we will have to pay is that we will have
to generalise the notion of region predictor in general, and TCM in particular,
to allow using a generator of random numbers (as in [10]).
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The generator that we consider generates a sequence τn, n = 1, 2, . . ., of uni-
formly distributed independent random numbers in the interval [0, 1]; τn will be
used by Predictor at trial n of our basic protocol (see §1). Formally, a randomised
region predictor Γ is a family, indexed by n = 1, 2, . . . and γ ∈ [0, 1], of measur-
able functions Γγ(z1, τ1, . . . , zn−1, τn−1, xn, τn), where the zi ∈ Z, i = 1, . . . , n−1,
are examples, τi ∈ [0, 1], i = 1, . . . , n, and xn ∈ X is an object, which satisfies

Γγ1 (z1, τ1, . . . , zn−1, τn−1, xn, τn) ⊆ Γγ2 (z1, τ1, . . . , zn−1, τn−1, xn, τn)

whenever γ1 ≤ γ2. The notation errn, uncn, etc., will be continued to be used
in the randomised case as well; it should be remembered that these now depend
on τ1, τ2, . . . . We can strengthen Theorem 1 as follows.

Theorem 1r. Let P be a probability distribution in Z with success curve S. If
a randomised region predictor Γ is well-calibrated under P , then for any signif-
icance level δ,

lim inf
n→∞

Uncn(P∞, Γ1−δ)
n

≥ S(δ) a.s.

The “a.s.” in this theorem refers to the probability distribution (P ×U)∞ gener-
ating the sequence z1, τ1, z2, τ2, . . ., with U standing for the uniform distribution
in [0, 1].

Next we introduce a randomised version of TCM. The randomised Trans-
ductive Confidence Machine (rTCM) associated with an individual strangeness
measure An is the following randomised region predictor Γ1−δ: at any trial n
and for any label y ∈ Y,

1. if #{i = 1, . . . , n :αi > αn}/n > δ (as before, the αs are defined by (7)), the
label y is included in Γ1−δ;

2. if #{i = 1, . . . , n :αi ≥ αn}/n ≤ δ, y is not included in Γ1−δ;
3. otherwise, y is included in Γ1−δ if

τn <
#{i = 1, . . . , n :αi ≥ αn} − nδ

#{i = 1, . . . , n :αi = αn} . (9)

We say that a randomised region predictor Γ is perfectly calibrated if, under
any probability distribution P , its calibration curve C(δ) coincides with the
diagonal: C(δ) = δ for any significance level δ. (Formally, this definition can
also be given for deterministic predictors as well, but it would be impossible to
satisfy in some cases.) The P -rTCM is defined to be the rTCM associated with
the individual strangeness measure (8).

Theorem 2r. Let P be a probability distribution in Z. The P -rTCM is perfectly
calibrated and, under P , asymptotically optimal.

Notice that the rTCM makes at least as many errors as the TCM associated
with the same individual strangeness measure. It is shown in [10] that rTCM’s
errors are independent and happen with probability δ at any confidence level
1 − δ. The difference between TCM and rTCM is typically negligible after the
first several hundred trials; cf. the dotted line in Figure 2 (left).
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6 Conclusion

In this paper we defined two desiderata for region predictors: being well-
calibrated and asymptotic optimality. Being well-calibrated is the first priority:
without it, the meaning of confidence levels is lost and it does not make sense
to talk about optimality. If the probability distribution P generating individual
examples is known, the Bayesian region predictor is well-calibrated and asymp-
totically optimal. But even in the situation where P is just a convenient guess
that we are unwilling to take too seriously, there exists a region predictor (a
TCM) which is universally well-calibrated and asymptotically optimal under P .
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Appendix: Proofs

First we establish some simple properties of the predictability distribution function
and success curve.

Lemma 1. The predictability distribution function F satisfies the following properties:

1. F (ε) = 0 for some ε > 0 and F (1) = 1;
2. F is non-decreasing;
3. F is continuous on the right.

If a function F : [0, 1] → [0, 1] satisfies these properties, there exist a measurable
space X, a finite set Y, and a probability distribution P in X×Y for which F is the
predictability distribution function.

Proof. Properties 1 (cf. the caption to Figure 3), 2, and 3 are obvious (and the last
two are well-known properties of all distribution functions). The fact that these three
properties characterise predictability distribution functions easily follows from the fact
that the last two properties plus F (−∞) = 0 and F (∞) = 1 characterise distribution
functions (see, e.g., [6], Theorem II.3.1). ��

We will use the notations g′
left and g′

right for the left and right derivatives, respectively,
of a function g.

Lemma 2. The success curve S : [0, 1] → [0, 1] always satisfies these properties:

1. S is convex.
2. There is a point δ0 ∈ [0, 1] (the critical significance level) such that S(δ) = 0 for

δ ≥ δ0 and S′
left(δ0) < −1; therefore, S′

left < −1 and S′
right < −1 to the left of δ0,

and the function S is decreasing before it hits the δ-axis at δ0.
3. S is continuous at δ = 0; therefore, it is continuous everywhere in [0, 1].

If a function S : [0, 1] → [0, 1] satisfies these properties, there exist a measurable space
X, a finite set Y, and a probability distribution P in X×Y for which S is the success
curve.

Proof. For the basic properties of convex functions and their left and right derivatives,
see, e.g., [1], §I.4. The statement of the lemma follows from the fact that the success
curve S can be obtained from the predictability distribution function F using these
steps (labelling the horizontal and vertical axes as x and y respectively):

1. Invert F : F1 := F −1.
2. Flip F1 around the line x = 0.5 and then around the line y = 0.5: F2(x) :=
1− F1(1− x).

3. Integrate F2: F3(x) :=
∫ x

0 F2(t)dt.
4. Invert F3: F4 := F −1

3 .
5. Flip F4 around the line y = 0.5: F5 := 1− F4.

It can be shown that S = F5, no matter which of the several natural definitions of the
operation g �→ g−1 is used; for concreteness, we can define g−1(y) := sup{x : g(x) ≤ y}
for non-decreasing g (so that g−1 is continuous on the right). ��
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Fig. 5. Left: Picture analogous to Figure 2 (right) for the last one thousand examples.
Notice a different behaviour of the empirical performance curve as it approaches the
horizontal axis as compared with Figure 2 (right). The unexpected behaviour of the
empirical performance curve as it approaches the vertical axis may be explained (at
least partially) by the “granularity” of TCM: for example, the “realised p-value” given
by the left-hand side of (6) can never be less than 1/9298 > 0.01%; this behaviour may
become more regular for randomised TCM. Right: The bottom part of the picture on
the left stretched vertically. Notice that the slope of the empirical performance curve is
at least 1 in absolute value before it hits the horizontal axis; this agrees with Lemma 2
on p. 345. This figure suggests that, if the 1-NN TCM were an optimal region predictor,
the critical significance level for the USPS data set would be close to 2.3.

Visually the empirical performance curve in Figure 2 seems to satisfy the properties
listed in Lemma 2 for significance levels that are not too large or too small (approxi-
mately in the range 0.1%–5%); for an even better agreement, see Figure 5.

A natural idea is to reverse the process of transforming F into S and try to obtain
an estimate of the predictability distribution function F from an empirical performance
curve. Figure 6 shows the result of such an attempt. Such pictures, however, should
not be taken too seriously, since the differentiation operation needed in finding F is
known to be unstable (see, e.g., [7], §1.12).

Proof of Theorems 1 and 1r. Let us check first that (4) indeed implies P(δ) ≥
S(δ). Since probability measures are σ-additive, (3) implies

lim sup
n→∞

Uncn(P ∞, Γ1−δ)
n

≤ P(δ) a.s. ,

and so we obtain from (4):

P(δ) ≥ lim sup
n→∞

Uncn(P ∞, Γ1−δ)
n

≥ lim inf
n→∞

Uncn(P ∞, Γ1−δ)
n

≥ S(δ)

almost surely; since the two extreme terms are deterministic, we have P(δ) ≥ S(δ).
We start the actual proof with alternative definitions of calibration and performance

curves. Complement the protocol of §1 in which Nature plays P ∞ and Predictor plays
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Fig. 6. An attempt to reverse engineer the predictability distribution function of the
hand-written digits in the USPS data set. This picture was obtained from the solid line
in Figure 5 (left) by reversing the list in the proof of Lemma 2.

Γ1−δ with the following variables:

errn := (P ×U)
{
(x, y, τ) : y /∈ Γ1−δ(x1, τ1, y1, . . . , xn−1, τn−1, yn−1, x, τ)

}
,

uncn := (PX ×U)
{
(x, τ) : |Γ1−δ(x1, τ1, y1, . . . , xn−1, τn−1, yn−1, x, τ)| > 1

}
,

Errn :=
n∑

i=1

erri , Uncn :=
n∑

i=1

unci

(we are not always consistent in the order of arguments of the function Γ1−δ). The
prequential calibration curve of Γ under P is defined by

C(δ) := inf

{
β : IP

{
lim sup

n→∞

Errn(P
∞, Γ1−δ)
n

≤ β

}
= 1

}

and the prequential performance curve of Γ under P by

P(δ) := inf

{
β : IP

{
lim sup

n→∞

Uncn(P
∞, Γ1−δ)
n

≤ β

}
= 1

}
,

where IP refers to the probability distribution (P ×U)∞ over the examples z1, z2, . . .
and random numbers τ1, τ2, . . . . By the martingale strong law of large numbers the
prequential versions of the calibration and performance curves coincide with the original
versions: indeed, since Errn −Errn and Uncn −Uncn are martingales (with increments
bounded by 1 in absolute value) with respect to the filtration Fn, n = 0, 1, . . ., where
each Fn is generated by z1, . . . , zn and τ1, . . . , τn, we have

lim
n→∞

Errn −Errn
n

= 0 IP-a.s.

and

lim
n→∞

Uncn −Uncn
n

= 0 IP-a.s.
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(see, e.g., [6], Theorem VII.5.4). It is also clear that we can replace Uncn by Uncn
in (4).

Without loss of generality we can assume that Nature’s move Γn at trial n is either
{ŷ(xn)} or the whole label space Y. Furthermore, we can assume that

uncn = S(errn) (10)

at every trial, since the best way to spend the allowance of errn is to be certain on
objects x with the largest (topmost in Figure 3) representations F (f(x)). (For a formal
argument, see the end of this proof.) Using the fact that the success curve S is convex,
non-increasing, and continuous (see Lemma 2), we obtain

Uncn
n

=
1
n

n∑
i=1

unci =
1
n

n∑
i=1

S(erri) ≥ S

(
1
n

n∑
i=1

erri

)
= S

(
Errn

n

)
≥ S(δ)− ε ,

the last inequality holding almost surely for an arbitrary ε > 0 from some n on and δ
being the significance level used.

It remains to prove formally that uncn ≥ S(errn) (which is the part of (10) that
we actually used). Let us fix 1− δ and x1, τ1, y1, . . . , xn−1, τn−1, yn−1; we will write

Γ (x, τ) := Γ1−δ(x1, τ1, y1, . . . , xn−1, τn−1, yn−1, x, τ) ,

omitting the fixed arguments. Without loss of generality we are assuming that either
Γ (x, τ) = ŷ(x) or Γ (x, τ) = Y. Set

p(x) := U {τ :Γ (x, τ) = {ŷ(x)}} , δ := errn .

Our goal is to show that uncn ≥ S(δ); without loss of generality we assume 0 < δ < δ0.
To put it differently, we are required to show that the value of the optimisation problem∫

X
p(x)P (dx) → max (11)

subject to the constraint ∫
X
(1− f(x))p(x)P (dx) = δ

is 1−S(δ) at best. By the Neyman–Pearson lemma (see, e.g., [3]) there exist constants
c > 0 and d ∈ [0, 1] such that

p(x) =



1 if f(x) > c
d if f(x) = c
0 if f(x) < c .

(12)

The constants c and d are defined (c uniquely and d uniquely unless the probability of
f(x) = c is zero) from the condition∫

x:f(x)>c

(1− f(x))P (dx) + d

∫
x:f(x)=c

(1− c)P (dx) = δ ,

which is equivalent, by Fubini’s theorem (applied to the indicator function of the sub-
graph of F ; see Figure 3, left), to∫ 1

0
(F (β)− F (c))+dβ + d(1− c)(F (c)− F (c−)) = δ ,
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where F (c−) is defined as limβ↑c F (β). From this it is easy to obtain that the value of
the optimal problem (11) is indeed 1−S(δ): using the notation pd(x) for the right-hand
side of (12), we have∫

X
pd(x)P (dx) = d

∫
p1(x)P (dx) + (1− d)

∫
p0(x)P (dx)

= dP{x : f(x) ≥ c}+ (1− d)P{x : f(x) > c}
= d(1− F (c−)) + (1− d)(1− F (c))

= 1− F (c) + d(F (c)− F (c−))
= 1− S(δ) .

This completes the proof of Theorem 1r; since Theorem 1 is a special case, it is also
proved.

Proof of Theorems 2 and 2r. The fact that every rTCM Γ is perfectly calibrated
is proved in [10], so we are only required to show that Γ is asymptotically optimal under
P . Fix a confidence level 1− δ; we will show that

lim sup
n→∞

Uncn(P
∞, Γ1−δ)
n

≤ S(δ) (13)

almost surely (the underlying probability distribution IP being the product (P ×U)∞).
Without loss of generality we assume S(δ) < 1 ((13) holds trivially when S(δ) = 1).
Set

c := sup{β :F (β) ≤ S(δ)} .

The case c = 1 is simple: it means that P{x : f(x) < 1} ≤ S(δ); since, almost surely,
uncn = 0 at trials where f(xn) = 1, by Borel’s strong law of large numbers we imme-
diately obtain (13). Therefore, we assume c < 1 in the rest of the proof.

First we consider the case F (c) = S(δ) (this will be sufficient to prove Theorem 2,
since F (c) = S(δ) is implied by F (c) = F (c−) and the rTCM constructed in this part
of the proof will be deterministic). Notice that F (c + ε) > F (c) for any 0 < ε ≤ 1 − c
(we are assuming ε ≤ 1 − c so that F (c + ε) is defined). We will prove that, for any
0 < ε ≤ 1− c and from some n on,

IP(uncn | Fn−1) ≤ F (c+ ε) a.s. (14)

(we are using the same notation for an event and for its indicator function). This will
imply

lim sup
n→∞

Uncn
n

≤ F (c+ ε)

almost surely; since limε↓0 F (c+ ε) = S(δ), this will prove (13).
Fix 0 < ε ≤ 1− c; without loss of generality assume that F is continuous at c+ ε.

Let us prove (14), assuming n is large enough. Suppose the examples observed before
trial n are (z1, . . . , zn−1) = ((x1, y1), . . . , (xn−1, yn−1)). Let us say that an example
(x, y) ∈ Z is wrongly classified if y �= ŷ(x). Remember that according to the individual
strangeness measure (8) the strange elements in every bag of examples are those that
are wrongly classified, and the more predictable they are the stranger. Notice that the
prediction for the new object xn will be certain if (a) the new object xn is to the right
of β = c + ε in Figure 3 (left), in the sense f(xn) ≥ c + ε, and (b) the number of the
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wrongly classified objects xi, i = 1, . . . , n − 1, to the right of β = c + ε is less than
nδ −10. The probability (conditional on Fn−1) of (a) is 1−F (c+ ε), so to prove (14) it
is sufficient to show that the event (b) (remember that it is measurable w.r. to Fn−1)
happens from some n on almost surely. The probability that an object is wrongly
classified and to the right of β = c+ ε is

b :=
∫ 1

0
(F (β)− F (c+ ε))+dβ < δ .

By Hoeffding’s inequality (see, e.g., [2], Theorem 8.1) the probability that the event (b)
will fail to happen is bounded from above by

e−2(nδ−10−(n−1)b)2/(n−1) ≤ e−κn , (15)

for some positive constant κ and from some n on. Since
∑

n e−κn < ∞, the Borel–
Cantelli lemma implies that (b) will almost surely happen from some n on. This com-
pletes the proof in the case F (c) = S(δ).

Now we consider the case F (c) > S(δ) (which is the only remaining possibility).
In the remaining part of the proof it will be important that we consider rTCM rather
than TCM.

Let ε > 0 satisfy ε < F (c)− S(δ). We will prove that, from some n on,

IP(uncn | Fn−1) ≤ S(δ) + ε a.s. (16)

This will imply

lim sup
n→∞

Uncn
n

≤ S(δ) + ε

almost surely, and so prove (13).
We say that an object and random number (x, τ) ∈ X× [0, 1] (such a pair will be

called an extended object) is above the line S(δ)+ ε (cf. Figure 3, left) if either f(x) > c
or

f(x) = c & τ ≥ S(δ) + ε − F (c−)
F (c)− F (c−)

(this definition corresponds to representing each extended object (x, τ) by the point

(f(x), τF (f(x)) + (1− τ)F (f(x)−))
in Figure 3, left).

Let us prove (16), assuming n is large enough. Suppose the extended objects ob-
served before trial n are (x1, τ1, . . . , xn−1, τn−1). Now the prediction for the new object
xn will be certain if (a) the new extended object (xn, τn) is above S(δ) + ε, and (b)
the number of the wrongly classified extended objects (xi, τi), i = 1, . . . , n − 1, above
S(δ) + ε is less than nδ − 10. (We say that (x, τ) is wrongly classified if x is.) The
probability (conditional on Fn−1) of (a) is 1− S(δ)− ε, so to prove (16) it is sufficient
to show that the event (b) happens from some n on almost surely. The probability that
an extended object is wrongly classified and above S(δ) + ε is

b :=
∫ 1

0
(F (β)− S(δ)− ε)+dβ < δ .

The proof is completed literally as before: apply Hoeffding’s inequality to obtain upper
bound (15) and then apply the Borel–Cantelli lemma.
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Abstract. In this paper we study the learnability of a mixture of lines
model which is of great importance in machine vision, computer graph-
ics, and computer aided design applications. The mixture of lines is a
partially-probabilistic model for an image composed of line-segments.
Observations are generated by choosing one of the lines at random and
picking a point at random from the chosen line. Each point is con-
taminated with some noise whose distribution is unknown, but which
is bounded in magnitude. Our goal is to discover efficiently and rather
accurately the line-segments that generated the noisy observations. We
describe and analyze an efficient probably approximately correct (PAC)
algorithm for solving the problem. Our algorithm combines techniques
from planar geometry with simple large deviation tools and is simple to
implement.

1 Introduction

Mixture models are a very popular tool in statistics and related fields, and are
used in a wide range of applications. For an excellent source of information on
these models see the book by Titterington, Smith, and Makov [9]. Recently, PAC
learnability of mixture models, more specifically mixture of Gaussians, have been
analyzed using learning-theoretic tools [3,1]. The work, which provided new algo-
rithms for learning mixtures of Gaussians, builds upon rather general algebraic
properties of the mixture components. The generality of mixture models, and
of the algorithms for learning them, have made it convenient to apply them to
a diverse variety of problems ranging from astrophysics to zoology. However,
this generality might also be a limiting factor when the problem on hand has a
specific structure that can be exploited.

Many applications in machine vision, computer graphics, and computer aided
design can be cast as problems of learning mixture models. See for instance the
survey by Stewart [8] and the work in [4,7,5] for such approaches. The models
described and studied in these papers explicitly exploit geometrical knowledge
in order to build algorithms that find a compact geometrical representation
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to a set of observations. Such representations are often equivalent to mixture
models where the individual components are simple geometric shapes that are
accompanied with a noise (assumed typically to be Gaussian).

In this paper we study a learning algorithm that borrows from the seemingly
disparate disciplines above. Specifically, the model we study is a mixture of
line-segments model in which each point is generated by one of k unknown
line-segments and is subsequently corrupted by some noise, whose distribution
is unknown. We describe an efficient PAC algorithm for finding the unknown
line-segments generating the observations. The algorithms is composed of a few
stages. It first identifies relationships between points which might indicate that
the points are from the same line. These relationships are then embedded in
a graph whose connected components represent the line-segments. As a final
stage the algorithm reconstructs the lines from the individual large connected
components. The result is an efficiently provably correct algorithm which is also
simple to implement.

Our analysis is based on simple large deviation techniques with straight-
forward planar geometrical properties. The time and sample complexity of the
algorithm grow quadratically in the number of different lines but are, under mild
conditions, independent of the number of observations.

In computer vision, one standard algorithm for inferring a set of line-segments
is the Hough transform [5]. The idea is to pick pairs of points from the image
(maybe all pairs), and to generate a candidate line from each pair. These candi-
dates are then bucketed into a discretized version of the space of all possible lines.
The fullest buckets are chosen as the final lines. In terms of formally analyzing
this technique, many questions need to be answered – for instance, what is the
tradeoff between the levels of noise and discretization? Our algorithm is based
on a similar principle – clustering lines – but addresses these issues in its proof
of correctness, and achieves further efficiency through sampling techniques.

The Hough transform can also be applied to higher-order curves, and here
the error introduced by discretization is potentially a lot more problematic.
Independent of our work, Arora and Khot [2] have demonstrated how a degree-d
polynomial can be efficiently learned from O(d2) noisy points; to learn a mixture
of such polynomials, one can then sample subsets of size O(d2). In this paper, we
only handle the case d = 1 (i.e. lines) and focus on the efficiency of the overall
procedure. The end result is a simple and robust algorithm that takes 20 lines
of Matlab code to implement.

The paper is organized as follows. In Sec. 2 we formally introduce the mixture
of lines model and pose assumptions that we deem required for efficient PAC
learning of the model. In Sec. 3 we give a high level of the algorithm which is then
followed in Sec. 4 by a more formal description and the main PAC-learnability
theorem. In Sec. 5 we prove the main theorem. We give an illustrative example
of the behavior of our algorithm using synthetic data in Sec. 6. We conclude and
describe possible extensions in Sec. 7.
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Fig. 1. An illustration of the model of mix-
ture of lines. Left: the original mixture
of lines. Right: the noisy set of observed
points.

2 Model and Assumptions

Our model is that the data is generated by a mixture of line segments, where
the number of lines k is unknown, and that each data point is subsequently
corrupted by some bounded but otherwise arbitrary noise. A point is generated
by first choosing a line segment (the ith line segment is chosen with probability
wi), picking a point uniformly at random from this line, and then adding noise
to it. See also Fig. 2 for an illustration of the model. Whenever it is clear from
the context we will refer to line segments simply as lines.

Given this noisy data, we then wish to determine the number of lines and to
reconstruct them. To avoid dealing with arbitrarily small lines, we start with a
simple normalizing assumption.

Assumption A: All lines have length at least one.

We also put a bound on the amount of noise to which data points can be
subjected. Each point can be perturbed by an Euclidean distance of at most ξ.

Assumption B: An upper bound ξ on the maximum noise is known.

One particular feature of our setting is that the number of points from a line
does not depend upon the length of the line. For instance, the mixing weights
wi might all be equal, even if some lines are much longer than others. What is
the best we can hope to achieve given such limited information?

Fig. 2. The 5 lines on the
left may appear as only 4
horizontal lines by a noisy
sample.

There are certain identifiability issues which arise, and which will motivate
the assumptions we make. In Fig. 2, given just a few points from each line, it
might well appear that there are only four lines, namely the horizontal ones.
This is because the points from the vertical line might lie sufficiently close to the
continuations of the horizontal lines, that they can be explained by these lines.
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line l 2ξ

θ0

Fig. 3. The θ0-cones of a line l.

Since we are interested in actually finding the true lines (rather than just fitting
lines to the data), we must prevent this from happening. We must make sure
that at least some portion of each line cannot be explained by other lines. To do
this, we start by defining a pair of cones associated with each line. Recall that
our lines are in effect rectangles of width 2ξ on account of the noise process.

Definition. For a line l, denote by Cl the union of the two cones which subtend
an angle of θ0 at the rectangle corresponding to line l: see Fig. 3. We will call
each of these cones a θ0-cone of line l. Here θ0 is some small constant angle.

We will think of Cl as the set of points which can roughly be explained by
line l. From this point of view, the region of space which can be explained by
all lines other than l is Dl =

⋃
l′ �=l Cl′ . We must make sure that at least some

portion of each line l lies outside Dl. One way to phrase this would be to say
something like: “at most half of any line l lies in Dl”. But in order to identify
where line l starts and ends, we particularly need these parts of the line to be
exposed (to lie outside Dl).

Assumption C: For each line l, the starting δ-fraction of the line and the
terminating δ-fraction of the line lie outside Dl, where δ ∈ (0, 1

4 ) is a small
constant.

We need three more assumptions. The first follows from the observation that
the sample complexity will inevitably depend upon the smallest mixing weight.

Assumption D: A lower bound wmin on the mixing weights is known.

Next, we place some upper bounds on the noise; in particular, we require that
the noise be much smaller than the mixing weights.

Assumption E: ξ ≤ sin θ0
128e2 · wmin and ξ ≤ 1

16 − 1
4δ.

It appears from Assumption E that there is a tradeoff between the maximal
noise ξ the fraction of the line that is not covered by other lines, δ. In cases
where ξ ≥ 1

16 − 1
4δ, it is possible to consider only a δ′ = 1

4 − 4ξ fraction, and to
increase the sample complexity accordingly.

The final assumption makes sure that if two lines come close to one another,
their angle of intersection should be significant (that is, one should not look like
a continuation of the other).

Assumption F: If two lines l1 and l2 are close in that they encroach upon each
other’s (2θ0 + 4 sin−1 8ξ)-cones, then the (acute) angle between them must be
at least 4θ0 + 6 sin−1 8ξ.
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3 A High-Level View

The algorithm proceeds in four phases.

1. By looking at pairs of points (x, y), we can get an idea of the various direc-
tions along which lines might lie. Most of these are spurious, so we start by
pruning them: we select only those pairs (x, y) for which there seem to be a
lot of collinear triples (x, y, z).

2. For each point x, the pairs (x, y) that we have chosen tell us the possible
slopes of the line on which x lies. Some points xmight lie near the intersection
of two lines; such points are noisy. By Assumption C, at most about a (1−2δ)
fraction of the points on each line are noisy.
So for each point x, look at the slopes of the chosen pairs (x, y). If they are
all about the same, then this value is close to the slope of the true line on
which x lies. Let X denote the set of points whose slopes are unambiguous
in this way.

3. If points x and y are unambiguous, then they lie on the same line if and
only if their slopes are almost the same, and if there are strong collinearity
relationships between the two (as determined in the first step). This enables
us to cluster the points of X according to their respective lines.

4. At this stage, we have a few points from each line, including the points at
the extreme ends of the line. We need only reconstruct the lines from these
points.

4 The Algorithm and Main Theorem

The algorithm requires a bit of notation, which we now present. Let l(a, b) denote
the line connecting points a and b, and denote by d(·, ·) the normal Euclidean
distance from a point to a line. The first definition addresses the issue of ap-
proximate collinearity.

Definition. Points x, y, z are called ε-collinear if

min {d(x, l(y, z)), d(y, l(x, z)), d(z, l(x, y))} ≤ ε .

Definition. Let collinearity(x, y) = |{z : x, y, z are 2ξ-collinear, and min(‖z −
x‖, ‖z − y‖) ≤ 2‖x− y‖}|. In other words: the number of points approximately
collinear with x and y, and not too far from them.

The second phase of the algorithm measures slopes of various lines.

Definition. For a line segment l, let θ(l) denote the angle subtended by it line
segments. In both cases, angles are measured so as to always be in the range
(−π/2, π/2].

Letm denote the number of data points. The algorithm is shown in Fig. 4. Its
principal performance guarantee is summarized in the following main theorem.
The constants in it are atrocious; no attempt has been made to optimize them.
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Phase One – Collinearity:
/* For each x: */
/* determine a set N(x) of other points with which it might be collinear */
For each pair of points x, y:
Compute collinearity(x, y).

For each point x:
N(x) = {y : collinearity(x, y) ≥ 1

8mwmin, and ‖x − y‖ ≥ 1
4}

Phase Two – Angles:
/* Determine a set X of points of unambiguous slope. */
For each point x:

A(x) = {θ(xy) : y ∈ N(x)}
∆(x) = maxA(x) − minA(x)

X = {x : ∆(x) ≤ 2max(θ0, sin−1 8ξ)}

Phase Three – Clustering:
/* Find a few points from each line. */
Construct graph G on vertices X,
placing an edge (x, y) if both x ∈ N(y) and y ∈ N(x).

Find the connected components Xi of G.

Phase Four – Reconstruction:
/* Put the lines together. */
For each set Xi:
Find the two points xi, yi ∈ Xi which are farthest apart.
Return line l(xi, yi).

Fig. 4. Algorithm for learning a mixture of lines.

Theorem 1 If Assumptions A-F hold, and m ≥ 2
δwmin

, then with probability

1− 8
(

64e
δwmin

ln
64e
δwmin

)2

· e−mw2
minδ2/256 − 1

2
m2e−mwmin/8 ,

the algorithm will return k line segments l(xi, yi), where xi, yi are the farthest
apart points generated from li.

5 Proof of Correctness

We start by establishing some properties of collinearity(·, ·). In order to do this,
we need to ensure that each interval of each line gets approximately the expected
number of points. This follows immediately from a VC dimension argument [6].

Lemma 1. Fix any constant ε0 > 0. Let π(·) denote the distribution over the
plane specified by the true mixture w1l1 + · · · + wklk. Let π̂(·) be the empirical
distribution before noise. Then with probability of at least



An Efficient PAC Algorithm for Reconstructing a Mixture of Lines 357

1− 8
(
32e
ε0

ln
32e
ε0

)2

e−ε20m/64 ,

for every interval I of every line li, the empirical probability π̂(I) differs from
the true probability π(I) by at most ε0.

Comments:

– We will use ε0 = 1
2δwmin, resulting in a sample complexity which depends

quadratically on 1
wmin

We would like to note in passing the quadratic depen-
dency on wmin is not optimal. We plan to give improved sample complexity
in the full version.

– Lemma 1 above the following lemmas show that certain favorable conditions
hold with high probability. We will henceforth assume these conditions hold
for sure, until the end, when we will take stock of probabilities.

The next lemma is quite simple to establish and implies that for most pairs
of points x, y from line li, collinearity(x, y) is Ω(mwi).

Lemma 2. If points x, y come from line li, then

collinearity(x, y) ≥ m
(‖x− y‖ − 2ξ

‖li‖ wi − ε0
)
.

Proof. Points x and y are the noisy versions of some original points x∗ and y∗

which actually lie on line li. We know ‖x∗ −y∗‖ ≥ ‖x−y‖−2ξ. Any point drawn
from the open interval (x∗, y∗) contributes to collinearity(x, y). The rest follows
from Lemma 1.

Corollary 2 If points x, y come from line li, and ‖x− y‖ ≥ 1
4‖li‖, then

collinearity(x, y) ≥ m
((

1
4

− 2ξ
)
wi − ε0

)
≥ 1

8
mwmin .

We need to be able to say something about collinearity(x, y) when x and y
are not from the same line. This is tough to answer if they lie in each other’s
cones. But:

Lemma 3. The following holds with probability at least 1− 1
2m

2e−mwmin/8. Pick
any x, y from distinct lines l1, l2 respectively, such that x 
∈ Dl1 (i.e. x lies outside
the cones of other lines). Then: either (1) y ∈ Cl1 or (2) collinearity(x, y) <
1
8mwmin.
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Fig. 5. Case I of Lemma 3.
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Fig. 6. Case II of Lemma 3.

Proof. Consider z from some line l3 such that x, y, z are 2ξ-collinear. We’ll show
that, unless y ∈ Cl1 , at most an 16ξ

sin θ0
fraction of any line l3 can contribute

such a point z. In other words, the expected value of collinearity(x, y) is at
most 16ξ

sin θ0
·m. We will then apply a large deviation bound (followed by a union

bound over all pairs x, y) to show that even with our limited number of samples,
collinearity(x, y) will remain small, less than 1

8mwmin. We could use Lemma 1
here; however, that bound is rather weak when dealing with these very low-
probability events. There are three cases.
Case I: l3 �= l1, l2; and y lies between x and z.
This can happen in two ways, corresponding to Fig. 5(a) and 5(b). Let’s start
with the first of these. Pretend for the time being that points z from l3 must
actually lie on the line segment l3 (that is, there is no noise). The portion uz of
line l3 is bad: it will get included in collinearity(x, y). We must show that it is
short, specifically that it is O(ξ).

By similar triangles, ‖wz‖/‖xz‖ = 2ξ/‖xy‖, and so

‖wz‖ = 2ξ · ‖xz‖
‖xy‖ ≤ 2ξ · ‖xy‖ + ‖yz‖

‖xy‖ ≤ 2ξ · ‖xy‖ + 2‖xy‖
‖xy‖ = 6ξ,

where the last inequality is from the definition of collinearity. Therefore we can
bound the length of the bad portion uz:

‖uz‖ =
‖wz‖
cosψ

≤ 6ξ
cosψ

=
6ξ

sin(π
2 − ψ)

≤ 6ξ
sin θ

≤ 6ξ
sin θ0

,
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y

θ
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l1 Fig. 7. Case III of Lemma 3.

since θ ≥ θ0 (by hypothesis, x �∈ Dl). Therefore at most an 6ξ
sin θ0

fraction of line
l3 can contribute to collinearity(x, y) (by Assumption A, all lines have length
at least one). In this analysis we ignored the fact that z is subject to noise of
magnitude up-to ξ. This “edge effect” can increase the bad portion of line l3 by
at most 2ξ

sin θ0
.

Now we move on to Fig. 5(b). As before ‖wz‖ ≤ 6ξ. But now, the bad portion
uz needs to be bounded differently:

‖uz‖ = ‖vz‖ · sinψ
sin θ

≤ ‖wz‖ · 1
sin θ

≤ ‖wz‖
sin θ0

≤ 6ξ
sin θ0

,

and as before, noise-related effects add another 2ξ
sin θ0

to the length of this bad
portion.

In each of these two scenarios, we have bounded the bad portion of l3 either
above or below the line l(x, y). Combining, we find that the total bad portion of
l3 has length at most 16ξ

sin θ0
.

Case II: l3 �= l1, l2; and z lies between x and y.
See Figs. 6(a) and 6(b). We start with the first of them; since θ ≤ ψ,

‖uz‖ =
2ξ

sinψ
≤ 2ξ

sin θ
≤ 2ξ

sin θ0
,

As before, the fact that z is subject to noise can effectively add up-to 2ξ
sin θ0

to
this bad length.

In Fig. 6(b), we notice that ‖vz‖ ≤ ‖wz‖ ≤ 2ξ, and so

‖uz‖ = ‖vz‖ · sinψ
sin θ

≤ 2ξ
sin θ

≤ 2ξ
sin θ0

,

with noise contributing another 2ξ
sin θ0

.
Again, by combining the bad portions of l3 above and below l(x, y), we get

a total of 8ξ
sin θ0

.
Case III: l3 = l1 (i.e. z ∈ l1).
In this case, either y ∈ Cl1 or we have the situation depicted in Fig. 7. The bad
stretch along l1 has length

2ξ
sin θ

≤ 2ξ
sin θ0

plus the usual 2ξ
sin θ0

compensation for noise.
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<2ξ

x
θ

y

l

Fig. 8. The angle
between two ob-
served points x,y
and the line l they
originate from (see
Lemma 5(a)).

At this stage, we have shown that the points from any line l3 which contribute
to collinearity(x, y) come from a small portion of l3, of length at most 16ξ

sin θ0
. The

combined probability mass of these portions of lines (summed over all l3) is then
16ξ

sin θ0
, and this is an upper bound on the expected value of 1

mcollinearity(x, y).
We now apply a simple large deviation bound for a fixed pair x, y meeting the
hypotheses of this lemma:

P
(

collinearity(x, y) ≥ 1
8
mwmin

)
≤

(
m

1
8mwmin

)
·
(

16ξ
sin θ0

) 1
8 mwmin

≤
(

e
1
8wmin

) 1
8 mwmin

·
(

16ξ
sin θ0

) 1
8 mwmin

≤ exp
(

−1
8
mwmin

)
,

where the last inequality follows from Assumption E. To complete the lemma
take a union bound over all pairs x, y.

As in the algorithm description, let N(x) designate all points y with which x
has strong collinearity, and whose distance from x is at least 1

4 . It follows from
Corollary 2 and the previous lemma that:

Lemma 4. (a) If x is from line l, then the set N(x) includes all points from l
which are at distance at least 1

4‖l‖ from x. (b) If x is from l and x �∈ Dl then
N(x) consists entirely of points from line l or in the pair of cones Cl.

This completes the analysis of Phase One of the algorithm. For Phase Two
we need to establish some conditions on the angles between the true lines li and
the line segments l(x, y) which are generated by pairs of points.

Lemma 5. (a) If x and y are from line l, then θ(xy, l) ≤ sin−1(2ξ/‖x − y‖).
(b) If x is from line l and y comes from a different line but nonetheless lies in
Cl, then θ(xy, l) ≤ θ0.

Proof. In part (a), both x and y are within distance ξ of line l. Therefore (Fig. 8),

sin θ(xy, l) ≤ 2ξ
‖x− y‖ .

Part (b) corresponds to Case III of Lemma 3. In order for collinearity(x, y)
to be significant, we need the angle between xy and l to be at most θ0.
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For each point x, recall that A(x) is the set of angles subtended by points
in N(x) and that ∆(x) is an indication of the range of A(x). We can think of a
point x as having an unambiguous slope associated with it if ∆(x) is small. The
following is an immediate consequence of the previous two lemmas.

Lemma 6. (a) If x comes from line l and x 
∈ Dl, then

∆(x) ≤ 2max(θ0, sin−1 8ξ) ,

and so x ∈ X.
(b) For each line li, the points from the starting δ-fraction of the line and the
ending δ-fraction of the line must lie in X. There are at least 1

2δmwi such points
from each of the two endpoints.

Proof. (a) By Lemma 4(b), all of N(x) comes either from line l or lies in Cl.
Therefore, by Lemma 5, for all y ∈ N(x), we know θ(xy, l) ≤ max(θ0, sin−1 8ξ).
This implies the bound on ∆(x).
(b) By Assumption C, these points lie outside Dl and must therefore be in X.
The number of such points at one given endpoint of li is ≥ m(wiδ − ε0) (by
Lemma 1), which is at least 1

2δmwi by the choice of ε0.

Can points from different lines have unambiguous slopes and yet lie in each
other’s neighborhoods? This cannot be the case, on account of Assumption F.

Lemma 7. (a) If point x ∈ X comes from line l, and y ∈ N(x), then

θ(xy, l) ≤ 2max(θ0, sin−1 8ξ) + sin−1 8ξ .

(b) Suppose x, y ∈ X come from different lines l1 and l2 respectively. Then it
cannot be the case that both x ∈ N(y) and y ∈ N(x).

Proof. (a) By the previous lemma, N(x) must contain some point z from l with
‖x − z‖ ≥ 1

4 . Then, by Lemma 5(a), θ(xz, l) ≤ sin−1 8ξ. By definition of X,
θ(xy, xz) ≤ 2max(θ0, sin−1 8ξ). Now use θ(xy, l) ≤ θ(xy, xz) + θ(xz, l).
(b) From the previous part, we know that both

θ(xy, l1) ≤ 2max(θ0, sin−1 8ξ) + sin−1 8ξ

and
θ(xy, l2) ≤ 2max(θ0, sin−1 8ξ) + sin−1 8ξ .

Therefore, θ(l1, l2) ≤ 4max(θ0, sin−1 8ξ) + 2 sin−1 8ξ. This violates Assump-
tion F.

We can now wrap up the details of the clustering phase of the algorithm.

Lemma 8. The third phase of the algorithm returns k connected components,
each corresponding to a particular line li. The component Xi for line li only
contains points from li, and, provided m ≥ 2

δwmin
, includes the two most extreme

points from this line (i.e. the empirical endpoints).
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Proof. From Lemma 7(b), we know that points from different lines will not be
connected in graph G. At the same time, we know from Lemma 6(b) that X
includes at least δmwi points from each line li, including the extreme points of
the line. Pick any two of these points from li. By Lemmas 4(a) and 6(b), these
two points are connected in G, by a path of length at most two.

Lemma 9. For a sample of size m = 1
2δw

−2
min and any line $i the endpoints of

the approximated line are an expected distance from the original line of

9
(w−1

min + 2)(w−1
min + 4)

+ 2ξ .

Proof. Note that for any line the expected number of points that are not in D�

is at least 1
2w

−1
min. Therefore, for one of the endpoints the probability of being

a distance a is (1 − a) 1
2wmin . Integrating to calculate the expectation, we get

an expected distance of 4
(w−1

min
+2)(w−1

min
+4)

. We can therefore bound expected
distance from both endpoints. Since the point can have an additional noise of ξ
we get the total expected distance of

8
(w−1

min + 2)(w−1
min + 4)

+ 2ξ .

6 Illustrative Example

In this section we give an illustration of the running stages of the algorithm.
We implemented in Matlab the code described in Fig. 4. We set the coordinates
system to be [0, 1] × [0, 1]. We then picked at random five lines and sampled
uniformly from the lines, choosing each of the lines with equal probability. Each
sample point was then displaced by adding a noise which was distributed uni-
formly in a circle of radius 0.05, hence the noise level was 5%. We also generated
5% of random points that do not belong to any of the lines. This data along with
the generating lines is depicted on the top left plot in Fig. 9. The reconstructed
lines along with all the points are shown on the top right part of the same figure.

On the bottom part of Fig. 9 we illustrate the stages of the algorithm. For
the clarity of the illustration we re-ordered the sample points so that each line
constitute a consecutive points in the illustration. On the bottom left plot of the
figure we show the value of collinearity(x, y) for each pair of point x, y. We used
a gray scale color coding to designate the magnitude. (White represents a value of
0 and black the maximum number of points in the figure.) It is clear that the first
stage of the algorithm already captures the structure induced by the generating
lines. In the middle bottom figure we show the sets N(x) for each sample point
x which is represented as a row in the figure. For each point y 
= x we set the
corresponding pixel in the figure to black if y ∈ N(x) and to white otherwise.
The picture becomes clearer – the matrix is almost block diagonal with scatter
black pixels corresponding to points that are in the intersection of the lines and
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Fig. 9. Top left: original synthetic data with generating lines. Top right: reconstructed
lines. Bottom: illustration of the running stages of the algorithm.

noisy points that are close to one of the lines. Finally, on the bottom right part
of Fig. 9 we show that closure of the graph G from Phase Three (obtained after
discarding points with ambiguous slopes). It is clear that G is block diagonal.
Although the algorithm discarded some of the points residing on the lines as
well, the remaining points suffice to provide a reliable reconstruction.

7 Conclusions

In this paper we described a simple and efficient algorithm for reconstructing
the arrangement of line-segments from noisy observations. We hope that our
algorithm will also provide a practical tool in the fields of computer vision and
computer graphics. However, since we confined the algorithm and its analysis to
the model of lines in the two dimensional plane, some extensions and generaliza-
tions might be needed in order to make the algorithm applicable to real-world
problems. First, we will need to generalize the algorithm for line segments in �n

where n can be 3 or 4. Second, we would like to be able to handle sources more
complex than line-segments, such as circle or even general algebraic functions.
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Abstract. In this paper, we present a new view of multiclass classifica-
tion and introduce the constraint classification problem, a generalization
that captures many flavors of multiclass classification. We provide the
first optimal, distribution independent bounds for many multiclass learn-
ing algorithms, including winner-take-all (WTA). Based on our view, we
present a learning algorithm that learns via a single linear classifier in
high dimension. In addition to the distribution independent bounds, we
provide a simple margin-based analysis improving generalization bounds
for linear multiclass support vector machines.

1 Introduction

Multiclass classification is a central problem in machine learning, as applications
that require a discrimination among many classes are ubiquitous. Examples stud-
ied in machine learning include handwritten character recognition [LS97,LB+89],
part-of-speech tagging [Bri94,RZ98], speech recognition [Jel98] and text page
classification [ADW94,DKR97].

Learning approaches for these tasks often use a winner-take-all (WTA) strat-
egy at some point in the decision process. As input, the WTA uses several real
valued functions and returns the index of the function with the highest value.
Classifiers making use of WTA exist in many sub-fields of of machine learning,
such as neural networks [AB99], self-organizing maps[Koh01] and, more recently,
networks of linear threshold functions such as SNoW [CCRR99,Rot98] and mul-
ticlass support vector machines [CS01a,ASS00,Sch97,WW99].

Currently there is only a limited understanding of multiclass classification.
It is known, for example, that WTA is a powerful classifier in terms of expres-
sivitiy [Maa00]: neural network using a single WTA unit as its only nonlinear
computational element can, with enough inputs, approximate arbitrary contin-
uous functions. However, little is known about generalization properties and
convergent algorithmic approaches. A PAC-style analysis of multiclass functions
that uses an extended notion of VC-dimension for multiclass case [BCHL95]

N. Cesa-Bianchi et al. (Eds.): ALT 2002, LNAI 2533, pp. 365–379, 2002.
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provides poor bounds on generalization for WTA, and the current best bounds
rely on a generalized notion of margin [ASS00]. However, the more fundamental
question about deriving such bounds directly has not been investigated.

Algorithmically, most approaches to multiclass classification make use of
“standard” binary classifiers to encode and train the output labels. The most
commonly used scheme makes a “one versus all” (OvA) assumption, dictating
that for each class there exists a single separator between that class and all
other classes. “All versus all” (AvA, or pairwise) classification [HT98] is a more
expressive alternative which assumes the existence of a separator between any
two classes (but requires training a quadratic number of Boolean classifiers).

This work is motivated by several successful practical approaches, such as
multiclass SVM and SNoW that rely on WTA-style strategies over linear func-
tions (that produce a decision surface consisting of linear boundaries). In this pa-
per, we introduce a new constraint classification problem that generalizes many
interesting variants of multiclass classification and derive both VC-dimension
and margin-based generalization bounds. The VC-dimension bounds are opti-
mal for the case of WTA classifiers over linear functions.

Underlying our results is a new view of multiclass classification based on
a simple transformation. In Subsection 3.2, we present a new algorithm that
transforms an example set into higher dimensional space and learns a simple
separating hyperplane in this space. Our algorithm suggests a way to fix the
popular “one-vs-all” training scheme so that it will guarantee consistent classi-
fication. This algorithm turns out to be similar to the ultraconservative online
algorithm for multiclass problems introduced in [CS01b].

In Section 4, we use the high dimensional view of multiclass classification and
standard bounds for learning separating hyperplanes to develop generalization
bounds. Distribution independent bounds are developed using a multiclass ver-
sion of the standard growth function, and margin-based bounds are given that
improve over previous bounds.

2 Learning Problems

Learning problems often assume that examples, (x, y) ∈ X × Y, are drawn i.i.d.
from a fixed probability distribution, DX×Y , over X × Y. X is referred to as the
instance space and Y is referred to as the output space (label set). The learning
algorithm is presented with m training examples, P , drawn in such a fashion
from DX×Y and attempts to output a function (hypothesis) h : X → Y from the
set of all functions (hypotheses) H that minimizes the empirical error on P .

Definition 1 (Permutations.) Denote the set of full orders over {1, . . . , k} as
Sk, consisting of all permutations of {1, . . . , k}. Similarly, S̄k denotes the set
of all partial orders over {1, . . . , k}. A partial order, c ∈ S̄k, defines a binary
relation, ≺c and can be represented by set of pairs on which ≺c holds, c =
{(i, j)|i ≺c j}. In addition, for any set of pairs c = {(i1, j1), . . . , (in, jn)}, we refer
to c both as a set of pairs and as the partial order produced by the transitive
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closure of c with respect to ≺c . Given two partial orders a, b ∈ S̄k, a is consistent
with b (denoted a � b) if for every (i, j) ∈ {1, . . . , k}2, i ≺b j holds whenever
i ≺a j. If c ∈ Sk is a full order, then it can be represented by a list of k integers
where i ≺c j if i precedes j in the list, and is refered to as a ranking. The size of
a partial order, |c| is the number of pairs specified in c.

Definition 2 (Learning.) Given m examples, P = ((x1, y1), . . . , (xm, ym)),
drawn i.i.d. from DX×Y , a hypothesis class H and an error function E : X ×
Y × H → {0, 1}, a learning algorithm L(P,H) outputs a function h ∈ H, where
h: X → Y.

Typically learning algorithms try to output the hypothesis h ∈ H that mini-
mizes the expected error on a randomly drawn example. The particular algorithm
used may vary. We propose a framework that allows for any binary learning al-
gorithm to be used, including support vector machines.

Many interesting learning problems can be expressed in this general learn-
ing framework simply by changing the type of output space, Y. Binary classi-
fication, for example, setts Y = {−1, 1}, whereas multiclass classification sets
Y = {1, . . . , k}.

In this paper, algorithms and generalization bounds are provided for the
following learning problems (of course, the actual function classes used for clas-
sification must be restricted to produce a generalization bound).

Binary Classification. Set Y = {−1, 1}.
Multiclass Classification. Set Y = {1, . . . , k}.

The most commonly used multiclass classification scheme is the winner-
take-all (WTA) strategy, where each class i ∈ Y is represented with a real-
valued function fi : X → R. WTA outputs y∗ = argmax{1,...,k} fi(x) as the
final class. Notice that binary classification is a special case of multiclass
classification where k = 2.

l-Multilabel Classification. Set Y = {1, . . . , k}l.
In practice, it is common for examples to be labeled with more than one class
from {1, . . . , k}. When classifying web pages, for example, a single page might
be a “homepage”, a “faculty page”, and a “machine learning page,” in which
case a web classification system should be able to produce all three labels as
output. Clearly multiclass classification and binary classification are special
cases of l-multilabel classification.
Just as the WTA function is used for multiclass classification, the l-WTA
function can be used for l-multiclass classification. l-WTA outputs l labels
from argmaxl

{1,...,k} fi(x), where argmaxl outputs a set of consisting of the
l highest values of fi(x).

Ranking Classification. Set Y = Sk.
A ranking classifier returns a full order, or permutation, of {1, . . . , k} from
the set Sk. In some settings, class i might be “preferred” over class j. Often
i precedes j when fi(x) > fj(x).

Constraint Classification. Set Y = S̄k.
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Constraint classification is a direct generalization of ranking classification
where the classifier must output a partial order from S̄k, the set of all partial
orders of {1, . . . , k}.

c-Constraint Classification. Set Y = S̄k
c .

The set S̄k
c is simply a subset of S̄k where for all y ∈ S̄k

c , |y| ≤ c. Clearly
constraint classification is a special case of c-constraint classification where
c =

(
k
2

)
.

Constraint classification is very general and powerful since every example
can have its own specific set of constraints. The distribution DX×S̄k may be
constrained based on a strong relationship among the classes {1, . . . , k}, or even
on the example, x, at hand. For example, suppose every constraint (i, j) ∈ y
is such that i and j are either both even or both odd. Unfortunately, this type
of information is unknown to the learning algorithm a-priori and might be dif-
ficult to learn. Therefore, a hypothesis is acceptable if it is consistent with the
examples. This notion is captured in the error function.

Definition 3 (Error Indicator Function.) For any (x, y) ∈ X × S̄k, and hy-
pothesis h : X → S̄k, the indicator function E(x, y, h) indicates an error on
example x, E(x, y, h) = 1 if y �� h(x), and 0 otherwise.

Given a set of m labeled examples P = ((x1, y1), . . . , (xm, ym)) ∈ {X × Y}m,
the indicator vector for a function h ∈ H,

E(P, h) = (E(x1, y1, h), E(x2, y2, h), . . . , E(xm, ym, h))

indicates which examples were classified incorrectly. Finally, we define

E(P,H) =
{

E(P, h)
∣∣∣h ∈ H

}
to be the set of all possible indicator vectors for H.

For example, if k = 4 and the example (x, {(2, 3), (2, 4)}), h1(x) = (2, 3, 1, 4),
and h2(x) = (4, 2, 3, 1), then h1 is correct since 2 precedes 3 and 2 precedes 4 in
the full order (2, 3, 1, 4) whereas h2 is incorrect since 4 precedes 2 in (4, 2, 3, 1).

Definition 4 (Error.) Given an example (x, y) drawn i.i.d. from DX×Y , the
true error of h ∈ H, where h: X → Y is defined to be err(h) = PrD[E(x, y, h)=1].
Given P = ((x1, y1), . . . , (xm, ym)) drawn from EX (D{X×Y}), the empirical er-
ror of h ∈ H with respect to P is defined to be err(P, h) = 1

|P |
∑

i=1...m
E(xi, yi, h).

Throughout the rest of this paper, the each hypothesis from H consists of a
collection of linear functions over X = R

d. Specifically, hypothesis h ∈ H can
be represented as k weight vectors w1, . . . , wk ∈ R

d, where wi is associated with
class i. Given an example x, (wi · x) represents the “strength” or “confidence”
of class i. With this assumption each of the above learning problems takes on a
specific form, and furthermore, can be represented within the constraint classifi-
cation setting. Table 1 shows their representation space and hypothesis classes.
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Table 1. Learning problems differ based on their output space and on their internal
representation. Definitions for each of the problems considered in this paper (*notice
that the output space for the constraint classification problems is different than the
range of the hypothesis space). argmaxl is a variant of argmax that returns the indices
of the weight vectors that give the l largest values of wi · x instead of only the largest.
argsort is a linear sorting function (see Definition 5).

Problem Internal Representation Output Space (Y) Hypothesis
binary w ∈ R

d {−1, 1} signw · x

multiclass (w1, . . . , wk) ∈ R
kd {1, . . . , k} argmax{1,...,k} wi · x

l-multiclass (w1, . . . , wk) ∈ R
kd {1, . . . , k}l argmaxl

{1,...,k} wi · x

ranking (w1, . . . , wk) ∈ R
kd Sk argsort{1,...,k} wi · x

constraint* (w1, . . . , wk) ∈ R
kd S̄k argsort{1,...,k} wi · x

c-constraint* (w1, . . . , wk) ∈ R
kd S̄k

c argsort{1,...,k} wi · x

The relationships among all of these problems can be made explicit. For exam-
ple, 2-class multiclass classification is equivalent to binary classification since
argmax{1,2} wi · x = 1 exactly when (w1 · x − w2 · x) = (w1 − w2) · x > 0;
both problems compute separating hyperplanes in R

d. Furthermore, constraint
classification can capture all of the problems in Table 1.

Definition 5 (Linear Sorting Function.) Let w = (w1, . . . , wk) be a set of
k vectors, where (w1, . . . , wk) ∈ R

d. Given x ∈ R
d, a linear sorting classifier is

a function h : R
d → Sk computed in the following way:

h(x) = argsort
i=1...k

wi · x,

where argsort returns a permutation of {1, . . . , k} where i precedes j if wi · x >
wj · x. In the case that wi · x = wj · x, i precedes j if i < j.

Lemma 1 (Problem mappings.). All of the learning problems in Table 1 can
be expressed as constraint classification problems.

Proof. Because binary and multilabel classification are special cases of l-multila-
bel classification, and ranking and constraint classification are special cases of
c-constraint classification, it suffices to show that l-multilabel classification can
be expressed as a c-constraint classification problem.

Given an example (x, y) ∈ R
d × {1, . . . , k}l, define a new example (x, yc) ∈

R
d × S̄k

l(k−l) (notice that y is a set of integers and yc is a set of integer pairs),
where

yc =
{

(i, j)
∣∣∣ i ∈ y, j ∈ {1, . . . , k} \ y

}
.

Any l-multilabel classifier hl(x) = argmaxl
{1,...,k} wi · x will err on example

(x, y) exactly when the c-constraint classifier hc(x) = argsort{1,...,k} wi · x errs,
and the indicator functions for the two classifiers are equal, E(x, hl) = E(x, hc).
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The size of the constraint sets for each of the problem mappings appears up
in the margin-based generalization bound in Subsection 4.2. Binary classifica-
tion becomes a 2-constraint classification problem and multiclass classification is
transformed into a (k − 1)-constraint classification problem. Ranking classifica-
tion becomes a (k−1)-constraint classification problem by noticing that any full
order from Sk can be represented by only k− 1 constraints, namely (i, j) ∈ yc if
i precedes j in y.

Consider a 4-class multiclass example, (x, 3). It is transformed into the 3-
constraint example, (x, {(3, 1), (3, 2), (3, 4)}). If we find a constraint classifier
that correctly labels x according to the given constraints (w3 ·x > w1 ·x, w3 ·x >
w2 · x, and w3 · x > w4 · x), then 3 = argmax1,2,3,4 wi · x.

The goal of a learning algorithm for constraint classification is to return a
linear sorting function that has small error on the training data.

3 Learning

In this section, the k-class constraint classification problem is transformed into a
binary classification problem in higher dimension. Each example (x, y) ∈ R

d×S̄k

is transformed into a set of examples in R
kd × {−1, 1} based on the information

contained in y. Then, a single separating hyperplane in R
kd can be interpreted

as a collection of k weight vectors, in R
d, of a linear sorting classifier.

It is important to point out the connection to optimization when using lin-
ear sorting functions. Weston and Watkins’[WW99] transformation of multiclass
classification to an optimization problem is easily extended to constraint classi-
fication.

The goal of the (hard) optimization problem is to minimize

Φ(w1, . . . , wk),

subject to constraints derived from examples in P ,

wi · x > wj · x,
∀(x, y) ∈ P,∀(i, j) ∈ y.

The solution w∗ = (w∗
1 , . . . , w

∗
k) that minimizes Φ(·) is a point in R

kd that
can be interpreted as the coefficients of a linear sorting classifier consistent with
the constraints given in a constraint classification problem. While w∗ is certainly
one feasible solution, there are many others. By viewing the constraint classi-
fication problem as a feasibility problem rather than an optimization problem,
any standard learning algorithm for binary classification can be used – including
perceptron, winnow, and kernel-based SVM’s.

3.1 Transformation

Here, a dual version of the above feasibility problem is described in detail to
highlight the fact that the constraint classification problem is being transformed
into an equivalent binary classification problem.
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Definition 6 (Chunk.) A vector v = (v1, . . . , vkd) ∈ R
kd = R

d × · · · ×
R

d, is broken into k chunks (v1, . . . ,vk) where the i-th chunk, vi =
(v(i−1)∗d+1, . . . , vi∗d).

Definition 7 (Expansion.) Let Vec(x, i) be a vector x ∈ R
d embedded in

kd dimensions, by writing the coordinates of x in the i-th chunk of a vec-
tor in R

k(d+1). Denote by 0l the zero vector of length l. Then Vec(x, i)
can be written formally as the concatenation of three vectors, Vec(x, i) =
(0(i−1)∗d, x,0(k−i)∗d) ∈ R

kd. Finally, Vec(x, i, j) = Vec(x, i) − Vec(x, j), as the
embedding of x in the i-th chunk and −x in the j-th chunk of a vector in R

kd.

Definition 8 (Expanded Example Sets.) Given an example (x, y), where
x ∈ R

d and y ∈ S̄k, we define the expansion of (x, y) into a set of exam-
ples as follows,

P+(x, y) =
{

(Vec(x, i, j), 1)
∣∣∣ (i, j) ∈ y

}
⊆ R

kd × {1} ,
A set of negative examples is defined as the reflection of each expanded example
through the origin, specifically

P−(x, y) =
{

(−x,−1)
∣∣∣ (x, 1) ∈ P+(x, y)

}
⊆ R

kd × {−1} ,
and the set of both positive and negative examples is denoted by P(x, y) =
P+(x, y) ∪ P−(x, y). The expansion of a set of examples, P , is defined as the
union of all of the expanded examples in the set,

P(P ) =
⋃

(x,y)∈P

P(x, y) ⊆ R
kd × {−1, 1} .

For example, consider the example ((x1, x2), {(2, 3), (2, 4)}). Set

P+((x1, x2), {(2, 3), (2, 4)}) = { ((0, 0, x1, x2,−x1,−x2, 0, 0), 1) ,
((0, 0, x1, x2, 0, 0,−x1,−x2), 1) },

and

P−((x1, x2), {(2, 3), (2, 4)}) = { ((0, 0,−x1,−x2, x1, x2, 0, 0),−1) ,
((0, 0,−x1,−x2, 0, 0, x1, x2),−1) }.

3.2 Algorithm

Given a set of examples P , compute the expanded examples P(P ) and learn
a separating hyperplane, v ∈ R

kd, using any linear classification algorithm. If
the learning algorithm is successful in finding a vector v that correctly classifies
all points in P(P ), then h(x) = argsort1,...,k vi · x is also consistent with all
constraints from all examples in P .

The significance of framework in multiclass classification is the observation
that the hypothesis learned above is more expressive than the one learned by
using the OvA assumption.
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3.3 Comparison to “One vs. All”

A common approach to multiclass classification (Y = {1, . . . , k}) is to make the
one-versus-all (OvA) assumption, that each class can be separated from the rest
using a binary classification algorithm. Learning proceeds by learning k binary
classifiers, each trained separately, where for example (x, y), x is considered a
positive example for classifier i if y = i and as a negative example if y �= i.
Although a consistent classifier can be found for any set of training data when
arbitrarily complex hypotheses are used, it will suffer poor generalization error.

Definition 9 (OvA Assumption.) Let L∗(P,H) be an “optimal” learning al-
gorithm in the sense that h∗ = L∗(P,H) is a hypothesis, h∗ ∈ H, that has
minimum error on P , err(P, h∗) = minh∈H err(P, h).

Given a set of examples P = ((x1, y1), . . . , (xm, ym)) ∈ R
d×{1, . . . , k}, define

Pi = ((x1, eq(y1, i)), . . . , (xm, eq(ym, i))) ∈ R
d × {−1, 1}, where eq(a, b) = 1 if

a = b, and eq(a, b) = −1 otherwise. Let H be the class of linear threshold
functions where for all h ∈ H, h(x) = sign(w ·x), w, x ∈ R

d, where sign(a) = 1 if
a > 0 and sign = −1 otherwise. Set h∗

i = L∗(Pi,H). The final WTA hypothesis
trained on P is hWTA(x) = argmax{1,...,k} w

∗
i · x.

The above assumption is commonly used in practice[Rot98,AB99] where con-
vergence is guaranteed only if each class is linearly separable from all other
classes. However, this is often not the case and convergence may not occur even
though a consistent multiclass classifier exists (see Figure 1 and Theorem 10).

+
−

+
−

f  = 0  

f  = 0  

f  = 0  
+ −

Fig. 1. An example in R
2 showing that one-versus-all (OvA) will not converge to

a consistent hypothesis. A three class classification problem (squares, triangles, and
circles), where the solid points have weight 10 times that of the hollow points. The
weighted points restrict the minimum error OvA separating hyperplanes. The square-
classifier will predict the point outlined with a double square as negative while the
circle-classifier will predict it as positive. Therefore, the final prediction for this point
will be incorrect. One can verify the existence of a consistent WTA classifier for this
pointset.
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Theorem 10. Winner-take-all classifiers over linear functions trained accord-
ing to the one-versus-all assumptions in Definition 9 can not learn all data sets
consistent with some winner-take-all hypothesis.

Proof. see Figure 1.

3.4 Comparison to Networks of Linear Threshold Gates
(Perceptron)

It is possible to rewrite the constraint classification algorithm in Section 3.2 in a
way that allows a network of linear classifiers (e.g., SNoW, or a multiclass SVM)
to run it, with only a slight modification to the update rule. Such a network has
x ∈ R

d as input and k outputs where the i-th output computes vi · x .
Specifically, in an on-line case such as Perceptron or Winnow, given (x, y),

the update rule cycles through the outputs from 1 to k and when wi ·x > wy ·x,
it “demotes” weights connected to output i and “promotes” weights connected
to output y, while updating wy · x along the way.

Using a network in this way results in an algorithm very similar to the ul-
traconservative online algorithms presented in [CS01b]. Instead of viewing an
example as positive for one class and negative for all others and training each
output independently, as in OvA, only those outputs that have a higher value
than the correct index are changed.

4 Generalization Bounds

When considering H to be the class of linear sorting functions, a consistent
classifier for constraint classification can be found via the use of a hyperplane to
separate randomly generated points in R

kd. Both VC-dimension-based (based
on growth function), and margin-based bounds for the class of hyperplanes in
R

kd have been heavily studied[Vap98,AB99]. Unfortunately, these results cannot
directly be applied here since the transformation produces points in R

kd that
are random, but not independently drawn. In this section, generalization bounds
for linear threshold functions are used to indirectly bound generalization error
of the original, low dimension, constraint classification problem.

4.1 Growth Function-Based Bounds

Although VC-dimension cannot be used explicitly for constraint classification
problems, bounds based on the growth function can be used.

Preliminaries

Definition 11 (Prediction Vector.) Let H be a class of functions h : X → Y.
Given a set of m unlabeled examples P = (x1, . . . , xm) ∈ X m we denote the
prediction vector for a function h as h(P ) = (h(x1), . . . , h(xm)). The set of all
prediction vectors for H is H(P ) =

{
h(P )

∣∣∣h ∈ H
}

.
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The growth function is usually defined when labels come from {−1, 1}, how-
ever, the definition holds in more general settings as well.

Definition 12 (Growth Function.) Let H be a hypothesis class where h ∈ H
is a function h : X → Y. The number of assignments to a set of unlabeled
examples, P = (x1, . . . , xm) ∈ X m, by hypothesis class H can be measured
by the size of H(P ) as it gives the set of all possible labeling for a particular
sample. We define this number as NH(P ) = |H(P )|. The growth function for H
is GH(m) = supP∈X m log NH(P ).

Similarly, the number of (binary) assignments to a set of labeled examples
P = ((x1, y1), . . . , (xm, ym)) ∈ {X × Y}m by E(·), an indicator function for H,
can be measured by the size of E(P,H). We define this number as NE(P ) =
|E(P,H)|. The growth function for E(·) is GE(m) = supP∈X m log NE(P ).

Observation 13 For a given set of m labeled examples, P = ((x1, y1), . . . ,
(xm, ym)) ∈ {X × Y}m and a hypothesis class H, the size of the set of all indi-
cator vectors is smaller than the size of the set of all prediction vectors, NE(P )
= |E(P,H)| ≤ |H(PX )| = NH(PX ), where PX = (x1, . . . , xm) are the examples
from P without their labels. Therefore, the maximum number of assignments by
the indicator functions is bounded by the maximum number of assignments by
H. Namely,

sup
P∈{X×Y}m

NE(P ) = sup
P∈{X×Y}m

|E(P,H)| ≤ sup
P∈X m

|H(P )| = sup
P∈X m

NH(P ).

Thus, GE(m) ≤ GH(m). Furthermore, notice when H is the class of linear sorting
functions the indicator function, E(P,H), can be interpreted in the constraint
classification setting. In this case, the above inequalities still hold.

As a consequence of Sauer’s lemma, the following lemma holds, as stated
in[AB99].
Lemma 2 (Corollary 3.8[AB99]). For a function class H with VC-dimension
d, if m > d, then

d < GH(m) < d log2(em/d)

Growth Function for Linear Sorting Functions. When considering binary
classification tasks, the fundamental characteristic of a hypothesis class H used
to bound generalization error is that for any set of examples there exists only a
finite number of effective hypotheses. That is, there are only limited number of
ways that a set of m examples can be labeled according to H. This property is
what facilitates the usage of GH(m) (recall Definition 12) to bound generalization
error. When assigning labels from {−1, 1}, the trivial bound for the number of
possible assignments is 2m, which can be extended easily to (k!)m when assigning
labels from Sk. In this section, we show that there exists a bound of (emk/d)kd

when H is the class of linear sorting functions.
It is also important to notice that all generalization bounds presented in this

subsection are fundamentally based on GE(m), and only by Observation 13, on
GH(m).
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Lemma 3. Let H be the class of linear sorting functions over k weight vectors,
each in R

d, then GH(m) ≤ kd log(emk/d).

Proof. Let P = (x1, . . . , xm) be a set of m unlabeled examples where xi ∈ R
d.

Similar to the definition of P(x, y) in Definition 8, PU (x) is defined for unlabeled
examples as

PU (x) =
{

(Vec(x, i, j))
∣∣∣ (i, j) ∈ {1, . . . , k} × {1, . . . , k}

}
\ 0kd,

and PU (P ) =
⋃

x∈P P
U (x).

Let H′ be the class of separating hyperplanes in R
kd. For every linear sort-

ing function h ∈ H, there is a linear threshold function h′ ∈ H′ which labels
Vec(x, i, j) as positive iff i precedes j in h(x). If h(x) = argsort{1,...,k} wi · x,
then h′(x′) = (w1, . . . , wk) · x′, where x′ ∈ R

kd, satisfies this property. Notice
that h′(V ec(x, i, j)) = wi · x− wj · x > 0 when wi · x > wj · x, precisely when i
precedes j according to h(x).

Therefore, we can bound GH(m) by GH′((k − 1)2m) since the number of
examples in PU (P ) is (k − 1)2m. Of course GH′((k − 1)2m) is an over estimate
since not all points in R

kd can be examples in PU (P ) (every example in PU (P )
has (k − 1) ∗ d zeros, for example). Since the VC-dimension of H′ is kd− 1, by
Lemma 2 and simple algebra,

kd < GH′((k − 1)2m) < kd log(emk/d)

Theorem 14. For any 0 < δ < 1, any h ∈ H, the class of linear sorting func-
tions over k linear functions in R

d, where h : R
d → Sk, given P = ((x1, y1), . . . ,

(xm, ym)), a sample of size m drawn i.i.d. from DRd×S̄k , with probability at least
1 − δ,

err(h) ≤ err(P, h) +

√
4
kd log(2emk/d) − log δ/4

m
+

1
m

Proof. The proof follows from proof of [Vap98, Theorem 4.1]. This bound is a
consequence of bounding the probability that any hypothesis taken from H will
differ by more than ε on two finite half-samples. Since we are bounding the
probability that the two errors will differ, it suffices to consider only how many
different possible error vectors might be generated when allowed to choose any
h ∈ H. Since the number of ways that H can err on any given example set is less
than the total possible assignments of labels from H on that set, it is possible to
phrase the generalization bounds based on the multiclass growth function as well
as the binary growth function as is done by Vapnik. In particular, interpreting
the bound of Lemma 3 as a bound on the number of indicator vectors generated
by H on a sample of size m, as suggested in Observation 13, and plugging it into
Vapnik’s proof, results in the required bound. Indeed,

err(h) ≤ err(P, h) +

√
4
GH(2m) − log δ/4

m
+

1
m

≤ err(P, h) +

√
4
kd log(2emk/d) − log δ/4

m
+

1
m
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The bound of Theorem 14 can be extended also for the case where there is
no error on the sample (i.e. err(P, h) = 0).

Theorem 15. For any 0 < δ < 1, any h ∈ H, the class of linear sorting func-
tions over k linear functions in R

d, where h : R
d → Sk, given P = ((x1, y1), . . . ,

(xm, ysize)), a sample of size m drawn i.i.d. from DRd×S̄k , with probability at
least 1 − δ, the inequality

err(h) ≤ err(P, h) + 2
GH(2m) − log δ/4

m

(
1 +

√(
1 +

m · err(P, h)
GH(2m) − log δ/4

))

holds true, where GH(2m) = kd log(2emk/d) (see Definition 12).

Proof. Omitted, as it follows by the same argumentation used in Theorem 14 and
modification to the proof of [Vap98, Theorem 4.2] in a straightforward fashion.

Corollary 1. To guarantee that the sampled error differ from the true error by
less than ε with probability at least 1 − δ, it is sufficient to draw m > m(ε, δ) ex-
amples drawn i.i.d. from DRd×S̄k where, m(ε, δ) = O

( 1
ε2 max

(
kd log kd

ε2 , log 1
δ

))
.

If we are able to find a classifier h which is consistent on all the examples
(i.e. err(P, h) = 0), then to achieve true error less than ε, we need to pick
m > m1(ε, δ), where m1(ε, δ) = O

( 1
ε max

(
kd log kd

ε2 , log 1
δ

))
.

Proof. Follows by simple algebra from Theorem 14 and Theorem 15.

4.2 Margin-Based Generalization Bounds

A multiclass support vector machine can be implemented by learning a maximal
margin hyperplane in R

kd for the expanded point set defined in Definition 8. This
hyperplane will maximize a notion of margin defined below that is also used in
previous multiclass support vector machine work[CS00,WW99]. This subsection
develops generalization bounds for our simple multiclass SVM implementation.

Definition 16 (Binary Margin.) The margin of an example (xi, yi), where
(xi, yi) ∈ R

d × {−1, 1}, with respect to a separating hyperplane, h(x) = w · x,
where w, x ∈ R

d, is defined to be

γi = yih(xi) = yi(w · xi).

The minimal margin over a set of examples, P = ((x1, y1), . . . , (xm, ym)), is
defined to be

mar
P

(h) = min
(xi,yi)∈P

γi.

In light of the transformation described in Subsection 3.1, a natural extension
of binary margin to the constraint case can be derived. The constraint margin
of a set of a set of examples, P , is simply the binary margin of a hyperplane in
high dimension of P(P ).



Constraint Classification: A New Approach to Multiclass Classification 377

Definition 17 (Constraint Margin.) The margin of an example (xi, yi),
where (xi, yi) ∈ R

d × S̄k, with respect to a linear sorting function, h(x) =
argsort{1,...,k} wi · x, where wi, x ∈ R

d, is defined to be

γi = min
(j,j′)∈yi

(wj · xi − wj′ · xi).

The minimal margin over a set of examples, P = ((x1, y1), . . . , (xm, ym)), is
defined to be

mar
P

(h) = min
(xi,yi)∈P

γi.

Given some linear threshold function acheiving large margin (≥ γ) on m
randomly drawn input data, standard generalization bounds are known [CST00].
With probability 1 − δ, generalization error is less than

errD(h) = epsilon(γ,m, δ,R) ≤ 2
m

(
64R2

γ2
log

emγ

8R2 log
32m
γ2

+ log
4
δ

)
, (1)

where the size of any example is less than R.

Theorem 18 (Constraint Margin Bound). Consider real-valued linear sort-
ing functions H with

∑
i=1,...,k ‖w1‖ = 1, where h : R

d → Sk, and fix γ ∈ R
+.

For any probability distribution D on R
d × S̄k

C with support in a ball of radius
R around the origin, with probability 1 − δ over m random examples P , any
hypothesis h ∈ H that has constraint margin marP (h) ≥ γ on P has error no
more than

errD(h) = ε(γ,m, δ,R,C) ≤ 2C
m

(
256R2

γ2
log

emγ

32R2 log
32m
γ2

+ log
4
δ

)

provided m > 2
ε and 256R2

γ2 < m.

Proof. Consider P(P ) in R
kd × {−1, 1} and notice that |P(P )| ≤ Cm. It is

not possible to apply Equation 1 directly because examples in P(P ) are not
independently generated. Therefore, a new distribution D′ over examples in R

kd

is used to generate a set of m examples, P′(P ), in R
kd × {−1, 1} based on the

original set P .
For each example (x, y) ∈ P , define P′(x, y) as a single point in R

kd×{−1, 1}
chosen uniformly at random from P(x, y). Then define

P′(P ) =
⋃

(x,y)∈P

P′(x, y).

For each example generated randomly according to D′, Equation 1 can be
applied to bound the chance of making an error. Furthermore, since an error is
made on example (x, y) if any example from P(x, y) is classified incorrectly, it
is necessary to guarantee that no error is made. If C is the maximum number of
constraints per example, then by the union bound and by noticing that the size
of any example in P(x, y) is less than 2R, the theorem follows.
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Observation 19 Because all learning problems described in Table 1 can be
mapped to constraint classification with a fixed number of constraints, the bound
in Theorem 18 applies. For multiclass classification, there are k − 1 constraints
and the above bound is similar to those given in[CS00,WW99]. The number
of constraints may also be limited by the problem at hand, as is the case with
context-sensitive spelling correction where each example may have at most three
or four constraints, and the bounds will be vastly improved.

5 Conclusions

The view of multiclass classification presented here simplifies the implementa-
tion, analysis, and understanding of many preexisting approaches. Multiclass
support vector machines, ultraconservative online algorithms, and traditional
one-versus-all approach can be cast in this framework. Furthermore, this view
allows for a very natural extension of multiclass classification to constraint clas-
sification – capturing within it complex learning tasks such as multilabel classi-
fication and ranking problems. Because constraint classification is a very intu-
itive approach and it’s implementation can be carried out by any discriminant
technique and not only optimization techniques, we think it will have useful
real-world applications.
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Abstract. We consider a problem that is related to the “Universal En-
coding Problem” from information theory. The basic goal is to find rules
that map “partial information” about a distribution X over an m-letter
alphabet into a guess X̂ for X such that the Kullback-Leibler divergence
between X and X̂ is as small as possible. The cost associated with a rule
is the maximal expected Kullback-Leibler divergence between X and X̂.
First, we show that the cost associated with the well-known add-one rule
equals ln(1 + (m − 1)/(n+ 1)) thereby extending a result of Forster and
Warmuth [3,2] to m ≥ 3. Second, we derive an absolute (as opposed to
asymptotic) lower bound on the smallest possible cost. Technically, this
is done by determining (almost exactly) the Bayes error of the add-one
rule with a uniform prior (where the asymptotics for n → ∞ was known
before). Third, we hint to tools from approximation theory and support
the conjecture that there exists a rule whose cost asymptotically matches
the theoretical barrier from the lower bound.

1 Introduction

We consider a problem that is related to the “Universal Encoding Problem”
from information theory. Loosely speaking, the basic goal is to find rules that
map “partial information” about a distribution X over an m-letter alphabet
into a guess X̂ for X such that the Kullback-Leibler divergence between X and
X̂ is as small as possible. We mainly consider a variant of the problem (first
proposed by Krichevskiy), where the partial information about X consists of a
sample word drawn at random according to Xn. The cost associated with a rule
is the maximal expected Kullback-Leibler divergence between X and X̂, where
maximization ranges over all possible choices for X and expectation is taken
over all words of length n drawn at random according to Xn.
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The problem whose roots trace back to Laplace has a long history and their
is a fair amount of knowledge about it. The reader interested in a broader intro-
duction is therefore referred to [6,7,9,10] and the references given there.

The problem has been treated in considerable depth in the information-
theoretic literature because its significance for code design. According to Shan-
non’s Noiseless Coding Theorem [8], the minimal expected code-length for an
alphabet with distribution X coincides (up to rounding) with the entropy H(X)
of X. If X is known, the optimal code can be efficiently designed [5]. A problem
arises if X is not completely known and, given our current knowledge about X,
approximated by X̂. Suppose we use a code that is optimal for outputs drawn
according to X̂ in order to encode outputs drawn according to X. Then the
Kullback-Leibler distance betweenX and X̂, denoted as D(X‖X̂) and sometimes
called relative entropy, measures how many additional bits we use compared to
an optimal code for X. This motivates the general goal of finding rules mapping
partial knowledge about X to a guess that exhibits a small Kullback-Leibler
distance to X.

Before the problem was exposed to a worst case analysis (as in our paper),
it had been investigated in a Bayesean setting, where X itself is assumed to be
randomly chosen according to a (known) prior distribution. In this setting, the
cost associated with a rule is the expected Kullback-Leibler distance between
X and X̂, where expectation is taken over all X (distributed according to the
prior) and all words of length n (distributed according to Xn). Cover [1] in-
vestigated the family of add-β rules, which make the estimated probability of a
letter occurring k-times in the sample word proportional to k + β. He proved
that the add-β rule is the Bayes rule for the Dirichlet prior with parameters
(β, . . . , β). For instance, the add-one rule (sometimes named Laplace’s law of
succession) is the Bayes rule for the uniform prior; the add-half rule (sometimes
named Jeffrey’s rule) is the Bayes rule for Jeffrey’s prior.

The problem with Bayesean analysis is that the choice of the prior often
appears quite arbitrary. Krichevskiy was the first who exposed the problem to
a worst case analysis (as we do in our paper). In [6] he showed that Jeffrey’s
rule is asymptotically best for many-letter prediction, where one does not only
probabilistically predict a single letter (by guessing its probability) but many
letters (by guessing the probability of a “long” word).1 The results of Xie and
Barron [9,10] go in a similar direction. For single-letter prediction however, the
situation is quite different. In [7], Krichevskiy showed the following results:

1. The cost of any rule is asymptotically bounded from below by (m−1)/(2n) =
0.5(m − 1)/n when n approaches infinity.

2. The best rule within the family of add-β rules is the add-β0 rule for β0 =
0.50922 · · · whose cost asymptotically equals β0(m − 1)/n (falling short of
the theoretical barrier 0.5(m − 1)/n). The cost associated with any other
rule from the add-β family is asymptotically strictly larger.

1 Many-letter prediction can also be viewed as on-line prediction with cumulative
relative entropy loss.
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Thus, Jeffrey’s rule is asymptotically optimal for many-letter prediction, but due
to the results above it is not asymptotically optimal for single-letter prediction.

For m = 2, Forster and Warmuth [3,2] have shown that the cost associated
with the add-one rule equals ln(1+ 1/(n+1)) < 1/(n+1). Note that this result
holds for all n, m (not just asymptotically when n approaches infinity).

Structure of the paper: Section 2 reviews the main problem in this paper in a
more formal notation. In section 3, we generalize the result of Forster and War-
muth concerning the cost associated with the add-one rule to arbitrary values of
m. In section 4, we provide an absolute lower bound on the smallest possible cost
(which, of course, asymptotically matches the asymptotic lower bound provided
by Krichevskiy). For this purpose, we determine sharp bounds of the Bayes error
of the add-one rule. In section 5, we proceed in the framework of asymptotics as
Krichevskiy [7] and hint to a connection with the approximation by Bernstein
polynomials. By modifying an add-β rule we establish a rule whose cost seems
to match asymptotically the theoretical barrier (m − 1)/(2n).

A technical simplification of the problem: A simple symmetry argument shows
that each rule can be “normalized” without increasing its cost such that, after
normalization, it depends on the sample word w of length n only through the
frequencies (k1, . . . , km), where kj denotes the number of occurrences of the j-th
letter in w. In other words, one has only to count frequencies of letters and need
not remember their ordering.

2 Notations and Reformulations of the Problem

Throughout this paper, Xm denotes the (m − 1)-dimensional “probability sim-
plex” in R

m:

Xm =

{
x ∈ R

m : (∀i = 1, . . . , m : xi ≥ 0) and
m∑

i=1

xi = 1

}
.

Km,n denotes the subset of Z
m that contains the grid points of n · Xm:

Km,n =

{
k ∈ Z

m : (∀i = 1, . . . , m : ki ≥ 0) and
m∑

i=1

ki = n

}
.

A point in Xm represents an unknown distribution X on an m-letter alphabet
and a point in Km,n represents the frequencies that one can extract from a
sample word of length n. If the sample word is generated randomly according to
Xn, then the corresponding grid-point k ∈ Km,n is multinomially distributed.
In the sequel, we will use the shorthands with multi-indices(

n

k

)
=

n!
k1! · · · km!

and xk = xk1
1 · · ·xkm

m .
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In this notation, the probability assigned to k by the distributionX equals
(
n
k

)
xk.

A rule is a function of the form Q : Km,n → Xm. It maps a vector k ∈ Km,n

of absolute letter-frequencies to a point in Q(k) ∈ Xm, which represents the
“guess” for the unknown x. In particular, the add-β rule is given by

Qβ
i (k) =

ki + β

n+mβ
for i = 1, . . . , m, (1)

where Qi denotes the i-th component of Q. For β = 1, we obtain the add-one
rule (Laplace’s law of succession), and for β = 1/2 the add-half-rule (Jeffrey’s
rule).

The Kullback-Leibler divergence between two distributions x, y ∈ Xm is de-
fined as

D(x‖y) =
m∑

i=1

xi ln
xi

yi
.

The expected Kullback-Leibler divergence between x and Q(k), where the ex-
pectation value is taken over the multinomially distributed random variable k,
is then

CQ
m,n(x) =

∑
k∈Km,n

(
n

k

)
xkD(x‖Q(k)) . (2)

The cost associated with rule Q is given by

CQ
m,n = sup

x∈Xm

CQ
m,n(x) . (3)

As already mentioned, we aim at finding a rule whose cost is as small as possible
and at determining

inf
Q:Km,n→Xm

CQ
m,n .

In the Bayesean approach, the supremum over all x ∈ Xm is replaced by
averaging over all x ∈ Xm according to a (given) prior distribution D on Xm.
We will refer only to the uniform prior. Since Xm has volume 1/(m − 1)!, the
resulting Bayes error is

C̄m,n = (m − 1)! inf
Q:Km,n→Xm

∫
Xm

CQ
m,n(x)dx , (4)

and, according to Cover’s result [1], the infimum is attained at Q = Q1. Since

inf
Q:Km,n→Xm

CQ
m,n ≥ C̄m,n ,

the Bayesean approach can be used to derive lower bounds on infQ:Km,n→Xm

CQ
m,n.
We now briefly mention some other useful reformulations of the basic equa-

tion (2).
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Extraction of the entropy-term: Using the formula

∀x ∈ Xm :
∑

k∈Km,n

(
n

k

)
xk = 1 (5)

and the definition of the well-known entropy function

H(x) = −
m∑

i=1

xi lnxi ,

we immediately get

CQ
m,n(x) =

∑
k∈Km,n

(
n

k

)
xk

m∑
i=1

xi ln
1

Qi(k)
− H(x) . (6)

An easy algebraic manipulation: Define

k↑i
j =

{
ki + 1 if j = i ,
kj otherwise ,

and k↓i
j =

{
ki − 1 if j = i ,
kj otherwise .

The inner sums in (6) are now reorganized:∑
k∈Km,n

(
n

k

)
xk · xi ln

xi

Qi(k)
=

∑
k∈Km,n

(
n+ 1
k↑i

)
xk↑i · ki + 1

n+ 1
ln

xi

Qi(k)

=
∑

k∈Km,n+1

(
n+ 1

k

)
xk · ki

n+ 1
ln

xi

Qi(k↓i)
.

Thus, we have

CQ
m,n(x) =

∑
k∈Km,n+1

(
n+ 1

k

)
xk ·

m∑
i=1

ki

n+ 1
ln

xi

Qi(k↓i)
. (7)

Clearly, this algebraic manipulation can be combined with the extraction of the
entropy-term to obtain

CQ
m,n(x) =

∑
k∈Km,n+1

(
n+ 1

k

)
xk ·

m∑
i=1

ki

n+ 1
ln

1
Qi(k↓i)

− H(x) . (8)

3 The Cost Associated with the Add-One Rule

The cost associated with the add-one rule can be calculated in a surprisingly
simple manner:

Theorem 1. CQ1

m,n = ln
(
1 + m−1

n+1

)
.



How to Achieve Minimax Expected Kullback-Leibler Distance 385

Proof. We substitute n − 1 for n and show that CQ1

m,n−1 = ln(1 + (m − 1)/n).

It is easy to check that CQ1

m,n−1(x) = ln(1 + (m − 1)/n) for each corner x of the

probability simplex Xm. For instance, CQ1

m,n−1(1, 0, . . . , 0) = ln(1 + (m − 1)/n).

Thus, CQ1

m,n−1 ≥ ln(1 + (m − 1)/n).
In order to show the converse direction, we first observe that any rule Q satisfies

CQ
m,n−1(x)

(7)
=

∑
k∈Km,n

(
n

k

)
xk ·

m∑
i=1

ki

n
ln

xi

Qi(k↓i)
(9)

≤
∑

k∈Km,n

(
n

k

)
xk ·

m∑
i=1

ki

n
ln

ki/n

Qi(k↓i)
. (10)

The last inequality holds because the term
∑m

i=1
ki

n ln
xi

Qi(k↓i) attains its maximal
value at xi = ki/n since x ∈ Xm implies the constraint

∑m
i=1 xi = 1. We proceed

with the add-one rule Q1. Recalling (1), (5), and
∑m

i=1 ki = n, we obtain

CQ1

m,n−1(x) ≤
∑

k∈Km,n

(
n

k

)
xk ·

m∑
i=1

ki

n
ln

ki/n

Q1
i (k↓i)

=
∑

k∈Km,n

(
n

k

)
xk ·

m∑
i=1

ki

n
ln

n+m − 1
n

= ln
(
1 +

m − 1
n

)
.

•

4 A Lower Bound on the Smallest Possible Cost

We establish a lower bound on infQ CQ
m,n by applying the Bayesean approach

for the uniform prior and calculating a sharp lower bound on C̄m,n. In a first
step, we show that C̄m,n = Ĥm,n − H̄m with

Ĥm,n = |Km,n|−1
∑

k∈Km,n

H

(
k + 1
n+m

)
=

(
n+m − 1

m − 1

)−1 ∑
k∈Km,n

H

(
k + 1
n+m

)
,

H̄m = (m − 1)!
∫

Xm

H(x)dx ,

and k/(n +m) = [k1/(n +m), . . . , km/(n +m)]. Note that H̄m is the expected
entropy when we average uniformly over all x ∈ Xm. Similarly, Ĥm,n is the
expected entropy when we average uniformly over all (k + 1)/(n + m) with
k ∈ Km,n. The Bayes error C̄m,n can therefore be viewed as the excess of the
“discrete average entropy” (associated with the grid Km,n) over the “continuous
average entropy”.
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In the proof of Theorem 2 below, we will refer to a well-known formula for
integrals over simplices:

Lemma 1. For each k ∈ N
m
0 and n =

∑m
j=1 kj, the following integration rule

holds: ∫
Xm

xkdx =
k1! · · · km!
(n+m − 1)!

.

Theorem 2. Let C̄m,n be defined by (4). Then, C̄m,n = Ĥm,n − H̄m.

Proof. From Lemma 1 and (6), it follows that

(m − 1)!
∫

Xm

CQ
m,n(x)dx

= (m − 1)!
∑

k∈Km,n

(
n

k

) m∑
i=1

ln
1

Qi(k)

∫
Xm

xix
kdx − (m − 1)!

∫
Xm

H(x)dx

=
(m − 1)! · n!
(n+m − 1)!

∑
k∈Km,n

m∑
i=1

ki + 1
n+m

ln
1

Qi(k)
− H̄m

The inner sums are minimal when Qi(k) = (ki + 1)/(n+m), i.e. when Q = Q1;
cf. [1]. Hence,

C̄m,n =
(

n+m − 1
m − 1

)−1 ∑
k∈Km,n

m∑
i=1

ki + 1
n+m

ln
n+m

ki + 1
− H̄m

= Ĥm,n − H̄m .

•
The entropy term H̄m is related to the Harmonic number �m =

∑m
j=1 1/j

as follows:

Lemma 2. H̄m =
∑m

j=2
1
j = �m − 1.

The proof of Lemma 2 will be given in subsection 4.1.
The Bayes error can now be bounded from below as follows:

Theorem 3. C̄m,n is larger than

m − 1
2(n+m)

+
1

12(n+m)2
− (m − 1)m
12(n+m)(n+ 1)

(�n+m−1 − �m−2)− 1
120(n+m)4

.

The proof of Theorem 3 will be given in subsection 4.2. In the full version
of this paper, we will provide an upper bound on C̄m,n which differs from the
lower bound by a term of order ln(n)/n2. We conjecture that the upper bound
can be strengthened such that it differs from the lower bound only by a term of
order ln(n)/n4.

The reader who is not interested in the technical details of the proofs may
now immediately pass to section 5 without loss of continuity.
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4.1 Proof of Lemma 2

Since the domain Xm and the function H are symmetric in x1, . . . , xm, we can
reduce

∫
Xm

H(x)dx to a one-dimensional integral. Moreover, we note that the
volume of the (m − 2)-dimensional polytope {x ∈ Xm : x1 = 1 − t} equals
tm−2/(m − 2)!:

H̄m = (m − 1)!
∫

Xm

H(x)dx

= −m!
∫

Xm

x1 ln(x1)dx

= −m(m − 1)
∫ 1

0
tm−2(1− t) ln(1− t)dt

= −m(m − 1)
∫ 1

0
(tm−2 − tm−1) ln(1− t)dt.

Next we perform partial integration such that boundary terms vanish:

H̄m = −m(m − 1)
[(

tm−1 − 1
m − 1

− tm − 1
m

)
ln(1− t)

]1
0

− m(m − 1)
∫ 1

0

[
tm−1 − 1
m − 1

− tm − 1
m

]
1

1− t
dt

=
∫ 1

0

[
m(tm−1 − 1)

t − 1
− (m − 1)(tm − 1)

t − 1

]
dt

=
∫ 1

0

m

m−2∑
j=0

tj − (m − 1)
m−1∑
j=0

tj

 dt

=
∫ 1

0

m−2∑
j=0

tj − (m − 1)tm−1

 dt

=
m−2∑
j=0

1
j + 1

− m − 1
m

=
m∑

j=2

1
j

.

4.2 Proof of Theorem 3

For ease of reference, we first mention some useful facts that will be needed in
the course of the proof:

1. For each n ≥ 1, there exists 0 < ε < 1 such that

�n = lnn+ γ +
1
2n

− 1
12n2 +

ε

120n4 , (11)

where γ = 0.5772156649 · · · denotes Euler’s constant.
2. The following formulas hold for binomial coefficients:
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n∑
i=0

(
i

m

)
=

(
n+ 1
m+ 1

)
, (12)(

n+ 1
i+ 1

)
=

n+ 1
i+ 1

(
n

i

)
, (13)

n+1∑
j=i

j

(
n+m − j − 1

m − 2

)
=

n+ (m − 1)i+ 1
m

(
n+m − i

m − 1

)
, (14)

n+1∑
j=1

j

(
n+m − j − 1

m − 2

)
=

(
n+m

m

)
, (15)

(
m+ n

m

)−1 n∑
j=1

1
j

(
n+m − j

m

)
= �n+m − �m . (16)

Formulas (11), (12), and (13) are well-known as Euler’s summation rule,
as the rule of upper summation, and as the rule of absorption, resp., and can
be found, for instance, in [4]. Formula (15) is an immediate consequence of
formula (14), specialized to i = 1, and formula (13). The proofs for formulas (14)
and (16) are found in the full version of this paper.

We are now ready to sketch the proof of Theorem 3. We first bring Ĥm,n

into another form that will be more convenient for our purpose. In the following
computation, we mainly exploit (11), (13), and (15) and the fact that

|{k ∈ Km,n : ki = j}| =
(

n+m − j − 2
m − 2

)
for each fixed i ∈ {1, . . . , m} and each fixed j ∈ {0, . . . , n}:

Ĥm,n = −
(

n+m − 1
m − 1

)−1 ∑
k∈Km,n

m∑
i=1

ki + 1
n+m

· ln n+m

ki + 1

= −
(

n+m − 1
m − 1

)−1 m∑
i=1

n∑
j=0

(
n+m − j − 2

m − 2

)
j + 1
n+m

ln
n+m

j + 1

=
m

n+m

(
n+m − 1

m − 1

)−1 n∑
j=0

(
n+m − j − 2

m − 2

)
(j + 1) ln

n+m

j + 1

(13)
=

(
n+m

m

)−1 n+1∑
j=1

(
n+m − j − 1

m − 2

)
j ln

n+m

j

= A − B ,

where

A = ln(n+m)
(

n+m

m

)−1 n+1∑
j=1

j

(
n+m − j − 1

m − 2

)
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(15)
= ln(n+m)

(11)
> �n+m − γ − 1

2(n+m)
+

1
12(n+m)2

− 1
120(n+m)4

and

B =
(

n+m

m

)−1 n+1∑
j=1

j

(
n+m − j − 1

m − 2

)
ln j

(11)
<

(
n+m

m

)−1 n+1∑
j=1

j

(
n+m − j − 1

m − 2

) (
�j − γ − 1

2j
+

1
12j2

)
.

Thus, B < B1 − B2 − B3 +B4 for

B1 =
(

n+m

m

)−1 n+1∑
j=1

j

(
n+m − j − 1

m − 2

)
�j ,

B2 = γ

(
n+m

m

)−1 n+1∑
j=1

j

(
n+m − j − 1

m − 2

)
(15)
= γ ,

B3 =
1
2

(
n+m

m

)−1 n+1∑
j=1

(
n+m − j − 1

m − 2

)

=
1
2

(
n+m

m

)−1 n+m−2∑
j=0

(
j

m − 2

)
(12)
=

1
2

(
n+m

m

)−1(
n+m − 1

m − 1

)
=

m

2(n+m)
,

B4 =
1
12

(
n+m

m

)−1 n+1∑
j=1

1
j

(
n+m − 1− j

m − 2

)

=
(m − 1)m

12(n+m)(n+ 1)

(
n+m − 1

m − 2

) n+1∑
j=1

1
j

(
n+m − 1− j

m − 2

)
(16)
=

(m − 1)m
12(n+m)(n+ 1)

(�n+m−1 − �m−2) .

Here, formula (16) is applied to parameters n − 1 in the role of n and m − 2 in
the role of m.

We move on to the computation of B1. We start by rewriting this term as
follows:
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B1 =
(

n+m

m

)−1 n+1∑
j=1

j

(
n+m − j − 1

m − 2

) j∑
i=1

1
i

=
(

n+m

m

)−1 n+1∑
i=1

1
i

n+1∑
j=i

j

(
n+m − j − 1

m − 2

)

(14)
=

(
n+m

m

)−1 n+1∑
i=1

1
i

n+ (m − 1)i+ 1
m

(
n+m − i

m − 1

)
= B′

1 +B′′
1 ,

where

B′
1 =

(
n+m

m

)−1
m − 1

m

n+1∑
i=1

(
n+m − i

m − 1

)

=
(
1− 1

m

) (
n+m

m

)−1 n+m−1∑
i=0

(
i

m − 1

)

(12)
=

(
1− 1

m

) (
n+m

m

)−1(
n+m

m

)

= 1− 1
m

,

B′′
1 =

(
n+m

m

)−1
n+ 1

m

n+1∑
i=1

1
i

(
n+m − i

m − 1

)

=
(

n+m

m − 1

)−1 n+1∑
i=1

1
i

(
n+m − i

m − 1

)
(16)
= �n+m − �m−1 .

Here, formula (16) is applied to n + 1 in the role of n and m − 1 in the role of
m. We may now conclude that B1 satisfies equation

B1 = 1 +�n+m − �m .

We finally observe that

Ĥm,n − H̄m = A − B − H̄m

= A − B1 +B2 +B3 − B4 − H̄m
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>

(
�n+m − γ − 1

2(n+m)
+

1
12(n+m)2

− 1
120(n+m)4

)
− (1 +�n+m − �m) + γ +

m

2(n+m)

−
(

(m − 1)m
12(n+m)(n+ 1)

(�n+m−1 − �m−2)
)

− (�m − 1)

=
m − 1

2(n+m)
+

1
12(n+m)2

− (m − 1)m
12(n+m)(n+ 1)

(�n+m−1 − �m−2)

− 1
120(n+m)4

,

which concludes the proof of Theorem 3.

5 An Asymptotically Optimal Rule?

In this section, we will propose a rule Q∗ whose cost seems to match asympto-
tically the lower bound (m − 1)/(2n). To this end, we will modify the add-0.8
rule Q0.8(k) at k = 0, 1, n − 1, n as specified in (24) below for the special case
m = 2.

We start with some preliminary considerations. The computation of the cost
associated with an add-β rule may start like the computation of the cost associa-
ted with the add-one rule in section 3 up to the following notable exception: we
aim at controlling the deficit when we pass from (9) to (10). This deficit does not
depend on Q. It equals the absolute difference between the entropy function H
and its approximation by Bernstein polynomials. By exploiting this observation,
we show in the full paper (focusing on the case m = 2) that

CQβ

2,n(x, 1− x) ≤ 1
2n

(
1 +

1
3nx(1− x) + 1

)
(17)

for 1/2 ≤ β ≤ 1. Note that this upper bound will match asymptotically the
lower bound 1/(2n), if x is “separated away” from 0 and 1 in the sense that
x ∈ [δn, 1− δn] for a sequence δn = ω(1/n). For instance, the upper bound (17)
is already satisfactory for x ∈ [1/

√
n, 1−1/√

n]. (Observe that the special choice
of β does not matter very much, when x is separated away from 0 and 1.)

In order to control the cost of the add-β rule when x is not separated away
from 0 and 1, we follow Krichevskiy [7] who introduced the characteristic function

Φ(β, z) = β + z ln z − ze−z
∞∑

j=0

zj

j!
ln(j + β) . (18)

For m = 2 and each fixed z, the relation between Φ and the cost-terms that we
are interested in is as follows:

Φ(β, z) = lim
n→∞ nCQβ

2,n(z/n, 1− z/n) . (19)

Krichevskiy showed that CQβ0

m,n ≈ β0/n for β0 = 0.50922 · · · by analyzing Φ at
β0; cf. Fig. 1.
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0.5

0.4

0.3

0 1 2 3 4 5

→ z

Fig. 1. Characteristic function at β0 = 0.50922 · · · from Krichevskiy’s solution.
The maximum is attained at z ≈ 5.3.

Details of the modification for the case m = 2: Form = 2, we will use a simplified
notation from now on. First, we we write CQ

n instead of CQ
2,n. Second, we write

Q(k) instead of Q(k, n − k) and CQ
n (x) instead of CQ

n (x, 1 − x). The function
in (2) can now be written in the form

CQ
n (x) =

n∑
k=0

(
n

k

)
xk(1− x)n−k

{
x ln

x

Q(k)
+ (1− x) ln

1− x

1− Q(k)

}
. (20)

In the following, Q denotes a modification of Qβ that differs from Qβ only at
k = 0, 1, n − 1, n and satisfies

Q(0) < Q(1) ≤ 3/n and Q(0) +Q(n) = Q(1) +Q(n − 1) = 1 . (21)

Due to a symmetry argument, we restrict ourselves to x ≤ 0.5. In this part of
the domain, the differences between the two rules at k = n−1, n contribute only
O(2−n) to the difference between the associated cost-terms:

CQ
n (x)− CQβ

n (x)= (1− x)n
{

x ln Qβ(0)
Q(0) + (1− x) ln 1−Qβ(0)

1−Q(0)

}
+nx(1− x)n−1

{
x ln Qβ(1)

Q(1) + (1− x) ln 1−Qβ(1)
1−Q(1)

}
+O(2−n) .

(22)
Since Q(0) and Q(1) are smaller than 3/n, we get

ln 1−Qβ(k)
1−Q(k) = ln

{
1 + Q(k)−Qβ(k)

1−Q(k)

}
= Q(k)− Qβ(k) +O(n−2) for k = 0, 1 .

Now we proceed from the Bernoulli distribution to the Poisson distribution (as
done by Krichevskiy), or equivalently, setting z = nx we have, for each fixed z,
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(1− z/n)n = e−z +O(1/n) and

n{CQ
n (z/n)− CQβ

n (z/n)}= e−z{z ln Qβ(0)
Q(0) +Q(0)− Qβ(0)}

+ ze−z{z ln Qβ(1)
Q(1) +Q(1)− Qβ(1)}+O(n−1).

(23)

Finally, we define our candidate rule Q∗ as the following modification of the
add-0.8 rule:

Q∗(k) =



k+1/2
n+1 if k = 0, n ,

k+1.05
n+2.1 if k = 1, n − 1 ,

k+0.8
n+1.6 otherwise .

(24)

Note that Q∗ coincides with the add-half rule at k = 0, n, with the add-1.05
rule at k = 1, n− 1, and with the add-0.8 rule everywhere else. Furthermore, Q∗

satisfies (21). Combining (23) and a convergence condition similar2 to (19), we
show in the full paper that

nCQ∗
n ( z

n ) = Φ(0.8, z)
+ e−z

{−0.3 + z(ln(1.6) + 0.25)− z2 ln 2.05
1.8

}
+O(n−1/2)

(25)

holds uniformly for all 0 ≤ z ≤ n1/4. An interesting part of that function is
shown in Fig. 2. The values do not exceed 1/2, i.e., the number given by the lower
bound (something that we have checked numerically up to z = 20). Moreover,
the additional term e−z

{−0.3 + z(ln(1.6) + 0.25)− z2 ln 2.05
1.8

}
on the right-hand

side of (25) is negative for z ≥ 6. We note that the cost associated with Q∗ would

0.5

0.4

0 1 2 3 4 5

→ z

Fig. 2. A plot of the right-hand side of equation (25) for z ∈ [0, 6], except that the
vanishing term of order n−1/2 is ignored.

2 Actually, we need a sort of uniform convergence.
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provably asymptotically match the lower bound 1/(2n) if we could guarantee
that the right-hand side of (25) does not exceed 1/2 for 20 ≤ z ≤ n1/4. For
larger z, we may appeal to (17).

The Case m ≥ 3: The case m ≥ 3 can be treated analogously except for
the complication that special care must be taken to guarantee the condition∑m

i=1 Q∗
i (k) = 1 for each k ∈ Km,n. More details can be found in the full paper.
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Abstract. Several rule induction schemes generate hypotheses in the
form of unordered rule sets. One important problem that has to be ad-
dressed when classifying examples with such hypotheses is how to deal
with overlapping rules that predict different classes. Previous approaches
to this problem calculate class probabilities based on the union of ex-
amples covered by the overlapping rules (as in CN2) or assumes rule
independence (using naive Bayes). It is demonstrated that a significant
improvement in accuracy can be obtained if class probabilities are cal-
culated based on the intersection of the overlapping rules, or in case of
an empty intersection, based on as few intersecting regions as possible.

1 Introduction

Methods for rule induction have been studied for more than two decades within
the field of machine learning. They include various techniques such as divide-and-
conquer (recursive partitioning), that generates hierarchically organized rules
(decision trees) [4], and separate-and-conquer (covering) that generates over-
lapping rules. The sets of rules generated by separate-and-conquer may either
be treated as ordered (decision lists) [5] or unordered [3,2]. In case of induc-
ing decision trees or decision lists, there is no need for resolving classification
conflicts among the rules. In the former case this is due to that the rules are
non-overlapping and hence there is only one single rule that is applicable to any
given problem. In the latter case, this is due to that the first applicable rule in
the list is always used.

In this work we focus on the problem of how to deal with overlapping rules
that predict different classes in unordered rule sets. Previous approaches to this
problem calculate class probabilities based on the union of examples covered by
the overlapping rules (as in CN2 [2]) or assumes rule independence (using naive
Bayes). We propose a novel approach to this problem that bases the calculation
of class probabilities on the intersection, rather than the union, of the overlap-
ping rules, or in case of an empty intersection, on as few intersecting regions as
possible. The new method, called intersection-based classification, is compared
to the two previous methods in an empirical evaluation.

N. Cesa-Bianchi et al. (Eds.): ALT 2002, LNAI 2533, pp. 395–402, 2002.
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The paper is organized as follows. In the next section, we briefly describe the
two previous methods, which are here referred to as union-based classification
and naive Bayes classification, together with an informal presentation of the
novel method, intersection-based classification. In section three, we describe the
algorithm in more detail and briefly present the system in which it has been
implemented. The empirical evaluation is given in section four, and finally, in
section five, we give some concluding remarks and point out directions for future
research.

2 Ways of Resolving Classification Conflicts

In this section, we first recall two previous methods for resolving classification
conflicts among overlapping rules and then introduce a new method.

2.1 Union-Based Classification

The system CN2 [2] resolves classification conflicts among rules in the following
way. Given the examples in figure 1, the class frequencies in union of the rules
that covers the example to be classified is calculated:

C(+) = covers(R1,+) + covers(R2,+) + covers(R3,+) = 32

and
C(−) = covers(R1,−) + covers(R2,−) + covers(R3,−) = 33

where covers(R, C) gives the number of examples of class C that are covered
by R. This means that CN2 would classify the example as belonging to the
negative class (-). More generally:

UnionBasedClassification = argmaxClassi∈Classes

|CovRules|∑

j=1

covers(Rj , Ci)

where CovRules is the set of rules that cover the example to be classified,
and covers is the function defined above.

2.2 Naive Bayes Classification

Bayes theorem is as follows:

P (H|E) = P (H)
P (E|H)
P (E)

where H is a hypotesis (in our case, a class label for the example to be classified)
and E is our evidence (the rules that cover the example). As usual, since P (E)



Classification with Intersecting Rules 397
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++             ++
        +
     ++   
  

-  -   -  - + -  - + +    + + +

+ + + + + +

  +  +  +

   +        +

-   -   - -

- - -

-

+
- -

?-

-   --  -

R1 + 12
      - 3

R2 + 14
     - 3

R3 + 6
      - 27 

- - - - - - -

Apriori prob.  (+) & (-) = 50 %

R4 +7
     - 0

R5 +1 
     - 7

+ + + + 
  +  +  +

- - - - -    +   
  -     -

Fig. 1. Three rules covering an example to be classified (marked with ?). The training
examples are labeled with their respective classes (+ and -).

does not affect the relative order of different hypotheses according to probability,
it is ignored.

The naive Bayes assumption is that each piece of evidence is conditionally in-
dependent in relation to other evidence given the hypotesis. Hence, the maximum
a posteriori probable hypotesis (MAP) according to the naive Bayes assumption
is:

hMAP = argmaxClassi∈ClassesP (Classi)
|Rules|∏

Rj∈Rules

P (Rj |Classi)

where Rules is the set of rules that cover the example to be classified.
If we again consider the example shown in figure 1 we get:

P (+|R1 ∧ R2 ∧ R3) = P (+) ∗ P (R1|+) ∗ P (R2|+) ∗ P (R3|+) =

40/80 ∗ 12/40 ∗ 14/40 ∗ 6/40 = 0.0079

P (−|R1 ∧ R2 ∧ R3) = P (−) ∗ P (R1|−) ∗ P (R2|−) ∗ P (R3|−) =

40/80 ∗ 3/40 ∗ 3/40 ∗ 27/40 = 0.0019

This means that naive Bayes classification results in that the example with
unknown class label is classified as belonging to the positive (+) class.
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2.3 Intersection-Based Classification

The idea behind intersection-based classification is that if we are given some
training examples in the intersecting region of the overlapping rules, this infor-
mation should be used for the classification together with Bayes rule. In other
words, it should be checked whether it is possible to be less naive than naive
Bayes. In case there are some training examples that are covered by all rules
that cover the example to be classified, Bayes rule can be used directly without
having to assume independence of all rules. That is, from Bayes’ rule:

P (H|E) = P (H)
P (E|H)
P (E)

we obtain the following expression for the maximum a posteriori probable
hypothesis:

hMAP = argmaxClassi∈ClassesP (Classi)P (Rule1∧Rule2∧. . .∧Rulen|Classi)
If we again look at figure 1, intersection-based classification would assign

the negative (-) class to the unknown example, since there exists a negative (-)
example in the intersection between rule R1 ∧ R2 ∧ R3 and the apriori is 40/80.
This gives the negative class a value of 40/80 ∗ (1 + 1)/(40+ 2) = 2.4e − 2 using
Laplace correction (i.e., it is assumed that there is one additional example for
each class that is covered by all rules), while the positive class gets a value of
40/80 ∗ 1/(40 + 2) = 1.2e − 2.

However, if there are no training examples at all in the intersection, we can
check whether a small number of (non-empty) intersecting regions can be formed.

Assume that there is no negative (-) training example in the intersection of
R1 ∩ R2 ∩ R3 in figure 1. The smallest number of elements in a partition of
this set, such that the intersecting region of each element (subset) covers a non-
empty set of training examples, is two. There are three possible partitions of this
size, such that each intersection covers a non-empty sets of training examples:
[[1],[2,3]],[[2],[1,3]] and [[3],[1,2]].

The probability values for partition one are:

Pos = 40/80 ∗ (12 + 1)/(40 + 2) ∗ (2 + 1)/(40 + 2) = 0.0111

Neg = 40/80 ∗ (3 + 1)/(40 + 2) ∗ (2 + 1)/(40 + 2) = 0.0034

The probability values for partition two are:

Pos = 40/80 ∗ (14 + 1)/(40 + 2) ∗ (1 + 1)/(40 + 2) = 0.0085

Neg = 40/80 ∗ (3 + 1)/(40 + 2) ∗ (2 + 1)/(40 + 2) = 0.0034

The probability values for partition three are:

Pos = 40/80 ∗ (6 + 1)/(40 + 2) ∗ (0 + 1)/(40 + 2) = 0.0020

Neg = 40/80 ∗ (27 + 1)/(40 + 2) ∗ (2 + 1)/(40 + 2) = 0.0238

The highest probability value is obtained for the negative class (-), which is
the class that will be assigned to the example by the intersection-based classifi-
cation method.
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3 Algorithm for Intersection-Based Classification

In this section we first give pseudo-code for the intersection-based classification
algorithm, and then explain some parts of the algorithm in more detail.

Table 1. Pseudo-code for the Intersection-based Classification Algorithm.

IntersectionBasedClassification(Rules,Classes)
begin {
BestClassFreq := 0
ClassFreq := 1
NoElements := 0
repeat
NoElements := NoElements + 1
NewPartitions := make_part(NoElements,Rules)

until not_empty(NewPartitions)
for each Partition in NewPartitions do {
for each Class in Classes do {
for each Part in Partition do
ClassFreq := ClassFreq * covers(Part,Class)

ClassFreq := apriori(Class) * ClassFreq
if ClassFreq > BestClassFreq then {
BestClass := Class
BestClassFreq := ClassFreq

}
}

}
return BestClass

}

The intersection based classification algorithm takes as input the rules that are
applicable to the example to be classified as well as the classes in the current
domain.

The make part function takes two arguments: the first argument tells how
many elements the make part function should generate in the partition of the ap-
plicable rules (which are given as the second argument). The make part function
is called in an iterative deepening fashion starting with the number of elements
set to one.

The function not empty goes through the partitions made and returns true
if there is some partition for which the intersection of the rules in each subset is
non-empty (i.e., contains at least one training example).

The algorithm finally computes the class probability for all generated parti-
tions and returns the class label with maximum probability.
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It should be noted that the algorithm may degrade to become identical to
naive Bayes, in case none of the rules overlap on the training examples. In that
case, all elements in the generated partition will consist of single rules.

4 Empirical Evaluation

Intersection-based classification has been implemented in the system Virtual
Predict [1], which is a platform for experimenting with various rule induction
techniques, e.g., both separate-and-conquer and divide-and-conquer may be em-
ployed, and both ordered and unordered rule sets may be generated. The novel
method is compared to naive Bayes and union-based classification. We first
present the parameter settings that were used in Virtual Predict and describe
the data sets that were used in the evaluation, and then give the experimental
results.

Table 2. Virtual Predict settings used in the experiment

Parameter Value
Strategy Separate and Conquer (SAC)

Probability estimate M estimate, with M = 2
Structure cost 0.5
Measure Information gain

Incremental reduced error pruning Most Compressive
Experiment type 10 fold cross validation

4.1 Experimental Setting

There are several parameters that can be adjusted in Virtual Predict. The set-
tings used in our experiments are shown in Table 2, and they all determine how
rules are induced. All data sets used were taken from the UCI Machine Learning
Repository except the King-Rook-King-Illegal (KRKI) database which comes
from the Machine Learning group at the University of York. In Table 3 the do-
mains used in the experiment is shown, as well as their main characteristics. The
datasets were choosen to be as diverse as possible with respect to both size and
difficulty.

4.2 Experimental Results

The results from the eleven domains are shown in Table 4, where the result for
each domain has been obtained by ten-fold cross-validation. Exactly the same
folds and generated rules are used by the three classification methods. The last
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Table 3. The domains used in the experiment

Domain Classes Class distribution Examples
Shuttle Landing Control 2 47.8, 52.2 278

Car Evaluation 4 4, 4, 22, 70 1728
Balance Scale 3 8, 46, 46 625
Dermatology 6 5.5, 13.3, 14.2, 16.7, 19.7, 30.6 366
The Glass 2 24.1, 75.9 112

Congressional Votes 2 45.2, 54.8 435
KRKI 2 34, 66 1000

Liver-disorders 2 42, 58 345
Ionosphere 2 36, 64 351

Breast Cancer 2 29.7, 70.3 286
Lymphography 4 1.4, 2.7, 41.2, 54.7 148

column shows the percentage of all predictions for which at least two conflict-
ing rules overlap on training data (this gives an upper bound on the amount of
examples for which Intersection-based classification may perform in a less naive
way than naive Bayes). The p-values according to an exact version of McNe-
mar’s test for obtaining the observed difference between the novel method and
the two others are given in the columns after their accuracies. It can be seen that
Intersection-based classification outperforms both Union-based and naive Bayes
classification in all eleven domains. Even when considering only statistically sig-
nificant differences (p < 0.05), intersection-based classification is more accurate
in seven out of seven domains. The probability of obtaining this difference (7
wins and 0 losses), given that two methods are equally good, is 0.0078 according
to a sign test. This means that the null hypothesis (no improvement is obtained
with the new method) can be rejected at a 0.05 significance level.

5 Discussion

Previous approaches to the problem of classifying examples using conflicting
rules calculate class probabilities based on the union of examples covered by
the overlapping rules (union-based classification) or assumes rule independence
(naive Bayes classification). We have demonstrated that a significant improve-
ment in accuracy can be obtained if class probabilities are calculated based on
the intersection of the overlapping rules, or in case of an empty intersection,
based on as few intersecting regions as possible.

Union-based classification just sums all the covered classes and returns the
class with the highest frequency. Note that this means that this strategy weights
the examples in the intersection as more important than the rest of the examples.
This follows from that the examples in the intersection are counted as many times
as the number of conflicting rules. Naive Bayes does also weight the examples
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Table 4. Intersecting rules compared with naive Bayes and Intersecting rules compared
with Union based classification

Data Set Inter. naive B. Sign. Union-b. Sign. No. Conf. Prediction
Shuttle 99.64 98.20 0.125 98.56 0.250 1.0 3.6 %
Car 93.75 93.17 4.139e-002 93.23 3.515e-002 25.1 14.5 %

Balance Scale 90.88 84.64 2.706e-007 86.08 5.704e-005 22.0 35.2 %
Dermatology 96.08 94.12 1.563e-002 93.28 1.953e-003 5.6 15.7 %
The Glass 94.64 92.86 0.500 92.86 0.500 0.6 5.4 %
C. Votes 96.78 95.40 7.031e-002 95.86 0.388 7.1 16.3 %
KRKI 99.50 99.20 0.375 95.80 1.455e-010 8.8 8.6 %

Liver-disorders 77.68 69.57 4.056e-005 68.99 1.522e-005 14.8 42.9 %
Ionosphere 92.02 89.46 2.246e-002 89.17 3.088e-002 4.7 13.4 %

Breast Cancer 77.62 71.68 4.883e-004 72.73 5.188e-004 6.1 21.3 %
Lymphography 84.46 77.03 7.385e-003 81.08 0.180 5.7 38.5 %

in the intersection in a similar fashion. Intersection-based classification take this
notion to it’s extreme and considers examples in the intersection only (if there
are any, otherwise it tries to find a partition of the rules in conflict with as
few elements as possible, where the intersection of each element covers some
examples). The experiment supports the hypothesis that the most important
information actually resides in the intersection of the rules.

The number of possible partitions to consider in the worst-case grows ex-
ponentially with the number of rules. Hence, using this method together with
very large rule sets (e.g., as generated by ensemble learning techniques such as
bagging or randomization), calls for more efficient (greedy) methods for par-
titioning the set of conflicting rules. However, in the current experiment the
partitioning did not occur to a large extent, and the maximum number of rules
that were applicable to any example was not very high (less than ten), keeping
the computational cost at a reasonable level.
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Abstract. Local linear function approximators are often preferred to
feedforward neural networks to estimate value functions in reinforce-
ment learning. Still, motor tasks usually solved by this kind of methods
have a low-dimensional state space. This article demonstrates that feed-
forward neural networks can be applied successfully to high-dimensional
problems. The main difficulties of using backpropagation networks in
reinforcement learning are reviewed, and a simple method to perform
gradient descent efficiently is proposed. It was tested successfully on an
original task of learning to swim by a complex simulated articulated
robot, with 4 control variables and 12 independent state variables.

1 Introduction

Reinforcement learning [20,8] has been successfully applied to numerous motor
control problems, either simulated or real [1,6,11,19]. These results are rather
spectacular, but successes are restricted to the control of mechanical systems
with few degrees of freedom, such as the cart-pole task or the acrobot. Schaal et.
al. [15,16] successfully taught robots with many degrees of freedom to perform
motor tasks, but the learning consisted only in estimating a model of state
dynamics, and no value function was estimated (a linear-quadratic regulator
was used to generate controls). As far as I know, no value function with more
than 6 input variables has been successfully approximated in non-trivial dynamic
motor-control tasks.

The reasons of this restriction is that linear functions approximators are
struck by the curse of dimensionality [3]: the cost of approximating a function is
exponential with the dimension of the input space. Although some linear approx-
imation schemes such as tile coding [20] can alleviate the curse of dimensionality
when their architectures are carefully designed with well-chosen features, they
are still very hard to use in practice when there are many input variables, and
when there is no good way to guess the right features.

Another way to approximate value functions in reinforcement learning con-
sists in using feedforward neural networks. Tesauro [21] obtained very spectacular
successes with these function approximators in his famous backgammon player.
An advantage of feedforward neural networks is that they can handle high-
dimensional inputs more easily. Barron proved that, to approximate a function
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in a general class, neural networks with sigmoidal units do not suffer from the
curse of dimensionality, whereas parametric linear approximators do [2].

Nevertheless, linear function approximators have been often preferred. The
main advantage of linear function approximators is that they can have a better
locality, that is to say it is possible to adjust the value in a small area of the
input space without interfering with values outside this small area. This prevent
the approximation scheme from “unlearning” past experience and allows rein-
forcement learning algorithms to make an efficient incremental use of learning
data.

In this paper, we demonstrate that it is worth trying to overcome the difficul-
ties of feedforward neural networks, because they can solve problems that have
a higher dimensionality than those previously tackled with linear function ap-
proximators. In the first section, the continuous TD(λ) algorithm that was used
to train the neural network is presented. The second section deals with issues
that have to be solved to perform gradient descent efficiently with feedforward
neural networks. The third section presents experimental results obtained on a
swimmer with 12 state variables and 4 control variables.

2 Continuous TD(λ)

The algorithm used in experiments reported in this paper is Doya’s [6] continu-
ous TD(λ). It is a continuous version of Sutton’s discrete algorithm [18] that is
adapted to problems in continuous time and space such as motor-control prob-
lems.

2.1 Problem Definition

In general, we will suppose that we are to solve motor problems defined by:

– States x ∈ S ⊂ R
p (p real values define the state of the system).

– Controls u ∈ U ⊂ R
q (the system can be controlled via q real values).

– System dynamics f : S ×U �→ R
p. This function maps states and actions to

derivatives of the state with respect to time. That is to say ẋ = f(x,u).
– A reward function r : S × U �→ R. The problem consists in maximizing the

cumulative reward as detailed below.
– A shortness factor sγ ≥ 0. This factor measures the short-sightedness of the

optimization. It can be related to the traditional γ in discrete reinforcement
learning by γ = e−sγδt.

A strategy or policy is a function π : S �→ U that maps states to controls.
Applying a policy from a starting state x0 at time t0 produces a trajectory x(t)
defined by the ordinary differential equation

∀t ≥ t0 ẋ = f
(
x, π(x)

)
,

x(t0) = x0 .

The value function of π is defined by
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V π(x0) =
∫ ∞

t=t0

e−sγ(t−t0)r
(
x(t), π

(
x(t)

))
dt . (1)

The goal is to find a policy that maximizes the total amount of reward over time,
whatever the starting state x0. More formally, problem consists in finding π∗ so
that

∀x0 ∈ S V π∗
(x0) = max

π:S �→U
V π(x0) .

V π∗
does not depend on π∗ and is denoted V ∗.

2.2 Learning Algorithm

We will suppose we are to approximate the optimal value function V ∗ with a
parametric function approximator Vw, where w is the vector of weights (pa-
rameters). The continuous TD(λ) algorithm consists in integrating an ordinary
differential equation:




ẇ = ηHe ,

ė = −(sγ + sλ)e + ∂Vw(x)
∂w ,

ẋ = f
(
x, π(x)

)
,

(2)

with
H = r

(
x, π(x)

) − sγVw(x) +
∂Vw

∂x
· f(

x, π(x)
)

.

H is the Hamiltonian and is a continuous equivalent of Bellman’s residual. H > 0
indicates a “good surprise” and causes and increase in the past values, whereas
H < 0 is a “bad surprise” and causes a decrease in the past values. The mag-
nitude of this change is controlled by the learning rate η, and its time extent
in the past is defined by the parameter sλ. sλ can be related to the traditional
λ parameter in the discrete algorithm by λ = e−sλδt. e is the vector of eligibil-
ity traces. Learning is decomposed into several episodes, each starting from a
random initial state, thus insuring exploration of the whole state space. During
these episodes, the policy π is chosen to be greedy with respect to the current
value estimate Vw.

3 Efficient Gradient Descent

The basic continuous TD(λ) algorithm presented in the previous section trains
the parametric function estimator by applying the steepest-descent method. This
kind of method usually does not work efficiently with feedforward neural net-
works, because it can be struck hard by ill-conditioning. Ill-conditioning means
that the output of the value function may be much more sensitive to some weights
than to some others. As a consequence, a global learning coefficient that would
be good for one weight is likely to be too high for some and too low for others.
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Many numerical methods to deal with ill-conditioning have been proposed in
the framework of supervised learning [5]. Most of the classical advanced methods
that are able to deal with this difficulty are batch algorithms (scaled conjugate
gradient [10], Levenberg Marquardt, RPROP [14], QuickProp [7], . . . ). TD(λ)
is incremental by nature since it handles a continuous infinite flow of learning
data, so these batch algorithms are not well adapted.

It is possible, however, to use second order ideas in on-line algorithms [13,
17]. Le Cun et al. [9] recommend a “stochastic diagonal Levenberg Marquardt”
method for supervised classification tasks that have a large and redundant train-
ing set. TD(λ) is not very far from this situation, but using this method is not
easy because of the special nature of the gradient descent used in the TD(λ)
algorithm. Evaluating the diagonal terms of the Hessian matrix would mean dif-
ferentiating with respect to each weight the total error gradient over one trial,
which is equal to ∫ tf

t0

−H(t)e(t)dt .

This is not impossible, but still a bit complicated. In particular, H depends on
w in a very complex way, since it depends on the gradient of the output of the
network with respect to its input.

Another method, the Vario-η algorithm [12], was used instead. It is well
adapted for the continuous TD(λ) algorithm, and it is both virtually costless in
terms of CPU time and extremely easy to implement.

3.1 Principle

Figure 1 shows the typical variations of two weights during learning. In this fig-
ure, the basic algorithm (derived from (2)) was applied to a simple control prob-
lem and no special care was taken to deal with ill-conditioning. Obviously, the
error function was much more sensitive to w1 than to w2. w2 varied very slowly,
whereas w1 converged rapidly. This phenomenon is typical of ill-conditioning.

Another effect of these different sensitivities is that w1 looks much more noisy
than w2. The key idea of Vario-η consists in measuring this noise to estimate the
sensitivity of the error with respect to each weight, and scale individual learning
rates appropriately. That is to say, instead of measuring ill-conditioning of the
Hessian matrix, which is the traditional approach of efficient gradient-descent
algorithms, ill-conditioning is measured on the covariance matrix.

3.2 Algorithm

In theory, it would be possible to obtain a perfect conditioning by performing a
principal component analysis with the covariance matrix. This approach is not
practical because of its computational cost, so a simple analysis of the diagonal
is performed:

vi(k + 1) = (1 − β)vi(k) + β

(
wi(k + 1) − wi(k)

ηi(k)

)2

,
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Fig. 1. Variations of two weights when applying the basic TD(λ). A value is plotted
every 100 trials. The function approximator used is a 66-weight feedforward neural
network.

ηi(k) =
η√

vi(k) + ε
.

k is the trial number. vi(0) is a large enough value. β is the variance decay
coefficient. A typical choice is 1/100. ε is a small constant to prevent division
by zero. ηi(k) is the learning rate for weight wi. This formula assumes that the
standard deviation of the gradient is large in comparison to its mean, which was
shown to be true empirically in experiments.

3.3 Results

Experiments were run with fully-connected cascade feedforward networks, with
a linear output unit, and sigmoidal hidden units. Observations during reinforce-
ment learning indicated that the variances of weights on connections to the linear
output unit were usually n times larger than those on internal connections, n be-
ing the total number of neurons. The variances of internal connections are all of
the same order of magnitude (we have yet to find a good theoretical explanation
for this). This means that good conditioning can be simply obtained by scaling
the learning rate of the output unit by 1/

√
n. This allows to use a global learning

rate that is
√

n times larger and provides a speed-up of about
√

n. The network
used in experiments had 60 neurons, so this was a very significant acceleration.
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3.4 Comparison with Second-Order Methods

An advantage of this method is that it does not rely on the assumption that the
error surface can be approximated by a positive quadratic form. In particular,
dealing with negative curvatures is a problem for many second-order methods.
There is no such problem when measuring the variance.

It is worth noting, however, that the Gauss-Newton approximation of the
Hessian suggested by Le Cun et al. is always positive. Besides, this approximation
is formally very close to the variance of the gradient (I thank Yann Le Cun for
pointing this out to me): the Gauss-Newton approximation of the second order
derivative of the error with respect to one weight is

∂2E

∂w2
ij

≈ ∂2E

∂a2i
y2j .

This is very close to ( ∂E

∂wij

)2
=

(∂E

∂ai

)2
y2j .

A major difference between the two approaches is that there is a risk that
the variance goes to zero as weights approach their optimal value, whereas the
estimate of the second order derivative of the error would stay positive. That is
to say, the learning rate increases as the gradient of the error decreases, which
may be a cause of instability, especially if the error becomes zero. This was not a
problem at all in the reinforcement learning experiments that were run, because
the variance actually increased during learning, and was never close to zero.

4 Experiments with Swimmers

Experiments where run with a mechanical system made of 5 articulated seg-
ments, controlled with 4 torques, and moving in a two-dimensional fluid. This
system has 12 state variables and 4 control variables. Full details about the
simulation can be found in Appendix A.

A 60-neuron feedforward neural network was used, with a fully connected
cascade architecture (that is to say, neuron number i was connected to all neurons
j > i). Inputs were the 5 angles of the 5 segments, their 5 derivatives with respect
to time, and the velocity of the center of mass (so, 12 independent variables).
The learning rate was η = 0.01 and it was scaled down in the output unit as
explained in Section 3.3. The learning algorithm was integrated with the Euler
method, using a time step of 0.01 seconds.

Figure 2 shows how learning progressed. It took about 2.5 million trials of
5 seconds to obtain top performance. This simulation took about one week of
CPU time on a 800 MHz PC. The fact that it took such a long time to learn is
one of the limitations of this methods: it requires a lot of training data.

After some more training time, performance collapses. The reasons of this
drop in performance are not very well understood yet, and some investigations
remain to be done. This lack of stability is another limitation of this method.
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Fig. 2. Progress of learning. ( X 2 ) s  is the mean squared Hamiltonian estimated over 
the state space. (V)s is the mean value over the state space. 

The swimming technique obtained after 2.5 million trials is presented on 
Fig. 3. Visualizing the swimmer movements on this figure might not be very 
easy. Animations can be downloaded from the author's web page ( h t t p :  / / r emi .  
cou lom. f ree  . f r / n e s i s / ) ,  and can give a better feeling of how the swimmer 
moves. 

5 Conclusion 

In this paper, a method for the efficient use of feedforward neural networks 
has been presented, and tested successfully on a difficult motor-control task. 
This result indicates that continuous model-based reinforcement learning with 
feedforward neural networks can handle motor control problems that are sig- 
nificantly more complex than those that have been solved with linear function 
approximators so far. 

The main limits of this method are that it requires a lot of training data, and 
convergence is no guaranteed. Refining the learning algorithm to deal with these 
problems seems to be an interesting direction for further research. Weaver et al's 
[22] method to make feedforward neural networks local might be a possibility, 
but its efficiency on real problems remains to be established. Another interesting 
possibility to make a more efficient use of learning data consists in "recycling 
trajectories" [4], that is to say reusing past trajectories several times. 
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Fig. 3. A 5-segment swimmer trained with a 60-neuron network. In the first 5 lines of
this animation, the target direction is to the right. In the last 8, it is reversed to the
left. Swimmers are plotted every 0.1 seconds, reading from left to right and from top
to bottom.
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A Swimmer Model

This section gives a description of the Swimmer model. The C++ source code
of the simulator can be obtained from the author on request.

A0

A1

A2

An

θ1

θ2

b

b

b

b

b

Fig. 4. Swimmer model

A.1 Variables and Parameters

State variables:

– A0: position of first point
– θi: angle of part i with respect to the x axis
– Ȧ0, θ̇i: their derivatives with respect to time

Control variables:

– (ui)i∈{1...n−1}, torques applied between body parts, constrained by |ui| < Ui

Problem parameters:

– n: number of body parts
– mi: mass of part i (i ∈ {1...n})
– li: length of part i (i ∈ {1...n})
– k: viscous-friction coefficient
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A.2 Model of Viscous Friction

The model of viscous friction used consists in supposing that a small line of
length dλ with a normal vector n and moving at velocity v receives a small
force of value dF = −k(v · n)ndλ. The total force applied to part i is equal to
F i = −kli(Ġi · ni)ni, with Gi = (Ai−1 + Ai)/2. The Total moment at Gi is
Mi = −kθ̇il

3
i /12.

A.3 System Dynamics

Let f i be the force applied by part i + 1 to part i.

∀i ∈ {1, . . . , n} − f i+1 + f i + F i = miG̈i

These equations allow to express the f i’s as a function of state variables:

f0 = 0

∀i ∈ {1, . . . , n} f i = f i−1 − F i + miG̈i

We end up with a set of n + 2 linear equations with n + 2 unknowns:{
fn = 0,

mi
li
12 θ̈i = det(−−−→

GiAi,f i + f i−1) + Mi − ui + ui−1 .

Unknowns are G̈0 (or any G̈i) and all the θ̈i’s. Solving this set of equations gives
state dynamics.

A.4 Reward

r(x,u) = Ġx (Gx is the abscissa of the center of mass)

A.5 Numerical Values (SI Units)

mi = 1, li = 1, k = 10, Ui = 5
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Cristianini, Nello 23

Dasgupta, Sanjoy 351

Forster, Jürgen 128, 380
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